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Abstract

The intricate interplay between infectious diseases and predator-prey dynamics holds pivotal
significance. Within this context, our focus centres on the impact of human intervention through
treatment and vaccination. This study delves into a predator-prey system, categorizing the
populations as susceptible, infected with the disease, vaccinated when inoculated against infection,
and under treatment post-infection. We formulate four comprehensive mathematical models that
illustrate varying levels of human intervention: no intervention, intervention in the prey only, inter-
vention in the predator only, as well as intervention in both species simultaneously. Mathematical
proofs of model positivity are provided. Following the derivation of equilibrium points, we analyse
their stability by examining the signs of the eigenvalues from the Jacobian matrix and using
the Routh-Hurwitz criteria. To verify our qualitative analysis findings, we conduct simulations
using varied parameters in Matlab. We then draw conclusions regarding the impact that human
intervention can have on a predator-prey system with infection. Simulation results indicated that
without human intervention, predators faced extinction, whereas with treatment and vaccination in
either the prey alone or in both predator and prey, the intervention demonstrated a positive effect,
preventing the extinction of any species. Therefore, this study concludes that human intervention

plays a crucial role in preventing species extinction.

Keywords: Predator, Prey, Treatment, Vaccination, Equilibrium points, Eigenvalues, Stability

analysis, Jacobian matrix, Routh-Hurwitz criteria.
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Chapter 1

Introduction

In this chapter a brief overview of the topic of the research as well as the aim of the study are given.

Following which an outline of the mini-thesis is provided.

1.1 Background of the Study

Species interaction which involves the consumption of one species by another is referred to as a
predator-prey system, where the predator eats the prey. The interaction is called predation [9].

An infectious disease can be defined as an illness due to a pathogen or its toxic product, which
arises through transmission from an infected person, an infected animal or a contaminated inani-
mate object to a susceptible host [21].

Kermack and McKendrick subdivided the population into three separate and distinct subgroups.
This would happen when one or more infected individual is introduced into a community of sus-
ceptible individuals. The disease spreads from the infected to susceptible by contact infection.
Each infected person runs through the course of the illness and is finally removed from the number

of those who are infected by recovery or death [14]. This is called an SIR model.

The basic reproduction number, is a quantity denoted Ry, that represents the number of



secondary infections resulting from a single primary infection into an otherwise susceptible
population. It is used to evaluate and assess the disease risk and measure the epidemic risk used as
a predictive tool to prevent disease outbreak and to prevent the emergence of an epidemic. Ry can
thus be viewed as a threshold. When Ry > 1, this implies a disease outbreak while Ry < 1 implies
that the disease will die out. It is also used in the calculation of the proportion of the population

that should be vaccinated, in order to achieve herd immunity [18].

The mini-thesis aims to determine the conditions under which an infection in a predator-prey
system will persist or die out. This is done by carefully analysing the equilibrium points for each
formulated model. The mini-thesis also aims to determine the effects of treatment and vaccination

on the disease’s dynamics.

1.2 Problem statement

This study is focused on analysing predator-prey models with infection in both species. Although
predation is a natural disease curbing mechanism in the case of infected prey, alone it does not
guarantee eradication of the disease without prey extinction, nor that the infection will not spread

in the predator population.

1.3 Objectives of the study

The main goal of this research is to study the impact of human intervention on a predator-prey
system when infection is present in both species.

The objectives of this study are:

1. Develop a mathematical model to describe the dynamics of a predator-prey system with

infection, incorporating the impact of human intervention.

2. Investigate the stability of the equilibrium points in the formulated models, comparing sce-



narios with and without human intervention to understand the system’s response to external

control measures.

3. Conduct computer simulations to illustrate the analytical and numerical findings, and inter-

pret the biological implications of the findings.

4. Conduct a comparative analysis of the results obtained from models with and without human
intervention, providing insights into the efficacy and consequences of human intervention in

the context of the predator-prey system with infection.

1.4 Research question

How does the inclusion of infection in both predator and prey populations affect the dynamics of
predator-prey models, particularly in the context of disease control and spread considering that

predation alone may not ensure disease eradication without prey extinction?

1.5 Outline of the mini-thesis

This mini-thesis is organized as follows: In chapter 1, an introduction to the modelling of predator-
prey models with infection is provided. In chapter 2, a literature review of the work that has been
done so far regarding infection in a predator-prey model and some human intervention is given.
Chapter 3 highlights the preliminary concepts that are used throughout the mini-thesis, these in-
clude definitions and stability criteria such as the Routh-Hurwitz formula. In chapter 4, the models
are formulated and mathematical analysis is done. Chapter 5 covers the quantitative analysis which
includes numerical simulations. In the last chapter, the discussion, recommendations, and conclu-

sion are presented. References and appendix are tabulated thereafter.



Chapter 2

Literature Review

A mathematical model is a representation of a process which takes the form of a set of equations
that describe a number of variables [8]. A model is formulated with the aim of describing a
mechanism in quantitative terms. Following this, its analysis leads to results that can be tested
against the observations. Ideally, the model would also lead to predictions, which, if verified

authenticate the formulated model.

The simplest and earliest example of the predator-prey model is the Lotka-Volterra model,
which was proposed by Vito Volterra and Alfred James Lotka in the mid 1920s. The model was
limited by the fact that it assumed no outside influence and that this species interaction occurred in
isolation [17]. As such, it was observed that the populations would fluctuate in a regular cycle due
to this lack of significant external variables on the relationship. Following its formulation, a lot of

research has been carried out in an effort to develop more realistic models.

Ecology is the scientific study of organisms and their interaction with their environment [2].
Epidemiology is the study of the spread of diseases, in an effort to identify factors that contribute

to their occurrence or spread. Mathematical modelling of epidemics in populations, which is



an important area of study, involves translating biological assumptions into mathematics [6].
Eco-epidemiology which is a fairly new branch in mathematical biology, deals with both the

ecological and epidemiological issues concurrently [19].

Bezabih, Edessa and Rao [3] studied the spread of disease in a predator-prey model with
treatment, where the infection is in both species. The disease that is spread through contact.
They examined the positivity and boundedness of the solutions and analysed seven equilibrium
points using linearisation of the model equations and the Jacobian matrix. They provided the
conditions for stability of each equilibrium point. The basic reproduction number was calculated
at the disease-free equilibrium point for both the prey and the predator. Numerical simulations
were conducted using the DEDiscover software, and it was observed that as treatment increases
for the infected prey and predator, there is a decrease in the infected population. Conversely, when
treatment decreases, the population also decreases. Providing treatment helps save the population
from extinction. It was also observed that an increase in the number of infected prey tends to

lower the entire population and the disease can be eradicated from the population through treatment.

Doust, Shirazian, and Shamsabadi [7] formulated a similar model that included the treatment
of infected species. They conducted a stability analysis of the model, which involved checking the
boundedness, stability of the equilibrium points, and calculating the basic reproduction number R
using the next-generation matrix method. A control model with infection was established, and an
optimal treatment approach was explored. This control model involved adding control functions
designed to treat infected species, with these functions ranging from O (indicating no treatment) to
1 (representing full treatment). The control model was examined at the endemic equilibrium point,
and conditions for its existence and stability were determined. Numerical simulations were also
performed using MATLAB, and the optimal control problem was resolved with the assistance of

an iterative method. It was observed that applying the control functions increased the number of



susceptibles and significantly reduced the number of infectives.

Similarly, Hugo, Massawe, and Makinde [11] formulated a mathematical model that in-
cluded infection and treatment in both species. Boundedness and positivity of the system were
demonstrated, showing that the system was biologically well-posed. The equilibrium points
were calculated and analyzed, first by examining the eigenvalues of the Jacobian matrix at each
equilibrium point, and secondly by applying the Routh-Hurwitz criterion. The analysis of the
model led to the conclusion that treatment of the infected populations has the effect of reducing

the spread of the disease and can prevent the population from going extinct.

Two other important aspects to look at are vaccination and migration in the predator-prey
system. Kumar and Kharbanda [15] incorporated these two factors in their study of infection in a
predator-prey system. A model was formulated, boundedness of the solutions established and the
basic reproduction number of the model is calculated using the next generation matrix method.
Stability analysis of the equilibrium points was established using Jacobian matrix of systems. The
authors concluded that the inclusion of migration tends to decrease infection, and correspondingly,
the impact of migration in reducing the spread of infection is augmented by vaccination in the

system.

Cojocaru, Migot, and Jaber [5] proposed a prophylactic treatment strategy for a predator-prey
system with an SIS epidemic model spread by contact and predation. They discovered that,
overall, prophylactic treatment reduces the infection in both the prey and predator populations.
Furthermore, they found that vaccinating the prey alone is an efficient method to reduce infection

among the predators while also keeping costs below their maximum levels.



Chapter 3

Preliminary Concepts

In this chapter, essential concepts used throughout the mini-thesis are outlined. It begins with the
definitions of some terms that are utilized in dynamical systems and within this mini-thesis. Some
of these terms include equilibrium points and the Jacobian matrix. The Routh-Hurwitz criterion,
one of the tools used in dynamical systems to assess the stability of equilibrium points, is also

explained.

3.1 Dynamical Systems

A dynamical system is one whose state changes with time (t). In applied mathematics, there are two
main types of dynamical systems that are encountered. The first one is one in which time is discrete

in which case t € Z ort € N. The second is one in which time is continuous in which caset € R [1].

Below are the definitions of some key terms that will be used throughout the mini-thesis.

Definition 1 (Equilibrium point). A state x, € IR" is an equilibrium point of an n-dimensional
system x' = f(x) if setting xo = x, implies x(t) = x,,¥t > 0, hence x, is an equilibrium point if

f(xe) = 0. In other words equilibrium points are the zeros of the vector function f(x).

The equilibrium points will be analysed to determine their stability. This provides an insight



on what to expect from the global behaviour of the system in the long run. This analysis will
be conducted by studying the eigenvalues of the Jacobian matrix of the system or via Lyapunov

Theory.

Definition 2 (Jacobian matrix). Let f be the vector function defining a system of n differential

equations, then the Jacobian matrix (J) of f is a matrix of functions whose (ij)"* entry is given by

% as shown below
Xj

on of  of
Jx; Ox 0x,
on on  an
dx; Jdxy ox,
dfs dfs df3
= | =2 22 . 1
1 ox;  Odx 0x, G-
26 o
Jx;  Odx ox,

3.2 Stability Criteria

Analysis of the stability of the equilibrium points will be done as follows:

Theorem 1. Consider the matrix J(x,), where all derivatives are evaluated at the equilibrium point
Xes

a) if all the eigenvalues of J(x.) have negative real parts, then x, is a stable equilibrium point.

b) if at least one of the eigenvalues of J(x.) has a positive real part, then x, is an unstable equilib-

rium point.

Definition 3. A Lyapunov function around a point x* is a function V : IR" — IR such that:

a) V is continuously differentiable;



b)V(x) >0 forall x # x* and V (x*) = 0;
¢) V' (x) <0 for all x # x*.

Theorem 2. An equilibrium point x, of a system X' = f(x) is said to be asymptotically stable if

there exists a Lyapunov function around x,.

The Routh-Hurwitz criterion which is used to check the stability of a dynamical system, is a
mathematical tool employed to determine whether all the roots of the polynomial have negative

real parts.

Theorem 3 (Routh-Hurwitz Criteria [20]). Consider the polynomial

p(A) = apA" + a1 A" +a, oA 2+ 4 ag (3.2)

The first two rows of the Routh array are obtained by copying the coefficients of p(A) as given below

an ap—2 ap—4 - A"
an—-1 dp-3 dp-5 - Al
(3.3)
X1 X2 X3 o An—2
ap—1ap—2 —dndy_3 ap—10p—4 — Apdpy—5
Where x| = , Xy = yen
an—1 an—1

The computation is repeated for subsequent rows until the row labelled A° is reached.

The Routh-Hurwitz array is then used to check the stability of a system in the following manner,
if all the values in the first column of the array (3.3) have the same sign and there are no sign
changes then the system is stable. If there are sign changes, then the number of sign changes
equals the number of roots in the right half of the A-plane that is the number of roots with positive

real parts.



Descartes’ Rule of Signs, originally described by René Descartes, is a method used to gather
information about the number of positive real roots of a polynomial. It states that the maximum
number of positive roots is equal to the number of sign changes in the sequence of the polynomial’s
coefficients (excluding zero coefficients), and the difference between these two numbers is always
even. Consequently, if there are no sign changes or only one sign change, there will be precisely

Zero or one positive root, respectively.

Theorem 4 (Descartes’s rule of signs [22]). Let p(x) = aox’ 4 ajx”' + - - -+ a,x" denote a poly-
nomial with nonzero real coefficients a;, where the b; are integers satisfying 0 < bg < b1 < by <
-+ < by. Then the number of positive real zeros of p(x) (counted with multiplicities) is either equal
to the number of variations in sign in the sequence ay, ...,a, of the coefficients or less than that by
an even whole number. The number of negative zeros of p(x) (counted with multiplicities) is either
equal to the number of variations in sign in the sequence of the coefficients of p(—x) or less than

that by an even whole number.

The following formula shares similarities with the perfect-square method for quadratic equa-
tions and serves as a conventional approach to find a real root of a cubic equation in the form of
ax® + bx* + cx+d = 0. Subsequently, the remaining two roots, whether real or complex, can be

determined through polynomial division and the quadratic formula.

Theorem 5. (Solution of cubic polynomials [16]) The cubic polynomial P : ax® +bx*+cx+d =0

has solutions:

b

=S4+T——;
X1 + 3a

S+T b i3
e — _— —T‘
2 7 T3ty 8T

S+T b i3
== Y (S-T
3 7 T3 o 8T
where

10



S=vR+VOQ*+R2, T=yR—\/Q+R?,

with:

3ac — b* _ 9abc —Ta*d — 2b°

_2ae— 7 R
9q¢2 54a3

3.3 Positivity Analysis

For a given model to be biologically feasible and well-posed, it is necessary to ensure that all
variable values remain non-negative as long as their initial values are non-negative. Alternatively,
there must exist a feasible region that is positively invariant, meaning that if the initial values of our
variables are within that region, they remain in that region the entire time. The positivity of each of

the four models is demonstrated using the same approach as Bhunu, Garira, and Mukandavire [4].

3.4 Boundedness

In biological models, the boundedness of a system serves as a cornerstone, signifying its biolog-
ical validity and overall well-behaved nature. To establish the biological validity of a model, it
is necessary to demonstrate the boundedness of its solutions. This critical step ensures that the
variables within the model remain within meaningful and biologically plausible limits, reinforc-
ing the foundation of the model’s credibility. By affirming the boundedness of the solutions, we
not only validate the biological relevance of the model but also lay the groundwork for robust and
meaningful analyses within the intricate framework of eco-epidemiological systems, following a

methodology similar to Jawad [12].
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Chapter 4

Model Formulation and Qualitative

Analysis

In this chapter, the formulation of four predator-prey models with and without human intervention
is presented. We begin with a model with no intervention, then proceed to models with intervention
in the prey only, intervention in the predator only, and finally, intervention in both species. Sub-
sequently, we provide flow diagrams to visually illustrate the interactions among the species. The
equilibrium points of the formulated models are determined and analyzed to check their stability

conditions.

4.1 Model without human intervention

4.1.1 Formulation of the model
The model is based on the following assumptions.
1. There is no treatment of infected species or vaccination of susceptible species.
2. The prey grows logistically and in the absence of the prey, the predator will die out.

3. Only the healthy species can reproduce and the disease is not hereditary.

12



4. The prey population is divided into 2 classes: susceptible prey (S1) and infected Prey (7).
Likewise the predator population is divided into 2 classes: susceptible predators (S7) and

infected Predators (/).

5. In both species, the susceptible population becomes infected by coming into contact with the

infected population.

6. The disease is also spread through the process of predation from infected prey to susceptible

predator.

7. There is a natural death rate as well as a disease induced death rate for the infected species.

8. The infected prey is more likely to be caught and infected predators are less efficient at

catching prey compared to their healthy counterparts.

The following model can then be derived:

S
Sll = a51 (1 — El) _ﬁlSlll —615152—6251]2 —d151
——" ~~ 7 N —

N———~~——" infection predation mortality
growth

I} = BiSily —esh S> — ey b, —(dy + ky )Ty
N—— ~~ ~ ~ >

infection predation mortality ( 4.1 )

S/Z = lez(elSl —|—€3[1) —ﬁzSzIz —drS»
(. ~- /w_/\/_/

predation infection mortality

Iy = hjr(exS1 +esly) +P2S2h —(dr + ko)

TV . R
predation infection mortality

The parameters’ description is given below:

13



Table 4.1: Model 1 description of parameters

Parameter | Description

a Intrinsic growth rate for prey

Bi2 Infection rate in the prey and predator respectively

e; Predation rate with, egysceprivle < €infectea fOr the same predator.

di > Natural death rate of the prey and predator respectively

J12 Conversion rate of predation for susceptible and infected predators respectively
K Carrying capacity of the prey

k12 Disease induced death rate for prey and predators respectively

The flow chart of the above model is given below in figure 4.1:

51
51 [1 _ E} » e15:1S; €1j151S; > S | d2Sp

e:541,
diS; /J:LHS:
151 B2S2l2
Eﬂzsll
Y e3| S, '
I eall> 8412|1| 2 d> + ki)l
(dy + ko)ly

Figure 4.1: Flowchart of Model 1 with no human intervention



4.1.2 Qualitative analysis of the model
4.1.2.1 Positivity of solutions

In this section we show that under the given conditions all the solutions are positive, following a

similar proof to that of [4].

Theorem 6 (Positivity). Let S1(0) >0, 1;(0) >0, $»(0) > 0, I,(0) > 0. The solutions of (4.1) are

non-negative for all t > 0.

Proof. This will be shown in cases by contradiction.

Case 1. Let #; be such that S;(r;) = 0 and suppose that S (r;) < 0 with I;(z) > 0, Sy(r) > 0,
L(t) > 0 for 0 <t < t;. In this case substituting these values into the first equation of system (4.1)

we get S/1 (1) = 0 and this is a contradiction to the assumption that S/1 (t1) <O.

Case 2. Let 1, be such that I;(f,) = 0 and suppose that Ii (f) < 0 with S1(z) > 0, S»2(¢) > 0,
L(t) > 0 for 0 <t < 1. In this case substituting these values into the second equation of system

(4.1) we get I () = 0 and this is a contradiction to the assumption that I, (1) < 0.

Case 3. Let 73 be such that S»(r3) = 0 and suppose that S)(r3) < 0 with S;(r) > 0, I;(¢) > 0,
L(t) > 0 for 0 <t < 3. In this case substituting these values into the third equation of system (4.1)

we get Slz(t3) = 0 and this is contradiction to the assumption that S/Z (13) <O.

Case 4. Let t4 be such that I;(t4) = 0 and suppose that Ié(t4) < 0 with S;(t) > 0, I,(t) > 0,
S>(¢) > 0 for 0 <t < t4. In this case substituting these values into the fourth equation of system

(4.1) we get I; (t4) = 0 and this is contradiction to the assumption that I; (14) <O0.

Hence all the solutions of (4.1) are non-negative. ]
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4.1.2.2 Boundedness of solutions

In this section, we demonstrate that under the given conditions, all solutions are bounded above.
To establish the boundedness of each population size, it suffices to show that the total population

size is bounded. We follow a proof similar to that presented in [12].

Theorem 7 (Boundedness). Assume that ji, j» < 1, then all solutions of the system (4.1) which

initiate in ]Rﬁ ={(81,11,82,), $1>0,1; >0, S, >0, I, > 0} are bounded.

Proof. Let N =81 +1; + S, + I, then %’ =S|+ +S,+ 1.
dN

o= asi (1 - Sk—'> + (1= De1S1S2 + (2 — DexSila + (ji — 1) eshi Sz + (jo — Vealil, — 1Sy — (dy + ki )1y

—drSy — (dz + kz)]z
since ji, jo < 1 we have (j; —1) <0, and (j» — 1) < 0. Therefore:

dN
E < a$; (l — %) —d;S; — (dl —|—k1)]1 —drSHy — (dz —l—kz)[z

2
< aS)— S —diS) — (dy + k) — oSy — (da+ ko) Ty
< aS)—(diS1+ (dy+ k) +drSa+ (da + ko)1)
< u—nN

where: 4 = aa, oo = max{S;(0),k} and n = min{d;,d,}.

We then have: ‘%’ + NN < a which is a linear first order differential equation. The integration

factor is given by e/ 19" = M.

e+ neN < ae™

4 (Ne) < are™

Nel' < %ent +c

Given the initial condition N(0) =Ny > 0, we have N < & + (No + %) e M.

As t — oo, the exponential term e~ — 0. Consequently, we can deduce that N < %. Hence all the

solutions of (4.1) are bounded and are confined to the region Q = {(S 1,0,82,h) € Ri N < %} .
]
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4.1.2.3 Stability of the equilibrium points

The equilibrium points of our system are obtained by setting the right-hand side of (4.1) to zero.
When all the components (Sy,1;,S5,,1) are zero, the equations remain valid, and we obtain the
trivial equilibrium point (0,0,0,0). Moreover, for the disease-free equilibrium, we only require /7,
and I to be zero. It therefore follows:

St =asi (1=3%) = BiSili — 15152~ ex511 — diy.

When S| = 0 we have:

K(—=IB1 —hey —Sre1 +a—d,)

Si1=0or S = 4.2)
a
From the second equation of (4.1),
Iy = BiSili —eshil —esl1 S, — (dy + ki) I,
when /] = 0 we have:
I =0 or —e3sh+B1S1—esSr—di —k; =0 4.3)
We now use the third equation of (4.1),
Sh = j152(e3li +e1S1) — PaSalr — daS>
When S}, = 0, we have:
S>» =0 or j] (6311—|—€1S1)—B2[2—d2:0 4.4)

I, = joby (eady +€2S1) + PoSaly — (dy + k) I

17



When I} = 0 we have:

L =0 or jy(esli+e281)+ B2S2 — (d2+k2) =0 4.5)

We have the following equilibrium points:

@)

(i)

(111)

(iv)

v)

(vi)

(vii)

(viii)

Trivial equilibrium point: (S1,1;,S2,5) = (0,0,0,0)

Infected predator only equilibrium point: (S1,71,52,52) = (0,0,0,73). From (4.5), since I, #
0, then we get d» + ko, = 0, which is not possible since both d, and k; are positive. Hence,

the equilibrium point is not feasible.

Healthy predator only equilibrium point: (S1,11,52,5) = (0,0,55,0). From (4.4), since S, #

0, we have d, = 0, which is not possible, and hence the equilibrium point is not feasible.

Infected prey only equilibrium point: (S1,1,52,5) = (0,1],0,0). From (4.3), since I; # 0,
we have d| + k; = 0, which is not possible since dj,k; > 0, and hence the equilibrium point

is not feasible.

Healthy prey only equilibrium point: (S1,/;,52,5) = (S7,0,0,0). From (4.2), we have S} =

K(1—4 1), and it is feasible only if a > dj.

Prey-free equilibrium point: (S1,71,52,5) = (0,0,55,15). From (4.4) with S, # 0, we have

I = [3 , and from (4.5), we get S5 = dzﬁ:kz This equilibrium point is not feasible since

I; <0.

Infected prey and predator-only equilibrium point: (Sy,1;,52,5) = (0,17,0,1;). From (4.3)

we get [ = —ditk +k‘ from (4.5), and we get I = d2+k2 . This equilibrium point is not feasible

since I; < 0.

Infected prey and healthy predator only equilibrium point: (S1,1;,52,5) = (0,1;,55,0). From
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(ix)

)

(xi)

(xii)

(xii1)

(xiv)

(4.3) we get I; = —4H0 and from (4.4) we get I} = 2. This equilibrium point is not

feasible since I; < 0.

Healthy prey and diseased predators equilibrium point: (S1,/1,52,5) = (57,0,0,75) . From

(42) and (4.5) we get S§ = €12 and 15 = (1 e %1). This equilibrium point is
. dl dr+ky

feasible when 1 > =1 4 Ker s

Disease-free equilibrium point: (S1,11,52,5) = (57,0,55,0). From (4.2) and (4.4) we get

ST = and S5 = (1 — b 7 ) This equilibrium point is feasible if 1 >4 L+

61]1 jiel K €1J1K

Predator-free equilibrium: (Sy,11,52,5) = (S7,1{,0,0). From (4.3) and (4.5) we get S} =

di+k; and Iik:Kaﬁl KB]%] —ad, ak1
Bi Bi’K

This equilibrium point is feasible when 1 > %1 + KLﬁl(d 1 +kp).

No healthy prey equilibrium point: (Sy,1;,52,5) = (0,17,55,15). This equilibrium point

64S;+d1 +k;

& . Because all the parameters are

is not feasible since, from (4.5), we get I; = —

positive and S5 > 0, we have I5 < 0.

Infection in the predator only equilibrium point: (S1,1;,52,5) = (57,0,55,1;) where
S — K(aPr—d| Br—dre1+drer—erko)
1 Kejeyji—Keyezjatafs
dy+ky—e3 oS]

S3 =

B>
« _ e1jiSi—d>
L= B>
This equilibrium point is feasible if afBs +daey > dy By + drey +e1ky and - o <81 < dj;’;?

No healthy predators equilibrium point: (S1,7;,52,5) = (S7,1,0,1;) where
gt — Klaesjptdierjp—diesjpterjoki—Pidr—Pike)
L= aeq ja
I — —S’er]:z-i-dz—O—kz
1 Jae4
I — SiB1—di—k
2 ey

This equilibrium point is feasible if aeqjs + dierjo + e2joki > Biky + Bids + dyeqjr and

dy+k; < S* dr+ky
ey’
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(xv) No disease in the predator equilibrium point: (Sy,1;,52,5) = (S7,1;,S3,0) where

gt — Klaesjitdierji—diesjiterjiki—Pidr)
1 aes ji
I — —Sieijit+da
1 jies
S1B1—d1—k;
x«_ 5]
S5 = o

This equilibrium point is feasible if aes j; + dyeq j1e1j1k1 > diesji + Bids and
di+k; * d_2
B < 51 < erji’
(xvi) Coexistence equilibrium point with disease in both species (S1,11,52,h) = (S1,1{,S5,15)

where:

¢ K (—BiouBo’+(((a—dy) (ja—j1)es—er0n ji—Bi (datha))es+es(eran jo+Bida)) Br—(e1ea—eres)(—ji (dr+ka)es+ joeads) )
—KBi* B +((a(ja—ji)ea—KPBrea(jo+j1))es+KBreres(jo+j1))Ba—K joji (erea—eres)”

I — —Siereqji+S]e2e3,jo+S]B1Br—Badi —Boki —daest+dres—esky
1 esez(—jo+j1)
S = _Ife4].2—ST€2j2+d2+k2
2 B2
I — He3ji+Sierji—da
2 B>
(4.6)
With o; =dj + k.
This equilibrium point is feasible when S7,1;, S5 and I3 are positive.
The Jacobian matrix is given below:
a(lfz%» —$B1—S2e1 —hex—d; —S1B1 —Siel —S1ez
LB —hey+S1B1 —Sre3—di — ki —lie3 —lie4
Jj182¢1 Jj152e3 J1(hes+Sie1) —hpy —dy =52
i Jjahes Jahey Lp> Ja(hea+S1e2) + 2Py —dr —ka |

To assess stability, we will focus on four of the equilibrium points, namely the equilibrium points
corresponding to mutual extinction, coexistence without disease, predator extinction as well as the

coexistence with disease in both species.

1. Trivial Equilibrium point (Mutual extinction)

20



The trivial equilibrium point represents the extinction of both prey and predator species
in eco-epidemiology, an undesirable outcome. Knowing when and under what conditions
it is stable allows proactive measures to avoid this extinction, contributing to practical
ecological conservation through stability analysis. The Jacobian matrix evaluated at the

trivial equilibrium point (S1,11,82,12) = (0,0,0,0) gives the following:

a—d; 0 0 0
0 —di—ki O 0
0 0 —d 0

I 0 0 0 —-dr—k |

The eigenvalues of the Jacobian matrix evaluated at the trivial equilibrium point are:

(i) M =—d
(i) b =—-dr—k
(iii) A3 = —d| —k;
(iv) 4 =a—d,
Since all the parameters are positive then A;, A, and A3 are all negative. A4 is negative when
a<d.

Therefore, when a < d; all the eigenvalues will be real and negative which means the trivial

equilibrium point is stable. When a > d; then the equilibrium point is unstable.

. Disease-free Equilibrium point

The equilibrium point is (S1,1;,8,5) = (8%,0,85,0) where 8% = 2 and S =

€1Jj1

% <1 — jl‘jﬁ — %) . The Jacobian matrix evaluated at this equilibrium point is given below:
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_ _ad, _bBid _d _he
e1j1K el A el
—Kji(dithki)er > ~K(e3(a—d1) j1—Pida)e; +adres
0 > 0 0
e1-j1K
Kji(a—di)ei—ady e3(Kji(a—dy)e1—ady) 0 _ (Kji(a—di)ei—ady) B>
e K K6|2 Klzle
—Kji (datko)er*+(ji (a—dy) Ba+drer ja)Key —afds
0 0 0 2K

Two obvious eigenvalues can be extracted from the Jacobian matrix namely:

() A __ KaBoey j1—KPBodye1 j1—daei” jiIK+drer jre1 K—kyei % 1 K—aPod,
1= ei? 1K

(i) A __ Kaejezji+die)jiK—Kdyejesji+kie)? jiK—Pidre| K—adyes
V2= e’ 1K

In assessing the stability of the equilibrium point,

M1 <0 when aps ji +daeajo < Podyji +daer ji +e1jika + G2

A <0 when aes +e(j1 + ki) > e3 (dl +K5Z2j1> +%

And the remaining two eigenvalues can be obtained from the characteristic polynomial

d d>
YR A vady—dydy— 22— 4.7)

A%+ — =
Keyji Key i

The characteristic equation (4.7) exhibits either one sign change when 1 < ‘i—l + % or no

sign change when 1 > %1 + K;.ilzel. According to Descartes’ rule of signs, the first condi-
tion implies the existence of one positive eigenvalue, while the latter condition indicates the

absence of any positive eigenvalues.

In light of this, the disease-free equilibrium point is stable when both eigenvalues, A; and
Ay, are negative, and the condition 1 > %1 + % is met. The latter condition represents
feasibility, meaning that if the equilibrium point is feasible, the only additional requirement

for stability is that A; and A, are both negative.

3. The Predator-free Equilibrium point
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The equilibrium point is (S7,1,55,15)

adl 7ak1

matrix evaluated at this equilibrium point is given below:

7&1((2;]](]) 7d1 7k1 76](&'&]4»]{])
K(—=d\+a)Bi1—a(d1+k;) 0 _e3(K(=di+a)B1—a(d1+k1))
KBy Kpy*
0 0 — KB dy+K((—dy+a)es+ey (di+hk1)) j1 B —aes jy (di+ki)
KBy
0 0 0

<d1+k1 KaB—KBd—
Bl ! Kﬁlz

,o,o). The Jacobian

_e(dithk)
Bi

_eq(K(=di+a)Bi—a(d+k;))
KB’

0

—K(dy+ko) B> +K ((—dy +a)es+er (di+k1)) joP1 —aes jo(dy +h1)

KBy®

Two obvious eigenvalues can be extracted from the Jacobian matrix namely:

_ —K(dy+hko)B1*+K((—di+a)es+ea(di+ki)) jo P —aeajo(di+ki)

(i) l1 - KB12
. o fKﬁ|2d2+K((fd1+a)e3+e|(d1+k1))j1ﬁ17ae3j|(d1+k|)
(11) )LZ - Kﬁlz

In assessing the stability of the equilibrium point,

A < 0 when Kaeyq + Ken (dl —|—k1)j2[31 < K(dz —|—k2) [312 +aeq o (dl —|—k1) +Kdjeq

Ay < 0 when KB j; (61 (d] +k1) —l—ae3) < KBidye3 )1 +Kﬁ12d2—|-ad1e3j1 +aes j1ki

The rest of the eigenvalues can be obtained from the characteristic polynomial:

d k K(a—d —a(dy+k))(d+k
2y laditak),  (K(a—di)pi—aldit+hk))(d+k) _ 4.8)
KB KB
The characteristic equation (4.8) exhibits either one sign change when 1 < %1 + % or no

dy+k;

sign change when 1 > ‘i—' + kB,

According to Descartes’ rule of signs, the first condi-

tion implies the existence of one positive eigenvalue, while the latter condition indicates the

absence of any positive eigenvalues.

The equilibrium point where there are no predators is considered stable when both eigenval-

ues, A; and A, are negative and the condition d}(ﬂ‘l
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indicates feasibility, implying that if the equilibrium point is feasible, the only additional re-

quirement for stability is that both A and A, are negative.

4. The coexistence equilibrium point with disease in both species
The equilibrium point is (S7,17, S5, 1) with S7,17,S5 and I3 as stated in (4.6).
The Jacobian matrix evaluated at this equilibrium point is given below:
Ji1 —ﬁlsiﬁ —e1S] —exS)
Bllik Jzz —€4Iik —6311<
J153e1 1S3e3  Jz o —[aS;
ey jplies Pl Jas
The variables J;; used in the Jacobian matrix description is given below:
Table 4.2: The variables J;; used in the Jacobian matrix
Variable | Description
J11 a—2%—ﬁ1[f—5‘§€1—62]§—d1
Jo —6315 + ﬁ]ST — €4S§ —di —k
J33 Ji(esli +e1S7) = Bols —dy
Jaa Jo(ealf +exS7) + PaSs —dr — ko

The stability of the equilibrium point is assessed using the Routh-Hurwitz criterion.

The characteristic polynomial is given by A* +AA> +BA?>+CA+D =0

where:

A=

—Jaq4 —J33 —J2 —J11

B= ISP+ LSiB* 4 IiJsnes + Iigpes + J31Ster + JarSiea + o + Ji1J33 + J11Jag +

J22J33 +J22J44 + J33J44
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C= I[BJnpres — I 131 SiBies + I} JaSi Brey — I1J53SiB1* — I1JarSiBres + I} TS Bres —
I} Ja2S3Baes — 11 JaaSi 1> — BInS3a” — BnSyBa” + L Ja1SiBaes — JarSiSPaer —
IJiJses — IJiiJses — I[J3odases — I{J33danes — JnJ31Sjer — JoJaiSier —
J31JaaSTer — I33Ja1Sier — J11Ja2J33 — Ji1J2ndaa — J11I33Jaa — J2oJ33 )44

D= BJnnSiB* + InJssdues + JnssJaSier + [133JuSiBi> + [Ji1Jsdues +
Jnd31daaSTer +J11J200330as — [T 03187 P Paes + 171503057 Bi Baer + 17 Ja1 5785 Bi Poes —
I} 152183 B Baer — I J31JanSieses — I T JurSierea + I 1 SiS3 B Bo” + 11 J31 oS erea +
[ JJuSezes — I3 aes + I7 1104283 Baes + 11 J31J4aST Bres — 11 J32JaaSTBrer +

11J33J41S1 Brea — I} J33J408 7 Brea — I J20J31 87 Baes + J20J41 8755 Bren

The Routh Array is given below:

1 B D A4
A cC 0 A3
AB—C 2
ABC p o A

2n_ 2
A DB,I:IEE‘_‘—C 0 0 A

D 0 0 1

The coexistence equilibrium point will be stable if:
1) A>0;
(1) AB—C > 0;
(iii) ABC —A*D—C? > 0;

@iv) D> 0.

The complexity of the expressions in the Routh-Hurwitz array described in this analysis makes it

difficult to confirm explicitly.
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4.2 Model with human intervention in the prey only

4.2.1 Formulation of the model

In this model, treatment and vaccination are given in the prey species. The model is based on the

following assumptions:

1. The prey populations grows logistically. In the absence of preys, the population of predators

will die out. The presence of the predator species has a negative impact on the growth of the

prey.
2. Only the healthy population can reproduce.

3. There is disease in both species and the infection can be transmitted from prey to predator

through the process of predation.

4. In both species, the susceptible population becomes infected by coming into contact with the

infected population.

5. The prey population is divided into 4 classes: susceptible prey (S1), infected prey (/1), vacci-
nated prey (V1) and prey under treatment (77). On the other hand, the predator population is

divided into 2 classes: susceptible predators (S2) and infected predators (/7).

6. The infected population does not recover without treatment and there is a natural death rate

in all classes as well as a disease induced death rate in both infected populations.
7. After successful treatment, the prey can still be infected at a later stage.

8. Only the susceptible prey are vaccinated which provides partial immunity, and only the in-

fected prey receives treatment.

9. The infected prey is more likely to be caught compared to the healthy ones, and likewise

infected predators are less efficient at catching prey than the healthy predators.

26



The following model can then be derived:

S
Sll =as (1 — ?1) —BiS1I; —e1S182 —exS1 L+ €Ty +gVi— fS1 —di Sy
——— 2 D o — L —

~——— infection predation treated vaccination —mortality
growth

/
11 == ﬁ]Slll —631152 —64]1]2 —hll —(dl —|—k1)]1
N—— ~~ 7 N N —
infection predation treatment  mortality

V1/ = fSl;gVL_eSthzr_ €6V1]% —d1V1

vaccination predation mortality (4.9)

T{ = hl} — €T; —e7T\S> — egTy [ —(dy + 1ky) T,
—— ~~ ~\S -~ -
treatment predation mortality

Slz = (€1S1 + ezl +e5V) +€7T1)j152 —ﬁzSzIz —drS»
N ~~ o ", ,_/\—\f—/

predation infection mortality

Ié = (6251 +eql) +egVy + eng)jzlz —f—ﬁzSzIz —(dz + kz)[z
N e —L T

.

Vv . .
predation infection mortality

The parameters’ description is given below:

Table 4.4: Model 2 description of parameters

Parameter | Description

a Intrinsic growth rate for prey

Bi2 Infection rate in the prey and predator respectively

e; Predation rate with, ey scepribie < €infectea fOr the same predator.

di > Natural death rate of the prey and predator respectively

£ Recovery rate of treated prey

f Vaccination rate

g Rate at which vaccine wanes

h Treatment rate

1 Factor of disease induced death rate. 1 € [0, 1], 1 = 0 indicates that the treatment is 100%
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effective, while 1 = 1 signifies that the treatment has no effect.

Ji2 Conversion rate of predation for susceptible and infected predators respectively
K Carrying capacity of the prey
ki Disease induced death rate for prey and predators respectively

The flow chart of the above model is given below in figure 4.2:

K/, gV
—_— Si ——fS 1 ———] V1 —e5V1So —e5)1V1S— 57 d2S;
9251|2 v
dlsll esVilo /93J1|152
B:L-—u'l
B:S:lz
£2j2S11 9612V1|2
Y eshS; n. Y
ET I eslils e4j2l1l2 (dz + ka)l»

21515, e1)151S;2

.
>

fov |

Y

-

egjoT1l2

Ta

j1€751Ty

I
(dl +1 kl)Tl

Figure 4.2: Flowchart of model 2 with human intervention in the prey only
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4.2.2 Qualitative analysis of the model
4.2.2.1 Positivity of solutions

In this section we show that under the given conditions all the solutions are positive, following a

similar proof to that of [4].

Theorem 8 (Positivity). Let S1(0) > 0, I;(0) > 0, V;(0) >0, T;(0) > 0, S,(0) > 0, 1 (0) > 0. The

solutions of (4.9) are non-negative for all t > 0.

Proof. This will be shown in cases by contradiction.

Case 1. Let #; be such that S;(z;) = 0 and suppose that S/1 (t1) < 0 with I;(r) > 0, Vi(t) > 0,
Ti(t) > 0, S5(t) > 0, Ir(¢t) > 0 for 0 <t < 1. In this case, substituting these values into (4.9), we

get S/l (t1) = eTi(t;) > 0, which is a contradiction to the assumption that S,l (11) <O.

Case 2. Let 1, be such that /;(f;) = 0 and suppose that I; (12) < 0 with Sy(¢) > 0, Vi(¢) > 0,
Ti(t) > 0, S(¢) > 0, Ir(¢) > 0 for 0 <t < 1. In this case substituting these values into (4.9) we get

I; (1) = 0, which is a contradiction to the assumption that Ii () <O.

Case 3. Let 13 be such that Vi(#3) = 0 and suppose that Vl/ (13) < 0 with Si(t) > 0, I;(t) > 0,
Ti(t) >0, Sa(t) > 0, () > 0 for 0 < t < 3. In this case, substituting these values into (4.9), we

get V;(13) = fS1(13) > 0, which is a contradiction to the assumption that V; (3) < 0.

Case 4. Let 74 be such that Tj(z4) = 0 and suppose that Tj(tz) < 0 with S;(¢) > 0, V;(t) > 0,
(1) >0, 8(¢t) >0, L(t) >0 for 0 <t < t4. In this case, substituting these values into (4.9), we

get Tll (t4) = hl;(t4) > 0, which is a contradiction to the assumption that Tl/ (t4) <O.

Case 5. Let 75 be such that S>(f5) = 0 and suppose that SIZ(tS) < 0 with Si(¢) > 0, Vi(r) > 0,
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I1(t) >0, Ti(t) >0, L(t) > 0 for 0 <t < ts5. In this case, substituting these values into (4.9), we

get S (r5) = 0, which is a contradiction to the assumption that S (z5) < 0.

Case 6. Let 75 be such that I;(f5) = 0 and suppose that Ié(ts) < 0 with S;(t) > 0, I,(t) > 0,
Vi(t) >0, Ti(t) > 0, S2(r) > 0 for 0 < r < 6. In this case, substituting these values into (4.9), we

get I (t6) = 0, which is a contradiction to the assumption that I () < .

Hence, all the solutions of (4.9) are non-negative. ]

4.2.2.2 Boundedness of solutions

In this section, we demonstrate that under the given conditions, all solutions are bounded above.
To establish the boundedness of each population size, it suffices to show that the total population

size is bounded. We follow a proof similar to that presented in [12].

Theorem 9 (Boundedness). Assume that ji, jo < 1, then all solutions of the system (4.9) which ini-
tiate in Ri ={(8,11,V1,T1,82,), $1 > 0,1, >0,V; >0, T} >0, S, >0, I, >0} are bounded.

Proof. LetN =S;+1j + Vi +Ti +S>+ L then @ = S} + 1] + V] + T/ + S, + I},
dN : ; . .
== a5 (1 - %) + (1 =1 e1S182+ (j2 — DeaSi + (ji1 — 1) eal1S2 + (ja — Veal1 b — d1Sy — (di + ki) Iy
—dySy — (dy + ko) o + (j1 — 1)esViSa + (ja — DegViTa —diVi + (ji — 1)erT1S2 + (ja — DesTh Tz

—(d1 + 1k; )T]

since j, jo < 1 we have (j; —1) <0, and (j, — 1) < 0. Therefore:

AN
Efgw&O—%)—m&—MrMﬂh—m%—Mthﬂfdﬁy%@+bm

2
< aS;— % —d;S; — (dl —|—k1)11 —d\V| — (a’1 + lkl)Tl —drSy — (dz —l—kz)]z
< aSy— (diS1+ (di + k)l +diVi+ (di + 1k) Ty +doSo + (do + ko ) o)
< u—1nN
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where: i = aa, oo = max{S;(0),k} and n = min{d,,d,}.
We then have: %’ + NN < o which is a linear first order differential equation. The integration
factor is given by e/ 19" = ¢’

e”’%’ +neN < ae

4 (Ne) < are™

Net < %e"t +c

Given the initial condition N(0) = Ny > 0, we have N < % + (NO + %) e M.

As t — oo, the exponential term e " — 0. Consequently, we can deduce that N <

Hence all the solutions of (4.9) are bounded and are confined to the region Q =

—— 3R

(S1,11,Vi,T1,82,h) €RS : N < %}

4.2.2.3 Stability of the equilibrium points

The equilibrium points of our system are obtained by setting the right-hand side of (4.9) to zero.
When all the components (S1,1;,V;,T1,S2,1) are zero, the equations remain valid, and we obtain
the trivial equilibrium point (0,0,0,0,0,0). Moreover, for the disease-free equilibrium, we only

require /| and I3 to be zero. It then follows that

S*
aS; (1 - E‘) —e1S1S5 + el + gV — fST —d1S; =0
ST — gV —esVi'S; —d|V; =0
SS1—8Vi —esVi S, —diVy (4.10)
- ETI* —e7T1*S§ - (dl + lkl)Tl* - O
(elST +€5V1* —|—€7T1*)j15; —szE =0

From the third equation of (4.10), it follows that either 7;* = 0 or —& — 75, — (d; + k1) = 0. Since

31



all parameters and S, are positive, we can conclude that 7 = 0. As a result, (4.10) reduces to:

S*
as} (1 - ?1) — 1 SISE+ gV — fST—d1ST =0
£ST—SiVites —gVi —Vid; =0 (4.1D)

j185 (e18T +esVi) —daS5 =0

The disease-free equilibrium point is then given by (S1,11,V1,71,52,5) = (S57,0,V{,0,55,0) where

S7 is a positive root, when it exists, of the equation: S? —i—AS% +BS1+C=0.

where:
A= 81((a*dl)é’sﬂhel){(glzﬂldzesjl
—aeiesji
B— K((a_f_dl)95_5j12(g_d1))d2].1
aeiesji
c= Ked,
aeyes ji

According to Descartes’ rule of signs, because there are zero or two sign changes regardless of
whether A and B are positive or negative, there are either 2 or 0 positive roots. By using theorem
(5), we have:

S;=S+T-4%,

where:

\/ 1 Az 1 A B_ % + v 74A6+36A4B+4A4736A33727A52f2+28A2C7126ABC+108B3+49C2

—4A6 4 4 _36A3B—27A2R2 20— 3 2
T = \/_ —A2 4+ 1AB _ V/—4A5436A%B+4A%36A3B 27Asf +28A-C—126ABC+108B°+49C

Descartes’ rule of signs states in this case that we have 0 or 2 positive roots. Hence, the given S is

likely the negative one.
y g
x« _ d—Se1ji
Vi = jies
S _f51J1€5+g51€1]1+51d1€1J1 —gdr— d1d2
2 es(dy—Sie1j1)
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When we have two positive solutions (that might be equal in some cases) for the above cubic

polynomial, the feasibility of the corresponding equilibrium points requires that S7,V/", S5 > 0.

The predator-free equilibrium point is given by (S1,11,V1, 11,52, k) = (87,17, V{5, T, 0,0)

where:
x __ h+di+k
S1=7 5
I — (h+dy+k))(1ki+e+dy ) (KagB+KaPid, —K f Bid —KgPdy—K Bydi> —agh—agd) —agk, —ahd, —ad\ > —ad k) )
F=

K(g+dy)By* (hik+1d ki +1k > +& dy+eky+hdy +dy >+d Ky )

VE — flh+di+ki)
1 Bi(g+d1)

T* — h(h-+dy+ky)(KagBi+KaPydi—K fBidy —KgPBid, —K i dy* —agh—agd, —agk) —ahd, —ad,*—ad, k)
1 K(g+dy)Bi” (hky+1diky+1ki > +e dy+eky +hdy +dy > +d y )

This equilibrium point is feasible when
KagPi +KaPid, > K fBidy + KgPidy + KBid\? + agh+ agd; + agk, + ahd; + ad\*> + adk; .

The Jacobian matrix is given as follows:

Ju  —piS1 g € —e1S; —exS
Bily J2o 0 0 —e3ly  —eyl;
f 0 J33 0 —esVi —egV
0 h 0 Jag —erTy —egTh

J182e1 j1Ses jiSaes ji1Ser  Jss  —PaSs

I Ljrex hjres hjreg hjres Pobr Joo

The variables J;; used in the Jacobian matrix description is given below:

Table 4.7: Model 2 description of elements of the Jacobian matrix of the model with human inter-
vention in the prey only
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Variable | Description of variable

Jni 61(1—%)—%—ﬁlll—ﬁsz—eﬂz—f—dl
J2o —e4hh +B1S1 —e3Sr —h—di —k

J33 —heg— Sres —g —d)

Jaa —tky —egh —e78, —€—d;

Jss Jji(esli +e1S1+e7Ti +esVi) — ol — >

Je6 J2(ealy +e2S1 +esTi +eVi) + B2Sa — dr — k2

We then analyse three equilibrium points namely, trivial, disease-free and the predator-free to assess

their stability:

1. Trivial Equilibrium point ST =1y =V =1, =8, =15 =0

The Jacobian matrix evaluated at the trivial equilibrium point (S7,I7,V|,T}",85,15) =

(0,0,0,0,0,0) gives the following:

a—f—d; 0 g € 0 0
0 —h—d; —k 0 0 0 0
f 0 —g—d 0 0 0
0 h 0 —tky—€e—d; O 0
0 0 0 0 —dy 0
I 0 0 0 0 0 —dz—kz_

Four eigenvalues can be extracted from the Jacobian matrix namely:
i) M =—d;
(i) L =—dr—kz

(i) As=—-h—d;—k

34



(iv) A= —1k —€—d,

Since all the parameters are positive then A1, A3, 43,44 < 0.

The reduced characteristic polynomial is given by:

A2+ (—a+f+g+2d)A—ga—dia+d f+gdi+d>=0 (4.12)

The characteristic equation (4.12) exhibits no sign changes when a < f + g+ 2d, and a(g +
dy) < d\(f+g+di). According to Descartes’ rule of signs, this implies that there are no

positive eigenvalues.

Stability of the trivial equilibrium point requires that all of the following conditions hold:

The eigenvalues A1, A7, A3,A4 < 0,a < f+g+2dj,and a(g+d)) <di(f+g+d)).

. Disease-free equilibrium point

The Jacobian matrix evaluated at the disease-free equilibrium point (S1,7,V,T1,52,5) =

(57,0,V7,0,85,0) gives the following:

K —BiS] g € —e1S] —exS|
0 Ky 0 0 0 0
f 0 K33 0 —esV]" —egV|
0 h 0 Ky 0 0

J1855e1 j1Sses  j1Szes ji1Sser  Kss  —[oS;

0 0 0 0 0 Kee

The variables K;; used in the Jacobian matrix evaluated at the disease-free equilibrium

point’s description is given below:
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Table 4.8: Model 2 description of elements, Jacobian matrix in the model with human inter-
vention in the prey only

Variable | Description of variables

Kiy a(1-3) - % -es;-f-d
K2 BiST —e3S; —h—d; —k

K33 —S8es —g—d

Ky —1k; —Sye7 —€—d;

Kss Ji(e1S]+esVy)—d,

Ks6 J2(e2ST +e6Vi) + BoS; —dr —kr

Three eigenvalues can be extracted from the the Jacobian matrix namely:
(i) M =BiS]—e3S5 —h—di — ki
(ii) 2,2 = —lkl — S§e7 —&— d1
(i) A3 = J2 (EQST + ef,Vl*) + [)’253 —dr— k>
In assessing the stability of the equilibrium point,
A < 0 when ﬁlST <e3S5+h+d+k
Ay < 0 since S and all the parameters as positive.

A3 < 0 when j, (6251k + e6V1*) + ﬁzS; <dr)+ k>

The reduced characteristic polynomial is given by:
AP +AAP+BA+C=0 (4.13)

where:

A= —% ((j1(Sje1+Vies)—e1S5—Sses—dry+a—f—g—2d;)K—2aS7)
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B= —%(KSTSéelesh + KS5Vieiesji1 — KaSieij1 — KaVi'esji + KfSieiji + KfViesji +
KgSieiji + KgViesji + 2KSidierji — KSi’ejes + 2KVidesji + 2aSierji +
2a87Viesj1+KaSses — K fS5es —KgSse1 —KS>d1e1 —KS3dies — KS5dre1 — KShdres —
2a8\S2e5 + Kag + Kady + Kady — Kfd\, — Kfd, — Kgd, — Kgd, — Kd12 —2Kddy —
2agSt —2aSidy —2aStdy)

C= —§(—KaSiSseiesji + KSiSidieresji + KSjVidieresji + 2aSi’Sieiesji —
KagSieij1 — KagVi'esji — KaSidye1 j1 — KaVidiesji + KfSidieij1 + KfVidiesji +
KgSidieij) + KgVidiesj) + KSid\%e ji — KSi2dyeres + KViid %esji +2agSie ji +
2agSiViesji +2aSiidier j1 + 2aS;Vidiesji + KaSidres — KfS3dres — KgSidoey —
KS3didrey — KS3d1dres — 2aS7S5dres + Kagdy + Kadidy — Kfdidy — Kgdidy —
Kd\*dy —2agS;d, — 2aSiddy)

The Routh array is given by:

1 B A3
A C A?
AB—-C
AB-C o A
cC 0 1

Stability at the disease-free equilibrium point necessitates that all four conditions are met: the

eigenvalues A1, A,, and A3 must be negative, and in addition, A > 0, C > 0 and AB > C must hold.

. Predator-free equilibrium point

With intervention in the prey only, it is possible for the predators to go to extinction. In that case

S5 = I; = 0. The Jacobian matrix evaluated at this equilibrium point is given below:
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[ htdy+k htdi+k) |
Kiy —h—dy—k g € _ el +B11+ 1) el +B11+ 1)
s 0 0 0 Kos Ko

o _esf(htdi+ki)  esf(h+di+ki)
f 0 g—d 0 Bl ) Bi(erd)
0 h 0 —ik1 —&— d] K45 K46
0 0 0 0 Kss 0
0 0 0 0 0 Kes

The variables K;; used in the Jacobian matrix’s description is given below:

Table 4.10: Model 2 description of elements, Jacobian matrix for model with human inter-
vention in the prey only

Variable | Description of variables

i —ady*—aogdy*+oy1dy 2 oad, —g((lk13+(2hl+;])k12+h21k1+h8 (KB1—h) )a-+KBi fki (hi+1ki+¢))

Ko (1ky+e+dy) ((—K By —a)dy*+(—aki+(KB; fgfoizl)afKﬁl(f+g))d1+ag(KB1fhfkl))(h+d1+k1)

Kas  (tki+e+d)) ((—KBi1—a)di*+(—aki+(Kpi —g—igla—KBl (f+8))d1+ag(KBi—h—ky))es(h+di+ky)

Kog _ (tki+e+dy) ((—KB1—a)di*+(—aki + (KB —g—fgla—f(ﬁl (f+g))di+ag(KBi—h—ky) )es(h+di+ki)

Kus _ ((=KB1—a)di*+(—aki+(KB *g*h)a*Kgll(erg))dl +ag(KBi—h—k1) )er (h+di+ki )h

Kue  ((=KB1—a)di*+(—aki+(Kp fgfh)afKill (f+8))di+ag(KBy—h—ky) )es(h+d)+ky )h

Kss j1a3(a5(a3—aa3a4)e3+K((k1((1461+65f)l+d106461+€7gja+(—a7e7+€5f)d1)h+066065(06461+6‘5f))ﬁ1—ah67063064) —d
Ko o ((og—aoz o) oses+((ky (0gertes f)1+d, a4e2+e8a4a;;((x7eg+e6 F)dy) a0 (aer+es f)K By —ahes a3 04) 0

The newly introduced variables are described in the table below.

Table 4.11: Variables explained
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Variable | Description of variables

o KBi(g+di) (di*+ ((t+ 1) ki +h+€)dy +ki (i +1ky +¢€))

o KB\ (g+dy) ((thy +d1) h+ (di + k1) (tky + € +dy)) —da — ky

(07, h+dy +k;

0y g+d

s ki +€+d;

(075 di +k

o f+g+di

g (g+di)a—di(f+g+di))KpPi

Olo (14+2)k1+g+2h+e¢

o0 (—1—2)g+(-21—-2)h—2¢

ap (( 2p—1h,+«—l—@g+(—2r—mh—2@h+{—2h—@g—h%a—Kﬁﬂ—eh+f@

[P (—tk* +((—21—1)g—2ht—&)ki* + (((—21—2)h—2¢€) g —h?1) k1 — (gh+¢€ (KBi —h))h)a
—Kp; (fg(l+1)k1+((f—8)h+f8)g—fh8)

Two eigenvalues K55 and K¢ can be extracted from the Jacobian matrix:

() A _ hioa(as(as—aozou)es+K((ki (auertesf)i+di auer +er0ua+(—azertesf)di)ht oo (oueitesf)) Br—ahes(03)0a)

(0%]
dy
(i) Ay = J2((ag—aozag) ases+((ki (Quer+eof)1+d) Qqer +egqat(azes+eef)d) )t oot (uertesf)) KB —aheg s 04) 03
(0%]
The reduced characteristic polynomial is given by:
A4+ AL +BA+CA+D =0 (4.14)

where:

A= 1ki+e+g—Kj1+2d
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B= giki—1Kpki+i1diki+eg—€eKi+ed— fg—gKii +gdi+hKo +2Ky1d1 + Ky dy +
Kyiki +dy?

C= —fgiky — gtKitky + htKyrky — 1Kyjdiky + 1Kydiky + 1K ki® — € fg — €gKyy —
eKy1d; + €Kody + €Kaiky — fgdi + ghKay — gKidy + gKa1dy + gKa1ki + 2hKo dy —
Ki1di* +2K1di* +2 Koy diky

D= ghiKyki+gKndiki + gt Kaiki> + hi Kyydiky + 1Ky di kg + 1 Kyydiky > + € gKody +
€gKyiki + € Ko1dy + € Ky diky + ghKody + gKo1di + gKaidiky + hKyidy* + Koydy +

Ko1di %k

The Routh array is given by:

1 B D A*
A c 0 A3
4L D 0 A?
MCHES 0 0 A
D 0 0 1

Stability at the predator-free equilibrium point requires that all five conditions be met: the eigen-

values A; and A, must be negative, and in addition, AB > C, ABC > A>D +C?, and D > 0.

4.3 Model with human Intervention in the predator only

4.3.1 Formulation of the model

In this model, treatment and vaccination are provided in the predator species. The model is based

on the following assumptions:

1. The prey populations grows logistically. In the absence of preys, the population of predators

will die out. The presence of the predator species has a negative impact on the growth of the
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10.

prey.

Only the healthy population can reproduce.

. There is disease in both species and infection can be transmitted from prey to predator

through the process of predation.

In both populations, the susceptible population becomes infected by coming into contact with

the infected population.

. The prey population is divided into 2 classes: susceptible prey (S7) and infected prey (I1).

Likewise the predator population is divided into 4 classes: susceptible predators (S,) and

infected predators (1), vaccinated predators (V») and predators under treatment (77).

The infected predators never recover without treatment.

There is a natural death rate in all classes as well as a disease induced death rate in both

infected populations.

Only the susceptible predators are vaccinated which provides partial immunity, and only the

infected predators receives treatment.

After successful treatment, the predators can still be contaminated at a later stage (partial

immunity).

The infected prey is more likely to be caught compared to the healthy ones, and likewise

infected predators are less efficient at catching prey than the healthy predators.
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The following model can then be derived:

S
Sll = as <1 — %) —[315111 —e185182 —epS1lh —e3S1Vo —eqS11p —di Sy
——" ~ o e —

SN——~~——"infection predation mortality
growth

Iy = BiSily —esh So — eglil — e11Va — esh T —(di + ki )]
S—— ~~ ~- -

infection predation mortality

Sy = (e181 +esly) j1S2 —BaSala — £S2 + gVa +€Th —dr S,

predation infection  vaccination treated mortality (4.15)

I = (e2S1 +esh) jolo +B2S2l, —hly —(dy + ko)l
~ ~ N e

predation infection treatment  mortality

Vi = (e3S1 +e71;) j3Va+ 1Sy — eVo —do V-
H = (e3S) v71)J32Af2v82/ Vo

predation vaccination —mortality

Ty = (e4S1 +egly) jaTo +hly — €Tr —(dy + ko) T»
~ N - W_/—,_/

predation treatment mortality

The parameters’ description is given below:

Table 4.13: Model 3 description of parameters

Parameter | Description

a Intrinsic growth rate for prey

b1 Infection rate in the prey and predator respectively

e; Predation rate with, egusceprivie < €infecrea fOr the same predator.
di2 Natural death rate of the prey and predator respectively

£ Recovery rate of treated prey

f Vaccination rate

g Rate at which the vaccine wears off

h Treatment rate

1 Factor of disease induced death rate
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J12 Conversion rate of predation for susceptible and infected predators respectively
K Carrying capacity of the prey
k12 Disease induced death rate for prey and predators respectively

The flowchart of the above model is given below in figure 4.3:

e4l 1T2

—sz2—>

1V

€351V, > j3€3S1V.
doS), l
]
fSp— |
g » i g »
s, —e15:S > j1€151S > S " Vs
—_— -~
T €,S1l> )
diS1 )165I1$2 A
+ B2S:lz
BiSil )
€2)2S1l2
\i esliSz /
I eslilo _ sj2lal2 o I (d2 + ko)l2 £T,
dy + ka)l .
l( 1+ Kol hllz s67
e8|1T2_> j4€3|1T > T2
ja€4S1T, f l(dz +1ko) T2
ezl Vv >

Figure 4.3: Flowchart of Model 3 with human intervention in the predators only

4.3.2 Qualitative analysis of the model

4.3.2.1 Positivity of solutions

In this section we show that under the given conditions all the solutions are positive, following a

similar proof

to that of [4].
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Theorem 10 (Positivity). Let S;(0) >0, 1;(0) > 0, $>(0) > 0, ,(0) > 0, V5(0) > 0, T5(0) > 0. The

solutions of (4.15) are non-negative for all t > 0.

Proof. This will be shown in cases by contradiction.
Case 1. Let #; be such that S;(r;) = 0 and suppose that S (r;) < 0 with I;(z) > 0, Sy(r) > 0,
L(t) >0, Va(t) >0, Tr(t) > 0 for 0 < ¢ < t;. In this case, substituting these values into (4.15), we

get S (1) = 0, which is a contradiction to the assumption that S} (;) < 0.

Case 2. Let 1, be such that /;(f;) = 0 and suppose that Ii (1) < 0 with Si(¢) > 0, Sy(¢) > 0,
L(t) >0, Va(t) >0, Tr(t) > 0 for 0 < t < t,. In this case, substituting these values into (4.15), we

get I (12) = 0, which is a contradiction to the assumption that I, (1) < 0.

Case 3. Let 73 be such that Sy(r3) = 0 and suppose that S)(r3) < 0 with S;(r) > 0, I;(¢) > 0,
L(t) >0, Va(t) >0, Tr(t) > 0 for 0 < ¢ < t3. In this case, substituting these values into (4.15), we

get S/2 (t3) = gV (t3) > 0, which is a contradiction to the assumption that S/2 (13) <O.

Case 4. Let t4 be such that I;(t4) = 0 and suppose that Ié(t4) < 0 with S;(t) > 0, I,(t) > 0,
S2(t) >0, Va(r) >0, Tr(¢) > 0 for 0 < t < 4. In this case, substituting these values into (4.15), we

get Ié(t4) = 0, which is a contradiction to the assumption that Ié(t4) < 0.

Case 5. Let t5 be such that V,(t5) = 0 and suppose that Vz/(ts) < 0 with Si(¢) >0, I,(¢) > 0,
S2(t) >0, Ir(t) > 0, Tr(t) > 0 for 0 <t < 5. In this case, substituting these values into (4.15), we

get V, (t5) = 0, which is a contradiction to the assumption that V,(r5) < 0.

Case 6. Let 75 be such that 7(5) = 0 and suppose that Tz/(t6) < 0 with Si(¢) >0, I,(¢) > 0,
Sa(t) >0, [(¢) > 0, Vo(r) > 0 for 0 < t < f. In this case, substituting these values into (4.15), we

get sz (t¢) = hlx(tg) > 0, which is a contradiction to the assumption that TZ/ (t6) <O.
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Hence, all the solutions of (4.15) are non-negative. L]

4.3.2.2 Boundedness of solutions

In this section, we demonstrate that under the given conditions, all solutions are bounded above.
To establish the boundedness of each population size, it suffices to show that the total population

size is bounded. We follow a proof similar to that presented in [12].

Theorem 11 (Boundedness). Assume that ji, ja, j3, ja < 1, then all solutions of the system (4.15)
which initiate in Rg_ = {(Sl,ll,Sz,Iz,Vz,Tz), $120,1>0,5%>0,L>0,V,>0,T, > 0} are
bounded.

Proof. LetN=Si+1i+S+L+Vo+Tr then W =S| + 1] + S+ 1 +V; + T

dN ) . . .
E = al (1 — %) —I—(]] — 1)6151S2+(]2— 1)6251[2+(]3 — 1)6351V2—|—(]4— 1)e4S1T2

+(j1—1)esiSo+ (jo — Dechilb + (j3 — 1)ersh Vo + (ja — 1)es i Th — di St — (di + k1)1 — daS>
—(dz +k2)]2 —drVr — (a’z + lkz)Tz

since j1, j2, j3,ja < 1 wehave (j; —1) <0, (j»—1) <0, (j3—1) <0and (js — 1) < 0. Therefore:

dN
E < a$ (1 — %) —d; S| — (dl —I—kl)ll —drVr — (dz + lkz)Tz —drSy — (d2 —l—kz)]z

2
aS1 — % —d\S1—(d1+ k) —daVo — (da +1kp)Th — dp Sy — (da + ko ) I

IN

IN

aS| — (d151 + (dl +ky )11 +dr Vo + (dz + lkz)Tz +drSr + (dz + kz)]z)

IN

u—nN

where: U = aa, oo = max{S;(0),k} and n = min{d,,d,}.

We then have: ‘2—];] + NN < o which is a linear first order differential equation. The integration
factor is given by e/ 19" = M.

en’dd%] +neN < ae

4 (Ne) < are™
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Net < %e"t +c
Given the initial condition N(0) = Ny > 0, we have N < % + <No + %) e M.
As t — oo, the exponential term e " — 0. Consequently, we can deduce that N <

Hence all the solutions of (4.15) are bounded and are confined to the region Q =

—— 3R

(S1,11,52,1,V2,Tr) €RG : N < %}

4.3.2.3 Stability of the equilibrium points

The equilibrium points of the system are obtained by setting the right-hand side of (4.15) to zero.
When all the components (S1,11,S52,5,V»,T») are zero, the equations remain valid, and we obtain
the trivial equilibrium point (0,0,0,0,0,0). Moreover, for the disease-free equilibrium, we only

require /; and /5 to be zero. It therefore follows:

S*
aS; <1 — %) —e1S185 — e3SiVs —esSITS —d1S; =0

1558Te1 — S5 +gVs + €Ty —drS; =0
J15381e1 — f$)+8V; 2 292 (4.16)
[85—8gVy +e3j3Vy S —daVy =0
€4S>i<j4T2>|< — ETZ* — (dz + lkz)Tz* =0
From the last equation of (4.16), it follows that 75* = 0 or S} = %}Tkz.

In the case when 7> = 0, (4.16) reduces to:

S*
J153STer — £S5+ 8Vs —daSy =0 (4.17)
[85—8gVs + V5 jaSies—daVy =0

The disease-free equilibrium point is then given by (S1,11,52,5,V2, 1) = (57,0,55,0,V5,0)

where S7 is a positive root of the equation:
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e1e3j1j351% — (fesjz +ge1ji +daer j1 +daesj3) S1+ fda+gdr +dr* =0

The discriminant is given by: A = (e1ji(do+8) +esj3(do+ f))* — deresjijads (f +g+dbo)
which can be rewritten as A = (e1j;(d2+g) —e3/3(d> +f))2 + deresjijzfg. Since
4erezj1jafg > 0, it follows that A > 0, resulting in two positive roots. To ensure the feasi-

bility of each equilibrium point, it is imperative that both S5 > 0 and V;* > 0. Therefore, we have:

§F — Ji(datg)ertesjz(datf)EVA
1 2e1e3j1j3

a($ *)2e3j3+(fKae3j3+Kd1e3j3fagfadz)S‘erKangKadszgdl —Kdd,
K(—Sieiesjz+fes+gei+daer)

S5 =

f(aK—d\K—aSy)
K(—Sfele3j3+f63+ge1 +dae; )

VZ* =

This equilibrium point is feasible when S}, S5 and V' are non-negative.

In the case when S} = %}Tkz (4.16) reduces to:

A1S§ —|—31V2* —I—Csz* +D; =0
ArS5+gVs +€T, =0 (4.18)

fS5+B3V; =0

where:
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Ay =—eyjsesK
_j1 (lk2+8+d2)€1

A . —f—d
Jaes
By = —Kezes ja
e3j3(tky+€+dy
B3 = Js : )—g—dz
Jaés
C1 =—eq” juK

D, :Kae4j4 — d1j4e4K —atky; —a€ —ady

The disease-free equilibrium point is thus given by (S7,0,55,0,V;", T,°) where:

§F — e+dr+1ky
1 e4ja

S — B3eD;

2 7 efB1—€AB3—fgCi+A>B3C
V* _ ngl

2 7 efB1—€AB3—fgC1+A2B3C)
T — (f8—A2B3)D,

2 EfB1—€A1B3—fgC1+A,B3Cy

The corresponding equilibrium point is feasible when either of the following conditions is met:
(1) D; <0, B3 <0and A>B3 > fgwhen € fB1 —€A B3 — fgC1 +A,B3C; >0
(i) D1 >0, B3 >0and A>B3 < fg when € fB1 —€A B3 — fgC1 +A2B3C; <0

For the predator-free equilibrium point S3,75, V5 and T, are zero. It therefore follows:

* S * T *
aSl < —El> —[315111 —dlsl =0
(4.19)

BiSiIi — (di+ki) I =0

The predator-free equilibrium point is given by (S7,77,0,0,0,0) where S} = d‘gl k. and If =

Kaﬁl —Kﬁldl —ad1 —ak1
KB’

With intervention in the predator only we examine the possibility that the prey go to extinction that

, which is feasible when %‘ + % <1.

is when ST = I = 0, In this case we have:
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—BaSolh — fS2+8Va+ €T —dr S, =0

ﬁzSQIQ —hl, — (d2 + kz)]g =0
(4.20)

fS2—gVa—doV2 =0
hl, — €T, — (d2—|— lkz)Tz =0

The prey free equilibrium point is thus given by (0,0,S5,1;,V,, T,") where:

S* — h+dr+ky
2 B2
dy ( fhet fda+ fo+gh+gdy+gka+hdy+dy +daky ) (1ky+€+dy)
B2 (ghtky+g1daky+gLky* +hidoky +1dy*ky+idaky®+ gda+€ gk +€ dy +€ dyky+ghdy +gdy > +gdrky+hdy* +do> +do ks )

hdy ( fhe+ fdo+ fly+gh+gda+gka+hdy+dy* +dakr )
B (ghtky+g1daky+gLky* +hidaky +1dy* ky+idaky®+ gda+€ gk +€ dy +€ dyky -+ ghdy +gdy >+ gdrky+hdy* +do> +do ks )

Vi — fhtdatko)
27 Bagtda)

This equilibrium point is not feasible since I3, 7, < 0.

We will analyse three equilibrium points:
1. Trivial equilibrium point (Sy,1;,S5,,5,V,,T>) = (0,0,0,0,0,0)
2. Predator-free equilibrium point (S1,11,52,5,V2,T») = (S7,17,0,0,0,0)
3. Disease-free equilibrium point (S1,11,52,5,V2,T>) = (57,0,55,0,V5,0)

The Jacobian matrix is given as follows:
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Jiu  —Pi1S1 —Sier —Siea —Siez —esS

Bily Jn  —lLies —liec —Ilie7 —egl

J15e1 j1Ses  Jiz —PaSr g 3
hjer hjes LB Ju 0 0
Vajaes Vajzer f 0 Jss 0
eshrjs eghhja 0 h 0 Jo6

The variables J;; used in the Jacobian matrix’s description is given below:

Table 4.15: Model 3 description of elements, Jacobian matrix for model with human intervention
in the predator only

Variable | Description of variables

Ji a( _%)_%_ﬁlll_6152_6212_63V2_64T2_d1
J22 —eeh + PB1S1 —e58y —esTh —e7Vr —dy — Ky

J33 j1(lhes+Sie)) —hp—f—d>

Ja4 J2(hes+S1e2) + aS2 —h—dr —ka

Js5 (hher+S1e3) j3 —g—d2

Jo6 —&+ (esl] +e4S1) ja—1hky —dy

1. Trivial Equilibrium point S1 =L =S =L =V, =T, =0

The Jacobian matrix evaluated at the trivial equilibrium point (Sy,1;,52,5,V»,Th) =

(0,0,0,0,0,0) gives the following:
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(a—d, 0 0 0 0 0 ]
0 —di—k 0 0 0 0
0 0 —f—d 0 g €
0 0 0 —h-d—k 0 0
0 0 f 0 —g—d> 0
0 0 0 h 0 —th-e-d; |

The eigenvalues of the matrix are:
(i) M =—di—k
(i) b =—h—dr)—ky

(i) As=—f—g—d>

iv) Ay =—d>
V) As=—1tkh—€—dp

(Vi) As=a—d,

Since all the parameters are positive then A;,A,A3,44,A5 < 0 and Ag < 0 when a < d;. The

trivial (mutual extinction) equilibrium point is stable if and only if a < d;.

2. The predator-free equilibrium point

The Jacobian matrix evaluated at the predator-free equilibrium point (S7,7;,0,0,0,0) =

di+k; KaPi—KBid|—ad|—ak, . . .
( B KB, ,0,0,0,0) is given below:
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i My —di—k —el(dé:rk‘) —ez(d;;kl) _63(d[131+k1) _64(d1131+k1) ]
My 0 M»3 My Ms M>e
0 0 My 0 g ¢
0 0 0 Myy 0 0
0 0 f 0 Ms;s 0
| 0 0 0 h 0 Mes |

The variables M;; used in the Jacobian matrix evaluated at the predator-free equilibrium

point’s description is given below:

Table 4.16: Model 3 description of elements, Jacobian matrix for model with human inter-
vention in the predator only, at the predator-free equilibrium point

Variables | Description of variables
M, _ a(‘jéglkl)
K(a—d)B1—a(d1+k1)
Mo KB
__(K(a—d)B1—a(di+k1))es
Mos KB
_ (K(a—dy)B1—a(di+k))es
My B,
_ (K(a—d1)B1—a(di+ki))es
Mos KB
_ (K(a—dy)B1—a(di+ki))es
Mos KB
M —K(f+dp)i>+j1((a—dy)es+ei (dy+1))K P —aes ji (dy+ki)
33 Kﬁ12
M —K(k2+h+d2)ﬁ12+j2((a—d1 )66+62(d1 +k1 ))Kﬁ] —ae6j2 (d] +k1)
44 Kﬁlz
M —K(g+dp)Bi*+j3((a—dy )er+es(di+k1)) K i —aeq ji (di+k1)
> KB
M. —K(lkz—l—s—i—dz)ﬁl2+Kj4((a—d1)eg+e4(d1 +k1))ﬁ1 —aeg ji(d+ky)
66 KBIZ

Two eigenvalues can be extracted from the Jacobian matrix namely:

() A = —K(ky+htdy) i’ +jo((a—d )e+er (dy+K1)) K B1 —aeq jo (di +ki1 )
1 K,B]2
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(i) Ay = —K(tkyte+d2) B> +K ja((a—d )es+ea(di+k1)) Br —aes ja(dr +k1)
2 Kﬁ]2

since all the parameters are positive 41,4y < 0 when jr((a—dj)eg+ex(di+k1))KB <
K (ky+h+dy) Bi* + aeejo (dy + k1) and K ((a—dy)es+es(di+ki))jaPi < aesja(di+k) +
K(lkz—l—é‘—i—dz)ﬁlz.

The reduced characteristic polynomial is given as the product of two quadratic polynomials:
(A% — (M35 + Mss) A + M33Mss — f)(A* — A My1 +Maydy +Maiky) =0 (4.21)

The respective Routh arrays are given as follows:

1 —fg+Ms3Mss  A? 1 Mydy +Marky A2
—M33 — Ms;s 0 A and —Mi 0 A
| —fg+M33Mss5 0 1 | Maidy + Mk 0 1

The equilibrium point is stable when the eigenvalues A;, Ay < 0, M33 + M55 < 0, M33Mss5 > fg and

My >0.

. Disease-free equilibrium point

The Jacobian matrix evaluated at the disease-free equilibrium point (Sy,11,52,5,V2, 1) =

(57,0,55,0,V,0) gives the following:
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i K11 —Pi1S] —Sjer —Sjex —Sjes —esS] ]
0 Ky 0 0 0 0
J155e1  ji1Szes Kz —BS; g €
0 0 0 i on 0 0
Vijes Vijser  f 0 Kss 0
0 0 0 h 0 Ko

The variables K;; used in the Jacobian matrix evaluated at the disease-free equilibrium point’s

description is given below:

Table 4.18: Model 3 description of elements, Jacobian matrix for the model with human
intervention in the predator only at the disease-free equilibrium point

Variables | Description of variables

K a(l—%)—%—eﬁ%—egvz*—dl
K» B1ST —e5S; —e7Vy —di — ki

K33 J1Sie1 —f—da

Ky J2Stea+ PS5 —h—dr — ko

Kss Siesjz—g—da

Kee e4S1ja—lky —€—dy

Three eigenvalues can be extracted from the Jacobian matrix namely:
(i) A =B8] —esS; —erVy —di — ki
(i) A= joSter+PoSs —h—dr—kz
(ili)) A3 =esSjja—1ko—€—d,
In assessing the stability of the equilibrium point,
A1 < 0 when B1S] < e5S5 +e7Vy +d| + ki

54



Ay < 0 when Jj2Sie2 —}—ﬁzS; <h+d,+k
A3 <0 when e4S] js < thkp+€+d>

The reduced characteristic polynomial is given by:

AP +AA+BA+C=0 (4.22)
where:
A= —%(KS*{eljl—{—KST@B—KS;el—KV2*63—|—aK—Kf—Kg—d1K—2Kd2—2aST)
B= —%(-KS{’eie3jijs + KSiSieresjs + KSiVieiesji — aKSjeiji — KaSiesjz +

KfSiesjz + KgSieiji + KSidieiji + KSidie3jz + KSidre1ji + KSidre3jz3 +
2aSt%eji + 2aStlesjs — KfSser — KfVies — KgSier — KgVses — 2KShdae; —
2KVsdyes +aKf + Kag+2Kady — Kfdy — K fdy — Kgdy — Kgdy — 2Kdydy — Kdp* —
2afS] —2agS; —4aSida)

C= —x(KgSiVseresji — KgSiVieresjs + KSiSidheresjs + KSiVidaeresji +
aKSi’eie3jijz — KSi?dieresjijz — KfSiSseiesji + KfSiSzeresjs — 2aSi eres jijz —
aKfSiesj3 — aKgSie1j1 — aKS\dare1ji — aKS{dre3j3 + KfSidiesj3 + KgSidie1 ji +
KStd\dyey j1 +KSididaes j3+—KgVidaes +2afSies j3+2agSi ey ji +2aS daey ji +
2aS’f2dze3j3 — KfS5dye1 — KfVydres — KgSidrey — Kgdidy —2afSidy —2agSidr —
KSidy?e) — KVsdy*es +aK fdy +aKgdy — K fd\dy + aKdy? — diKdy? —2aS%dy?)

The Routh array is given by:

1 B A3
A C A?
AB—C
AB=C A
cC 0 1
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The stability of the disease-free equilibrium point requires that all four conditions be met: the

eigenvalues 41,1, and A3 must be negative, and in addition A > 0, C > 0 and AB > C.

4.4 Model with human intervention in both species

4.4.1 Formulation of the model

In this model, treatment and vaccination are given to both species. The model is based on the

following assumptions:

1. The prey population grows logistically. In the absence of preys, the population of predators

will die out. The presence of the predator species has a negative impact on the growth of the

prey.
2. Only the healthy population can reproduce.

3. There is disease in both species and infection can be transmitted from prey to predator

through the process of predation.

4. Inboth populations, the susceptible population becomes infected by coming into contact with

the infected population.

5. Both populations are divided into 4 classes: susceptible prey and predator (S and S, respec-
tively), infected prey and predators (/7 and I, respectively) vaccinated prey and predators (V;

and V; respectively) and preys and predators under treatment (77 and 75 respectively).
6. The infected species never recover without treatment.

7. There is a natural death rate in all classes as well as a disease induced death rate in both

infected populations.

8. Only the susceptible species are vaccinated which provides partial immunity, and only the

infected species receives treatment.
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9. After successful treatment, the species can still be infected at a later stage.

10. The infected prey is more likely to be caught compared to the healthy ones, and likewise

infected predators are less efficient at catching prey than the healthy predators.

The following model can then be derived:

S1
/
S| =as$ (1 —x —B1S111 —e18152 — e2S1hh — e3S1Va — esS1 T +-61T1 +81V1 — f151 —d1S)
N— ~ ~~ ' %/_/ NV
N———— " infection predation treated vaccination ~ mortality
growth

I} = B1S111 —esh Sy — el I, — e711Va — eshh Tr — (dy + ki )y —hi14
—— ~ N ~ o N~

infection predation mortality treatment

Vi = fi1S1 — g1Vi —egV1S2 — e1oVilh — e11 VoV — e bV —d1 V;

Vv TV i
vaccination predation mortality

T{=mh —&T —e3iS) —eulib —eisVaTi — e BTy —(di +irtkn) Ty

Vv TV
treatment predation mortality

Sy = (€181 +esly +egVi +e13T1) j152 —PaSala — 252 + g2Va —da Sy +6,T»
— e e N ) e

predation infection vaccination — mortality

I = (e2S1 +esly +eioVi +e1sTh) jolo +B2S2l —holy —(dy + ko)1

predation infection treatment  mortality

V2, = (e3S1+ el +e11Vi+eisTh) jaVa+ 1252 — gaVo —da Vs
A ~~ e
predation vaccination — mortality

T, = £e4S1 +egl +eVi + e16T1)j4T%j—h212 — €2Tg:(d2 +irky)Th

g

predation treatment mortality

(4.23)
The parameters’ description is given below:

Table 4.20: Model 4 description of parameters

Parameter | Description

a Intrinsic growth rate for prey

Bi 2 Infection rate in the prey and predator respectively
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e; Predation rate with, egsceprivle < €infectea fOr the same predator.

dip Natural death rate of the prey and predator respectively

€12 Recovery rate of the treated prey and predator respectively

iz Vaccination rate of the prey and predator respectively

81,2 Rate at which vaccine wears off in the prey and predator respectively

hip Treatment rate of the prey and predator respectively

i12 Factor of disease induced death rate of the prey and predator respectively

J123.4 Conversion rate of predation for susceptible, infected, vaccinated
and treated predators respectively

K Carrying capacity of the prey

k12 Disease induced death rate for prey and predators respectively

The flowchart of the above model is given below in figure 4.4:

4.4.2 Qualitative analysis of the model

4.4.2.1 Positivity of solutions

In this section we show that under the given conditions all the solutions are positive, following a

similar proof to that of [4].

Theorem 12 (Positivity). Let S1(0) > 0, I;(0) > 0, V;(0) > 0, T1(0) > 0 S»(0) > 0, L(0) >0,

V2(0) > 0, T>(0) > 0. The solutions of (4.23) are non-negative for all t > 0.

Proof. This will be shown in cases by contradiction.

Case 1. Let #; be such that Si(¢;) = 0 and suppose that S,1 (t1) < 0 with I;(z) > 0, Vi(r) > 0,

Ti(t) >0, S2(t) > 0, (1) >0, Va(t) > 0, Tr(t) > 0 for 0 < ¢ < t;. In this case, substituting these
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e7l1V; jse7liV2
enViVy
jienViVa
jsesSiVz
e3S1V2
e:5:S, €1j151S2
5 1 Sl A
s K d:S1 L
i~ £S2
_
S . d,S,
——— S1 1Sy Vi F—=eoViSo—p  ——=€0j1V1So—>| Sz L2z \a
le—————
f——————————
€2S1l2 .
s, B10Vila €sj111S2
e |
BiSih | B2Salz &T,
~ j2Vil
i €102V1l2
€2)2S1l2
P
\1\
Ty eglil egjalilz (dz + ko)l X
& ? j1€13S,T1
11 T2
dy + k)l
l (dy + ka)ly by
ez Tal2
haly A
| — jaegli T2 T2
e14T1l7 —
T L (dy + izk) T2
SaTy
(dy + 1ky) T _
eLViT jse12V1T2
12V1T2
e1TiT2 jae16T1T2
9 AVA Jjse1sT1Ve

Figure 4.4: Flowchart of model 4 with human intervention on both species

values into (4.23) we get S/1 (t1) = € Ti(t;) > 0, which is a contradiction to the assumption that

S\ (1) <O0.

Case 2. Let 1, be such that I;(f;) = 0 and suppose that I; (tz) < 0 with S1(z) > 0, V() > 0,

Ti(t) >0, S2(z) >0, I(t) > 0, Va(t) > 0, Tr(t) > 0 for 0 <t < tp. In this case, substituting these

values into (4.23) we get I; (1) = 0, which is a contradiction to the assumption that I; (1) <O.
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Case 3. Let t3 be such that Vi(¢3) = 0 and suppose that le (13) < 0 with S;(r) > 0, I;(r) > 0,
Ti(t1) >0, S2(t) > 0, L(r) >0, Va(r) > 0, To(¢) > 0 for 0 < ¢ < 13. In this case, substituting these
values into (4.23) we get Vll (13) = f1S1(t3) > 0, which is a contradiction to the assumption that

V,(13) < 0.

Case 4. Let t4 be such that 7j(z4) = 0 and suppose that Tll(t4) < 0 with Si(¢) > 0, I(r) > 0,
Vi(t1) >0, 82(t) >0, L(t) >0, Va(t) >0, Tr(r) > 0 for 0 < ¢ < t4. In this case, substituting these
values into (4.23) we get T} (t4) = hiI;(14) > 0, which is a contradiction to the assumption that

T (t4) < 0.

Case 5. Let t5 be such that S>(f5) = 0 and suppose that S/z(tS) < 0 with Si(¢) >0, I,(¢) > 0,
Vi(t1) >0, Ti(t) > 0, h(t) >0, Va(t) > 0, Tr(t) > 0 for 0 < t < t5. In this case, substituting these
values into (4.23) we get S,(t5) = g2Vi(r5) > 0, which is a contradiction to the assumption that

S (ts) < 0.

Case 6. Let t5 be such that I>(t5) = 0 and suppose that I;(t6) < 0 with S;(t) > 0, I,(¢r) > 0,
Vi(t1) >0, Ti(t) >0, S2(t) > 0, Va(t) >0, Tr(¢) > 0 for 0 < ¢ < t. In this case, substituting these

values into (4.23) we get I; (t¢) = 0, which is a contradiction to the assumption that I; (t6) <O.

Case 7. Let t; be such that V,(77) = 0 and suppose that Vzl(t7) < 0 with Sy(r) > 0, I;1(r) > 0,
Vi(t1) >0, Ti(t) > 0, S2(¢) >0, I(t) > 0, Tr(r) > 0 for 0 < ¢ < t7. In this case, substituting these
values into (4.23) we get Vzl(t7) = f282(t7) > 0, which is a contradiction to the assumption that

Vzl (l7) < 0.

Case 8. Let t3 be such that 7>(rg) = 0 and suppose that Tz/(l‘g) < 0 with Si(¢) >0, I,(¢) > 0,

Vi(t1) >0, Ti(t) > 0, S2(¢) >0, I(¢) > 0, Va(r) > 0 for 0 < ¢ < £3. In this case, substituting these
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values into (4.23) we get Tz/ (t3) = hoIx(tg) > 0, which is a contradiction to the assumption that

TZ/ (tg) < 0.

Hence, all the solutions of (4.23) are non-negative. U

Theorem 13 (Boundedness). Assume that j, ja, j3, ja < 1, then all solutions of the system (4.23)
which initiate in Ri ={($1,1,V1,11,52,b,V>,1»), $1 >0, [, >0, V>0, 71 >0,5 >0, >
0, Vo >0, T, > 0} are bounded.

Proof. LetN =81+ +Vi+Ti+ S+ h+Vo+To then X =8 +- 1 + V] + T/ + Sy +1, + V) + T3

dN ) . . .
o= asi (1 - %) + (1= DerSiS2+ (j2 — DexSila + (j3 — DesSiVa+ (ja — 1eaS1 T — doVa

+(j1— D eshiS2+ (jo — Dealilh + (jz — eri Vo + (ja — 1)esi T — di St — (dy + ki )} — daS»
+(j1—1)egViS2+ (jo— V)ewoVi + (j3 — D)enViVa+ (ja — DeaViTo — diVi — (di + i1kt ) Th

+ (1= DeTiS2+ (o — DewTih + (j3 — DeisTiVa+ (ja — DereTi Ta — (do + ko) o — (da + i2k2) T
since j1, ja, j3,ja < 1 wehave (j; —1) <0, (j»—1) <0, (j3—1) <0and (js — 1) < 0. Therefore:

dN
E < a8 <1 - %) —diS1 — (dl +k1)]1 —d|V1— (dl +i1k1)T1 —dr)Vr — (d2 +i2k2)T2 —drSy — (d2 —|—k2)]2

2
aS; — % —di S —d\Vy — (dl +i1k1)Tl — (dl —|—k1)11 —dr) V) — (a'z —I—izkz)Tz —drSy — (dz —l—kz)]z

IN

IN

aS1 — (diS1 +di\Vi + (dy +irk1) Ty + (di + k1 )y +daVa + (da + inko )T + do S + (do + ko ) o)

IN

u—nN

where: U = aa, oo = max{S;(0),k} and n = min{d,,d,}.

We then have: ‘2—7 + NN < o which is a linear first order differential equation. The integration
factor is given by e/ 19" = M.

em%] +ne"N < ae™

4 (Ne) < ae™

Nem < Je +c

Given the initial condition N(0) = Ny > 0, we have N < % - (No - %) e .
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As t — oo, the exponential term e " — 0. Consequently, we can deduce that N <

Hence all the solutions of (4.23) are bounded and are confined to the region Q =

(S1,11,82,1,V2, ) €RY : N < %}

—— 3R

4.4.2.2 Stability of the equilibrium points

The equilibrium points of the system are obtained by setting the right-hand side of (4.23) to zero.
When all the components (S1,11,V1,T1,S2,1,V2,T») are zero, the equations remain valid, and we
obtain the trivial equilibrium point (0,0,0,0,0,0,0,0). Moreover, for the disease-free equilibrium, we

require /; and /5 to be zero. It therefore follows that:

S*
aST (1 — ?) — elSTSE — 63STV2* +g1V1* —fIS’f —d15>f — e4STT2* +81T1* =0

—S5Vi'eg —Vi'Vien + 181 — Vidi — g1V —enn L'V =0
—e Ty —e3T'S5 — e15Vo Ty —e16 T, T — (dy +i1k)) Ty =0 (424)
J155 (e1ST +eoVi +ei3Ty) — f285 + g2Vs —doS5 + 6T =0
J3Vs (e3ST+enVi +eisTy) + 285 —g2Vs —daVs =0
(e4ST +e1aVi +e16T ) jaTs — &T5 — (dy + ik T5 = 0
From the third equation of (4.24), we can deduce that either 7}" = 0 or —&; — 1355 —e;5V; —
e16T, —di —ijk; = 0. Since all parameters, S5,V,, and T5', are positive, we can conclude that 7] =
0. Similarly, from the last equation of (4.24), it follows that either 7," = 0 or (esS} +e12V;") ja —

& — (dr +i2kp) = 0. Considering the former condition, (4.24) reduces to:
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S*
aST (1 — El) —elSTSﬁ —e3S>fV2* —|—g1V1* —flSj‘ —di1S7=0

—8$5Vieg = ViVien+ fiS] —Vidi—giVy =0 4.25)
7185 (e1S] +eoVi') — f285 +82V5 —daS5 =0
J3Vs (e3ST+enVi') + 25, —g2Vs —daVy =0
The disease-free equilibrium point is then given by (S1,01,V1,T1,82,0,V2,T) =
(57,0,v/%,0,85,0,V;,0) where S is a positive root, when it exists, of the equation

AS{%2 + BS; +C = 0 where:

A|Bres  BjesAr | BiBoes?
A= A A, — ABrea  Bieadr 1Breq
142 e en + 12
A1Bytky A BjeyBody A BiesBo& BiikyAy  ~ BiesBrlky A1Bydy A1Br& Bd)A;
Jaeiz 2 e122j4 2 e122j4 Jaerz 2 e122j4 + Jaer2 + Jaerz + Jaez +

B1&A) +A1C2—|—C1A2 _ BieaGy  CiBoey

Jaern e en
BitkyByd BilkyBoe Bi1%k:°B Bi1kyC: BidsBse CiBatk Bid»’B
C= —1 4+ 2581tkBd; 2 BitkBr&y 117" By 1tk Gy 2 BidyBr& 1Bo1ky 192°B;
T e122ja’ e1n?ja? e122ja’ T Jaei2 T e122ja’ T Jaeiz e1n2ja?
B1d,Cy | B1&%By | Bi&,Cy | CiBody | C1Boey
Jjaer2 e122 j42 Jaer2 + Jaern + Jaern +GG

The variables used in the derivation of this disease-free equilibrium point are described below:

Table 4.23: Model 4 description variables used in the disease-free equilibrium point

Variable | Description of variables
A —e}_f
Ay _2_;'1
B _ 61}21'3
B, —ez,_;'l
VFE — —STe4j4-iji2k2+d2+€2
1 Jaei2
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VE— _ ((Si(erern—eseq) ji—ein(dat12)) jatires(inkrt+dr+&)) (((di+81)eatenf1)S; ja—(di+81) (iska+dr+€2))
((Jren1(erern—eseq)S;—era(gae9+e11(dat12)) ) jatirenieolivka+dater) ) (Siesja—inka—da—e2)

¢ e (((di+81)eate1nf1)S}ja—(di+g1)(ika+dr+€)) jaga
27 ((((Steri—da—fa)ern—Sieaeq i Jen1—eve12g2) jatjreries (inka+dr+€) ) (Sieaja—inka—dr—€2)

The equilibrium point is feasible when S7,V[",S5,V;" > 0.

In the case, when we consider the latter condition, that is (eS| +e12V1)ja — & — (d2 +izky) = 0.

(4.24) can be rewritten as:

AsSiS5+ BsS| Ty +CsSiVy +DsS; + EsVi + F5Si* = 0

AgS5VE+ BAVi TS +CaVi Vs +DyVi + E4ST =0

A3S7S5 + B3S5V + 585+ D3Vy + EsTy =0 (4.26)
A1STVs +B V'V +C1S5+ DV, =0

AZST —I—Ble* +C, =0

The variables used in the derivation of this disease-free equilibrium point are described below:

Table 4.24: Model 4 description variables used in the disease-free equilibrium point when 75 # 0

Variable | Description Variable | Description | Variable | Description

Ay 33 By e11j3 Ci 12

A e4ja B> e12ja 6)) —icky —dr — &
Az €11 B3 €91 G —dy— 2

Ay —ey By —e12 Cy —eqy

As —Ke Bs —Key Cs —Kej

Dy —dy— &2 Ds 82 Dy —d1— g

Ds Ka—Kdy—Kf | E3 & Ey4 S
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Es Kgi Fs —a

This disease-free equilibrium point is then given by (S1,11,V1,T1,82,5,V2,T5) =

(87,0,V/%,0,85,0,V;, ;) where S is a positive root, when it exists, of the equation

ASP?+BS;+C=0

V* = o1

1= T B
S* = Ol X4
2 01102
330
TF — O30
2 o102
055044
Vv — s
2 o110
Where

o= AST+G

002 = A1AB2B3B4S;? — AjA3B)?ByST? — Ay’B1B3ByS}? + AyA3B1ByBySt? 4+ A A4By B3 S| —
A1B22B4C3St + A1 BaB3B4Ca St — AyAyB 1 ByE3ST + AyB1ByB4C3S; —2A2B 1 B3B4CaS% +
A2ByB3BsD1S} + A3B1BaBsCoS; — A3By?BaD1S} — A4B1B2CoEs + A4By’DiEs +
B1B2B4C>C3 — B1B3B4Ca? + By?B4C1 D3 — By>B4yC3 Dy — By*C1C4E3 + BaB3B4Ca D

033 = A1AByB3ST? — A1A3B22STE — A’B1B3STE + AyAsBiByST? — AB2G:ST +
A1BaB3CyST + A3B1BaCsST — 2AB1B3CaSt + AyBoBiDiST + A3B1ByChST —
A3By2D1 St + B1ByC2C3 — B1B3Ca? + By2C1 D3 — By>C3Dy + ByB3 oDy

Ous = AyDySt —E4SiBy +CoDy

Oss = By’C\E;

Oes = (A1B2ST —AyB1ST — B1Cy + ByDy) BoEs

The equilibrium point is feasible when S7,V[*,85,V,", T;" > 0.

We will analyse the two equilibrium points:
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1. Trivial equilibrium point (Sy,1;,V1,T1,S82,L,V2,T2) = (0,0,0,0,0,0,0,0)

2. Disease-free equilibrium point (S1,11,V1,T1,52,5,V2, 1) = (S7,0,V;,0,55,0,V;,0)

The Jacobian matrix is given as follows:

- Ju —BSi & €| —e1S1  —exS1 —e3S1 —esSy -
Bl Jn 0 0 —esly  —egly  —e7l;  —egl)
h 0 J33 0 —egVy  —ewV1 —enVi —endVi
0 h 0 Jao  —eish —eyt —eisTy —eely

J152e1 j1Saes  jiSaeo  ji1Saers  Jss —PaS: & &
j2her  jahes jaheio joheis Bl Jo6 0 0
J3Vees  jaVaer j3Vaen j3Vaers  fa 0 J77 0
| Jahes jaToes jaTrern jaTzers 0 hy 0 Jgg |

The variables J;; used in the Jacobian matrix’s description is given below:

Table 4.27: Model 4 description of elements of the Jacobian matrix of the model with human
intervention in both species

Variable | Description of variables

Jii a( —S—Kl)—%—ﬁlll—6152—6212—€3V2—€4T2—f1—d1

J2 —ech 4+ B1S1 —esSy —esTh —e7Vo —dy —hy — ky
J33 —hejg—Sre9 —The1p —Vaer1 —di — g1
Jag —hey—Sre13—Theig—Vaers —itky —di — &

Jss Ji(eshi +e1S1+ei3Th +edVy) — ol — fo —da

Jo6 Jo(esli + €281 +e1aTi +View) + BaSr —hy —dar — ka

(
J77 J3(erli +e3S1+eisTi+e1Vi) — g2 —da
(

Jgs Ja(esli +esS) +e16T1 +e1nVi) — & —idky — do
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We then analyse two equilibrium points to assess their stability:

1. Trivial Equilibrium point

The Jacobian matrix evaluated at the trivial equilibrium point (S1,1;,V1,T1,82,5,V2,T3) =

(0,0,0,0,0,0,0,0) gives the following:

[ a—fi—d 0 g1 £ 0 0 0 0 ]
0 —d; —hy —k 0 0 0 0 0 0
fi 0 —d) — g 0 0 0 0 0
0 hy 0 —itky —d) — & 0 0 0 0
0 0 0 0 —fr—d> 0 g &
0 0 0 0 0 —hy—dyr— k> 0 0
0 0 0 0 f 0 —g2—dy 0
I 0 0 0 0 0 hy 0 —icky —dy — & |

Four eigenvalues can be extracted from the Jacobian matrix namely:

) M=—-h—dr—k
Gi) Ay = —isky—dy — €
(i) A3 = —dy—h) — Kk
(iv) A4 = —itky —di — &

Since all the parameters are positive then A1, Ay, A3,A4 < 0.

The reduced characteristic polynomial is given by:

A+d)A+do+ fr+8) (2> +(a—2d, — fi —g1) A +ady +ag) —d\> —di fi —dig1) =0
4.27)

From which two more eigenvalues can be extracted:
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(i) As =—d>
() deg=—-dr—fr— %

Since all the parameters are positive, A5, ¢ < 0.
The following quadratic polynomial remains:

12— (a—2d1 —f1 —gl)l —ad, —agi +d12—|—d1f1 +d1g1 =0

The Routh array is given by:

1 —ady —ag) +di* +d\fi +dig1 A*
—a+2d+ fi+gi 0 A
L —ady —ag) +di\* +di fi +dgy 0 1]

Since the eigenvalues A; to Ag are negative, the trivial equilibrium point will be stable when

a<2d —l—fl + 81 and d, —|—f1 + g1 >a(1—|—§—:)

. Disease-free equilibrium point

The Jacobian matrix evaluated at the disease-free equilibrium  point

(1,0, V1, 11,82, 1, V2, T5) = (57,0,V/,0,55,0,V5,0) gives the following:
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i K —BiS] g1 € —e1S]  —exS]  —e3S]  —esS) ]
0 Ky 0 0 0 0 0 0
S 0 K33 0 —egVl" —eVy —enVy" —epnVy
0 hy 0 Kyq 0 0 0 0
j1S3e1  ji1Szes  jiSzeo  ji1Sze13  Kss  —[aS; g2 &
0 0 0 0 0 Kes 0 0
BVyes jsVier jsVien jsVyeis  f2 0 K77 0
i 0 0 0 0 0 hy 0 Kgg |

The variables K;; used in the Jacobian matrix evaluated at the disease-free equilibrium point

is explained below:

Table 4.28: Description of elements, Jacobian matrix evaluated at the disease-free equilib-
rium point of the model with human intervention in both species

Variable | Description of variable
K11 a( —%)—%—8153—63‘/;—](1—6[1

K22 ﬁlST - 6553 - €7V2* - dl - hl - k1

K33 —S83e9—Vyer1 —di — g1

K4 —e138; —e5Vy —itky —di — &

Kss J1(e1S7+eoVy) — fo—d>

Ko J2(eaST +e1oVy) + oS5 —hy —dyr — ko

(
(
(
(

K77 J3(e3S]+en Vi) —gr—ds

Kgsg Ja(eaST+enVy) —e —iky—d>

Four eigenvalues can be extracted from the Jacobian matrix namely:
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i) A =PBiS]—esS; —erVy —di —hy —k

(i) A = —e3S; —eisVy —itk —di — &
(iti) Az = jo(eaST+e1oVy) +PoSs —ho—dr — k>
(iv) Aa = ja(eaS +enVi") — & —irko —d>

In assessing the stability of the equilibrium point,

A <0 when B1S] < e5S5+e7Vy +di +hi + ki

Ay < 0 since all parameters as well as S5, V," > 0.

A3 <0 when jo (e2S7 +e10V}) + B2S; < hy +da + ko
Ay <0 when j4 (esST+enVy) < &+izkn+ds

The reduced characteristic polynomial is given by:

A*+AA+BA2+CAL+D =0 (4.28)

A= —Kj1—K33—Ks5 —K77

B=j1S5e12St + jaVses?St + j1Sheo? Vi + jsVien?Vy + KxKin + KssKii + K77Ki1 +
Ks5K33 + K77K33 + K77Ks5 — f181 — f282

C= —KnSiVieoji — KuViVye?jz — K3SiSie1?ji — Kx3SiVyes?js — KssSiVyes? jz —
KssViVien?js — K71SiSie1?ji — KmiSiVieo® ji + SiSieiesfrji + SiSiereafiji +
SiVyeiesgajz + SiVyeserr fijz + SiViereogiji + S3Viteoer faji + Vi'Vyeser181j3 +
ViVyeser182j3 — Ki1K33Kss — K11K33K77 — K11Ks55K77 + Ki1f282 — K33Kss5K77 +

K33 1282+ Kssf1g1 + K77 f181
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D SiSiViVieiten?jijz  — 2SiS5ViVieiesevernjijz  +  SiSiViViesteoljijz  +
Ki1KssVVyen’js + KnkmSiVieo’ ji — KiSsVieseni foji — KnViVsyeser1g2js +
K33KssSiVyesjs + KuK7iSiSiei’ji — KxSiSieiesfrji — Kx3SiVieiesgajs —
KssSiVyese fijz — KssViVyesergijs — K178183e1e0f1j1 — K7785Viereogiji +
SiSieseofifoji + SiVieiennfigajzs + SiVieienfrgiji + ViVi5eseogigajz +

K11K33K55K77 — K11K33 /282 — KssK77 f181 + f1/28182

The Routh array is given by:

1 B D A*
A c 0 A3

AB—C 2
ABCp oo A

A2p 2
ABCAgflC)‘ C 0 0 A

D 0 0 1

The predator-free equilibrium point is stable when the eigenvalues A1, A2, 43,44 <0,A > 0,AB > C,

ABC > A2D+C? and D > 0.

4.5 Conclusion

Four models describing the effects of human intervention in the form of treatment and vaccination
on a predator-prey system have been proposed and studied. The positivity of each model’s solutions
is established, and the dynamical behaviour of the system has been analytically investigated at the
equilibrium points. To confirm the analytical results, models (4.1), (4.9), (4.15), and (4.23) are

numerically solved in the following chapter.

71



Chapter 5

Quantitative Analysis

Numerical simulations involve the solving of differential equations that describe how a system’s
behavior changes over time. Numerical simulations are necessary to study the behavior of systems
for which mathematical models are too complex to yield analytical solutions. In this chapter, we
perform computer simulations, which are essential for validating the analytical results obtained in
the chapter on qualitative analysis. We present numerical simulations of solutions for each of the

four models and compare their respective figures.

5.1 Parameter selection

In this section, we look at how we choose the parameters. A model similar to (4.1) where there
is no human intervention is found in [13] from which most of the parameters estimations are
extracted. A few of the parameters that are not found in [13] are taken from [10]. A summary of

the parameters used is given below:

Table 5.1: Parameters of the model without human intervention and their values

Symbol | Meaning/ Description Value | Source

a Intrinsic growth rate for prey 3 Hu and Li [10]
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d

d>

€1

)

€3

e4

Carrying capacity of the prey

Natural death rate of the prey

Natural death rate of the predator

Predation rate of the susceptible predators

on the healthy prey

Predation rate of the infected predators

on the healthy prey

Predation rate of the susceptible predators

on the infected prey

Predation rate of the infected predators

on the infected prey

Conversion rate of predation for the susceptible predators
Conversion rate of predation for the infected predators
Disease induced death rate for the preys

Disease induced death rate for the predators

Infection rate in the prey

Infection rate in the predators

100
0.125
0.125
0.25

0.125

0.125

0.0625

0.125
0.0625
0.25
0.25
0.5
0.25

Kant and Kumar [13]
Kant and Kumar [13]
Kant and Kumar [13]

Hu and Li [10]

Kant and Kumar [13]

Kant and Kumar [13]

Kant and Kumar [13]

Kant and Kumar [13]
Kant and Kumar [13]
Hu and Li [10]

Kant and Kumar [13]
Kant and Kumar [13]

Kant and Kumar [13]

5.2 Numerical simulations

In this section, we solve the system of ODEs using the in-built ordinary differential equation solver

MATLAB function ode45.

5.21

Model with no human intervention

In this model, without human intervention, it is observed that the populations of susceptible and

infected prey oscillate for a while as the amplitude decreases before it eventually reaches an equi-
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todel without human intersention

B T T T T T T
susceptible preys
7 infected preys il
‘ — — —susceptible predators
5 — — —infected predators
|
5 .
o I
= |
=]
= 4 " -
=,
1
=
o
3r .
|
2 -
1 -
D _I-. IS k. 55 s 1 s
0 100 200 300 400 s00 B00 700
Tirne (Days)

Figure 5.1: Variation in the populations: model without human intervention, with S;(0) =5,
11(0) = 5, 52(0) =5and ]2(0) =5.

librium point while the predator populations, both susceptible and infected predators eventually die
out.
With the above parameter values (see Table (5.1)) the predator-free equilibrium point which is

given by (S1,11,52,5) = (87,1} ,0,0) where S7 = 0.75 and I = 5.705 is stable.

Indeed, the obvious eigenvalues are A} = —0.012421875 and A, = —0.3468554688 and they are

both negative. The reduced characteristic polynomial is given as follows:

A% 4+0.02250000000 A + 1.069687500 = 0 (5.1)

Since the obvious eigenvalues are proven to be negative and the reduced polynomial is quadratic

of the form A%+ aA + b then according to the Routh-Hurwitz criterion since a,b > 0 then the
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equilibrium point is stable. This indeed confirms the theoretical findings.

5.2.2 Model with human intervention in the prey only

The values of parameters in model (4.9) with human intervention in the prey are presented
below. Parameters that are the same as in model (4.1) without human intervention, such as the
a : Intrinsic growth rate for prey, are carried over from Table (5.1). The parameter values for the
vaccinated prey, es and eg are chosen to be the same as those of the susceptible prey. The parameter

values of the prey under treatment, e7 and eg are chosen to be the same as those of the infected prey.

Table 5.3: Parameters of the model with human intervention in the prey only

Symbol | Meaning/ Description Value | Source

el Predation rate of the susceptible predators | 0.25 Same as Table 5.1
on the susceptible prey
ey Predation rate of the infected predators 0.125 | Same as Table 5.1
on the susceptible prey
e3 Predation rate of the susceptible predators | 0.125 | Same as Table 5.1
on the infected prey
e4 Predation rate of the infected predators 0.0625 | Same as Table 5.1
on the infected prey
es Predation rate of the susceptible predators | 0.25 (Assumed)
on the vaccinated prey
e Predation rate of the infected predators 0.125 | (Assumed)
on the vaccinated prey
ey Predation rate of the susceptible predators | 0.11 (Assumed)

on the prey under treatment
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e Predation rate of the infected predators 0.05 (Assumed)

on the prey under treatment
f Vaccination rate of prey 0.2 Cojacaru, Migot and Jaber [5]
g Rate at which the vaccine wears off 0.2 Cojacaru, Migot and Jaber [35]
h Treatment rate of the infected prey 0.2 Cojacaru, Migot and Jaber [5]
i Factor of disease induced death rate 0.2 Cojacaru, Migot and Jaber [5]
€ Recovery rate of the treated prey 0.02 Cojacaru, Migot and Jaber [5]

Model 2 human intervention in the prey anly

susceptible preys
infected preys il
vaccinated prey

prey under treatment
— — —susceptible predators |
infected predators

Fopulations

I:I _ 1 : | | 1 | |
a 100 200 300 400 500 GO0 700
Time (Days)

Figure 5.2: Variation in the populations: model with human intervention in the prey only, with
S] (O) = 5, I] (O) = 5, V] (0) = 5, T] (O) = 5, 52(0) =5 and 12(0) =5.

In this model, using the given parameters we observe that introducing human intervention on the

prey, has an overall positive effect as both species persist compared to model (4.1) where the
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predator dies out as time goes on.

The graph of the variation in the populations for the model with human inter-
vention in the prey only shown, in figure (5.2) clearly suggests the existence of
an equilibrium point that is neither the trivial nor the disease-free equilibrium
point. This endemic equilibrium point which is given by (S7,I},V),T),85.1;) =
(1.505990427,4.734375937,0.4422941550,2.606879272,1.332555492,0.1828124287) ap-
pears to be stable since when solutions begin near this equilibrium point, trajectories consistently

move towards it as time progresses. This behavior strongly suggests stability.

The trivial equilibrium point given by (S%,17, V), T}, S5,15) = (0,0,0,0,0,0) is stable if and only
ifa< f+4+g+2d;ie 3<0.65aswellas f+g+d; > % +aie. 7.8 <0.525. It is sufficient
to demonstrate that the failure of either of the inequalities to hold implies the instability of the
equilibrium point. In this case, as both inequalities fail to hold, we can conclude that the trivial

equilibrium point is unstable, thereby confirming the theoretical findings.

Similarly the disease-free equilibrium point is given by (S7,I},V{,T},S5,1;) where
ST = 3.742062289, S5 = 10.30609596, V" = 0.2579377114 and I = T =I5 = 0. The
three eigenvalues that can be extracted from the Jacobian matrix are A; = 0.007769149,
A» = —1.341170556 and A3 = 2.232773990. Since two of the eigenvalues are positive this

equilibrium point is unstable confirming the theoretical findings.

The predator-free equilibrium point is given by (87,1, V;", T}",0,0) where S7 = 1.150000000, I} =
5.718881676, V" = 0.7076923077, T;* = 5.512175109. The two eigenvalues extracted from
the Jacobian matrix evaluated at this equilibrium points are A; = 0.949730285 and A, =

—0.3217292976, since A, is positive this shows that the equilibrium point is unstable. This also
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confirms the theoretical findings. Therefore, if the model has an equilibrium point, it does not
belong to those studied in the chapter on qualitative analysis. The parameter values used in this
simulation yield the graph shown in Figure (5.2), which suggests the existence of an equilibrium
point where all the values are positive. This equilibrium point is indeed the coexistence equilibrium

point with disease.

5.2.3 Model with human intervention in predator only

Like model (4.9) with human intervention in the prey the parameters given below are taken from

[5], [10] and [13].

Table 5.5: Parameters of the model with human intervention in the predator only

Symbol | Meaning/ Description Value | Source

el Predation rate of the susceptible predators 0.25 Hu and Li [10]
on the susceptible prey
e Predation rate of the infected predators 0.125 | Kant and Kumar [13]
on the susceptible prey
e3 Predation rate of the vaccinated predators 0.125 | Kant and Kumar [13]
on the susceptible prey
ey Predation rate of the predators under treatment | 0.0625 | Kant and Kumar [13]
on the susceptible prey
es Predation rate of the susceptible predators 0.25 (Assumed)
on the infected prey
e Predation rate of the infected predators 0.125 | (Assumed)
on the infected prey
ey Predation rate of the vaccinated predators 0.11 (Assumed)

on the infected prey
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e Predation rate of the predators under treatment | 0.05 (Assumed)

on the infected prey
f Vaccination rate of prey 0.2 Cojacaru, Migot and Jaber [5]
g Rate at which the vaccine wears off 0.2 Cojacaru, Migot and Jaber [5]
h Treatment rate of the infected prey 0.2 Cojacaru, Migot and Jaber [5]
i Factor of disease induced death rate 0.2 Cojacaru, Migot and Jaber [5]
J3 Conversion rate of predation 0.125 | (Assumed)

for the vaccinated predators
Ja Conversion rate of predation 0.0625 | (Assumed)

for the predators under treatment
€ Recovery rate of the treated prey 0.02 Cojacaru, Migot and Jaber [5]

With the given parameters it is observed that in the beginning both prey populations oscillate until
they eventually go towards the equilibrium point, the predators however decline to extinction. This
suggests that human intervention failed however a different set of parameters would lead to disease-

free equilibrium point.

The predator-free equilibrium point is given by (S7,17,S5,1;,V,, T;") where S} = 0.75 and I} =
5.705 and S; = I; =V, = T,) = 0. The eigenvalues from the Jacobian matrix are thus A; =
—0.5468554688 and A, = —0.1793554688. The reduced characteristic polynomial is given as

follows:

50.0A% +22.36718750A° + 54.21847687 > 4-22.72826587 A +0.2740032867 = 0 (5.2)

The corresponding Routh array is given below:
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Model 3 human intervention in the predator anly

16 . T T . ) )
Susceptible preys
14 H Infected preys g
— — — Susceptible predators
12 H — — — Infected predators -
— — —“accinated predatars
10 H Fredators under treatment (4

Fopulations

_2 1 | | 1 | |
a 100 200 300 400 500 B00 700
Time (Days)

Figure 5.3: Variation in the populations: model with human intervention in the predator only, with
Sl (0) = 5, 11 (0) = 5, 52(0) = 5, 12(0) = 5, Vz(O) =5and Tz(O) =5.

50.0 5421847687 0.2740032867 A*
22.36718750  22.72826587 0.0 A3
3.411316001 0.2740032867 0.0 A2
20.93169150 0.0 0.0 A

| 0.2740032867 0.0 0.0 10 |

Since both eigenvalues are negative and all the elements in the first column of the array are positive

we can conclude that the equilibrium point is stable. This indeed confirms the theoretical findings.
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The trivial equilibrium point is unstable since its only eigenvalue that was not proved to be negative
under qualitative analysis is positive, the given condition for negativity was that a < d; and since

a =3 and d; = 0.125 the condition is not met and the equilibrium point is unstable.

Similarly the disease-free equilibrium point is given by (S7,0,55,0,V;",0) where S; =4, S5 =5.51,
Vs =5.51and If =T = I; = 0. The three eigenvalues that can be extracted from the Jacobian
matrix are A} = —0.1762500, A, = 0.8337500 and A3 = 0.24750. Since two of the eigenvalues are

positive this equilibrium point is unstable, confirming the theoretical findings.

It’s worth noting that human intervention is carried out with the aim of preventing species extinc-
tion and, ideally, maintaining the species in a disease-free state. However, in this model, inter-
vention in the predator population appears to lead to a predator-free equilibrium point, indicating
that the intervention has not succeeded. One possible explanation for this undesired outcome can
be attributed to the choice of parameter values. These parameters may unexpectedly influence the
dynamics of predator-prey interactions, potentially favouring the prey species and suppressing the
predators more than originally anticipated. These findings underscore the significance of thorough
planning and assessment of intervention strategies to ensure the achievement of desired ecological

outcomes.

5.2.4 Model with human intervention in both species

The values of parameters which are taken from [5] and [10] are given below.

Table 5.7: Parameters of the model with human intervention in both species

Symbol | Meaning/ Description Value | Source

el Predation rate of the susceptible predators 0.25 Same as Table 5.1
on the susceptible prey

e Predation rate of the infected predators 0.125 | Same as Table 5.1
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€3

eq

€s

€6

e7

CH

€9

€10

€11

€12

€13

el4

€15

on the susceptible prey

Predation rate of the vaccinated predators

on the susceptible prey

Predation rate of the predators under treatment
on the susceptible prey

Predation rate of the susceptible predators

on the infected prey

Predation rate of the infected predators

on the infected prey

Predation rate of the vaccinated predators

on the infected prey

Predation rate of the predators under treatment
on the infected prey

Predation rate of the susceptible predators

on the vaccinated prey

Predation rate of the infected predators

on the vaccinated prey

Predation rate of the vaccinated predators

on the vaccinated prey

Predation rate of the predators under treatment
on the vaccinated prey

Predation rate of the susceptible predators

on the prey under treatment

Predation rate of the infected predators

on the prey under treatment

Predation rate of the vaccinated predators

82

0.25

0.125

0.125

0.0625

0.125

0.0625

0.25

0.125

0.25

0.125

0.125

0.0625

0.125

Same as Table 5.5

Same as Table 5.5

Same as Table 5.1

Same as Table 5.1

Same as Table 5.5

Same as Table 5.5

Same as Table 5.3

Same as Table 5.3

(Assumed)

(Assumed)

Same as Table 5.3

Same as Table 5.3

(Assumed)



€16

h
f2
81
82
hy
hy
I

i

&

&

on the prey under treatment

Predation rate of the predators under treatment
on the prey under treatment

Vaccination rate of prey

Vaccination rate of predator

Rate at which the prey vaccine wears off

Rate at which the predator vaccine wears off
Treatment rate of the infected prey

Treatment rate of the infected predator

Factor of disease induced death rate in the prey
Factor of disease induced death rate in the predator
Recovery rate of the treated prey

Recovery rate of the treated predator

0.0625

0.2
0.2
0.2
0.2
0.2
0.2
0.25
0.25
0.02
0.02

(Assumed)

Same as Table 5.3
Same as Table 5.5
Same as Table 5.3
Same as Table 5.5
(Assumed)

Same as Table 5.5
Same as Table 5.3
Same as Table 5.5
Same as Table 5.3

Same as Table 5.5

In this model, it is observed that initially, the populations oscillate before eventually reaching an

equilibrium point. Unlike the previous model with human intervention in the predator population,

it can be seen that none of the populations declines to zero.

The graph of the variation in the populations for the model with human intervention in both
species, in figure (5.4) clearly suggests the existence of an equilibrium point that is neither
the trivial nor the disease-free, but a coexistence equilibrium point with disease (endemic) for

which the numeric values are given by S7 = 2.3085, I} = 2.9615 ,V|" = 0.3112, T}" = 0.7528,

S5 =2.1601, I5 = 0.1296, V5 = 2.3340, T = 0.1502

The trivial equilibrium point given by (S7,I17,V;,1}",85.15,V,,T;’) = (0,0,0,0,0,0,0,0). The

eigenvalues that were extracted from the Jacobian matrix have already been shown to be negative
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Model 4 hurman intervention in both species
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Figure 5.4: Variation in the populations: model with human intervention in both species with
Sl (O) = 5, 11 (O) = 5, V1 (0) = 5, T1 (O) =5 52(0) = 5, 12(0) = 5, VZ(O) =5and T2(0) =5.

under qualitative analysis and we thus have a reduced quadratic characteristic polynomial.

A2 —0.8501 —0.421875=0 (5.3)

According to the Routh-Hurwitz criterion for assessing the stability of a quadratic polynomial in
the form of A2 +aA + b, both conditions @ > 0 and b > 0 must hold for stability. In the current
scenario, we observe that a < 0 and b < 0, which implies that the criterion is not met, indicating
the instability of the equilibrium point. This observation aligns with the theoretical findings and

strengthens the argument for the existence of another equilibrium point.
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5.3 Conclusion

In this chapter, numerical simulations were employed to validate the analytical results obtained in
the previous chapter on qualitative analysis. MATLAB was utilized for conducting these simula-
tions, and the outcomes were presented for each model. In the model with no human intervention,
it was observed that the predator populations eventually declined to extinction, underscoring the
necessity of human intervention. In contrast, in the model with human intervention in the prey pop-
ulation only, positive effects were observed on both prey and predator populations. The simulations
suggested the existence of an endemic equilibrium point, which appeared to be stable. The stability
of the calculated equilibrium points in all the models were assessed through two methods: eigen-
value analysis, which involved calculating eigenvalues from the Jacobian matrix evaluated at each
equilibrium point and evaluating their real parts, and the Routh-Hurwitz criteria. Both approaches

yielded results consistent with the theoretical findings.
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Chapter 6

Discussion and Conclusion

In the pursuit of understanding the dynamics of a predator-prey system with infection in both
species as well as the impact of human intervention, in this mini-thesis we formulated and analysed
a series of models. These models shed light on the potential effectiveness of human interventions,
namely treatment and vaccination, in preserving the populations of both predator and prey species.
In this chapter, we provide discussions on the four formulated models and end the chapter with the

conclusion and some recommendations.

6.1 Discussion

The initial model, presented in (4.1), offered insights into the system’s behaviour in the absence
of human intervention. The biological feasibility of the model was shown by establishing the
positivity of solutions. All 16 equilibrium points ranging from mutual extinction to coexistence
were found and their feasibility conditions established. Of particular interest were the mutual
extinction, disease-free, predator-free and endemic equilibrium points. These equilibrium points
were then analysed qualitatively. The stability of all equilibrium points that were of interest was
conducted using factorization of the characteristic polynomial, that lead to a combination of the

study of signs of the eigenvalues that could be extracted from the Jacobian matrix in an obvious
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manner, and the use of the Routh-Hurwitz criterion on the reduced characteristic polynomial.
Stability conditions for all four equilibrium points were given. In the numerical analysis of the
model, a scenario was shown where the predators faced extinction (predator-free equilibrium

point) without human intervention, underscoring the necessity of such intervention.

Our exploration then expanded to incorporate human intervention in the prey population only, as
indicated in (4.9) and similarly biological feasibility was shown by establishing the positivity of
the solutions. Because of the complexity of the formulated model only two equilibrium points were
assessed, the trivial and disease-free equilibrium points. Interestingly, the question of potential
predator extinction arose, since the intervention focuses on the prey only. In an effort to answer
this question, the predator-free equilibrium point was also analysed. Qualitative analysis of the
three equilibrium points was done to provide the conditions under which they are stable. These
stability conditions were found by using the eigenvalues of the Jacobian matrix as well as the
Routh-Hurwitz criteria. Quantitative analysis confirmed that predators persist under the given
conditions, reinforcing the beneficial role of prey-focused intervention and establishing that human

intervention in the prey alone contributes positively to the entire system.

Turning our attention to the predator population, a third model (4.15) which included human
intervention in the predators was formulated. Likewise, the positivity of the solutions was
established. Stability analysis was centred around the trivial and disease-free equilibrium point
employing eigenvalue assessments and the Routh-Hurwitz criteria, and the conditions for stability
were given. Addressing the concern of prey extinction due to predator-focused intervention, we
examined the feasibility of a prey-free equilibrium point. The prey-free equilibrium point was
found and analysed. Conclusively, it was determined that extinction of the prey is implausible
with predator-targeted human intervention because this equilibrium point was not feasible. In

the quantitative analysis under the given conditions, it was observed that the predators decline to
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extinction even with the human intervention. This led to qualitative analysis of the predator-free
equilibrium point by extracting the obvious eigenvalues from the characteristic polynomial and
analysing the reduced characteristic polynomial using the Routh-Hurwitz criteria. The stability
conditions were also given. The model showed that the intervention strategy did not work as
expected, resulting in the extinction of the predators. This unexpected outcome might be due to the
specific values chosen for certain parameters. These parameter values seem to have unintentionally
shifted the balance in favour of the prey and reduced the predator population more than intended.
These findings highlight the importance of carefully planning and evaluating intervention strategies

to make sure they have the desired impact on the ecosystem.

The final model (4.23), encompassing treatment and vaccination in both species underwent
positivity analysis of the solutions followed by the investigation of its equilibrium points. The
trivial equilibrium point was analysed for stability using the eigenvalues of the Jacobian matrix.
Quantitative analysis unveiled persistent coexistence of both species under the specified conditions,
as well as the existence of an endemic equilibrium point. Numerical assessment deemed the

disease-free equilibrium point unstable according to the Routh-Hurwitz criteria.

In summary, the models presented in this mini-thesis collectively demonstrate the profound influ-
ence of human intervention on the dynamics of predator-prey systems with infection. Treatment
and vaccination emerge as potent tools to avert extinction and sustain coexistence. This study
contributes valuable insights into the intricate interplay between ecological and epidemiological
factors, paving the way for more informed strategies in disease management and wildlife conser-

vation.
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6.2 Conclusion

Our investigation underscores the vital role of human intervention in maintaining the predator-
prey system amidst infection in both species. Notably, the objectives outlined in section 1.3 have
been successfully met, with the mathematical model effectively describing the relationship be-
tween infection and human intervention. By meticulously analysing various equilibrium points and
conducting numerical simulations, we have gained insights into the effectiveness of diverse inter-
vention strategies for preventing the decline of both populations. Further research is imperative to
enhance the practicality of these findings. The formulated models yield valuable perspectives into
the intricate dynamics of predator-prey relationships, laying the groundwork for future research in

ecological preservation and disease control.

6.3 Recommendations

The comprehensive analysis and findings presented in this mini-thesis open avenues for future
research and practical applications in the realm of predator-prey systems and disease dynam-
ics. Building upon the insights gained, the following recommendations are proposed. Further
research could delve into optimizing the parameters associated with treatment and vaccination.
One potential avenue is to consider that, due to the partial immunity provided by vaccination,
enhancing models with vaccination may involve incorporating prey or predators transitioning
from the vaccination class to the infected class at a rate that is less than those moving from the
susceptible class to the infected class. By exploring a range of intervention intensities and timing,
we can identify strategies that minimize disease prevalence while maintaining ecological balance.
To enhance the practical relevance of the models, future studies should consider incorporating
additional ecological complexities that may influence disease dynamics. Factors such as migration
or competition interactions could be integrated into the models as well as the inclusion of predators

acquiring the infection through predation would contribute to a more realistic representation of
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the predator-prey ecosystems. This expansion would enable a deeper exploration of the dynamic
interplay between ecological and epidemiological processes. Regarding the managing of game
parks, it is crucial to exercise caution, striking a balance between human intervention and the
preservation of both predator and prey species to protect the fragile harmony of species within
a game park. Evaluating the parameter values to grasp their impact on the ecosystem is key to

making well-informed decisions.

In conclusion, the research undertaken in this mini-thesis lays a foundation for advancing our under-
standing of predator-prey systems with infection and underscores the importance of human inter-
vention. By pursuing the outlined recommendations, researchers can contribute to the development
of more nuanced and effective strategies for disease control and ecological preservation. These

endeavours have the potential to yield practical insights with far-reaching implications.
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