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Abstract 

In this mini thesis, we developed a new mathematical model for the dynamics of HIV /TB co­

infection in a population with t reatment and vertical transmission. TB and HIV sub-models 

are derived from the full model and analyzed separately. The aim was to use mathematical 

modeling to find favorable condit ions under which the diseases can be stopped from spreading 

further in the populat ion. The models are built with a motive to study the dynamic behavior 

of the trajectories which has the potent ials to guide TB and HIV control. The study used 

the Routh-Hurwitz criteria to conclude on the stability of the system. The basic reproduction 

numbers for TB (Rr) and HIV (RH ) are computed using t he next generation matrix method, 

and the basic reproduction number R 0 = max{R r, RH} of the full model is also provided. 

From the study, it was established that if R o < 1 then the disease-free equilibrium is stable, 

and the disease dies out; if R r < 1 and RI-I > 1, then the HIV is endemic and TB dies out ; 

however if RH < 1 and Rr > 1, then TB is endemic and HIV dies out; in addition, if R r > 1 

and RH > 1, the two diseases persist in the population. Sensitivity analysis of the basic re­

production number for TB-only model with respect to the model parameters was carried out. 

Results from quantitative analysis revealed t hat, increasing treatment rate for bot h HIV and T­

B significantly reduces t he values of the basic reproduction number. The study concluded that, 

decreasing the probability rate of transmission of HIV /AIDS and TB leads to the decrease of 

the population of infectives. Furthermore, by controlling the probability rate of transmission, 

t he spread of the disease can be reduced significant ly. Effective t reatment for TB breaks the 

cycle of transmission. TB individuals must be identified and t reated in order to reduce further 

spread of TB in human population. 

Keywords: Next-Generation matrix method , Basic reproduction number, Routh-Hurwitz cri­

teria, Disease-free equilibrium, Sensitivity analysis, HIV /TB co-infection. 
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Chapter 1 

Introduction 

In this chapter, we present, t he background of the HIV /TB co-infection and other 

related models, followed by the statement of the problem, objectives of t he study 

and finally we layout the thesis organization. 

1.1 Background of the study 

Mathematical modeling of infectious diseases was initiated by Daniel Bernoul­

li in 1760 to model epidemics of infectious diseases, and computer simulations 

have become useful in analyzing the spread and control of infectious diseases. In 

1927 W. 0. Kermack and A. W . McKendrick developed a simple mathematical 

epidemic model for the transmission dynamics of viral and bacterial infectious 

agents within the population of hosts [29] . 

Tuberculosis (TB) is a bacterial disease caused by My co bacterium tuberculosis. 

According to the World Health Organization (WHO) reports , TB remains one 

of the top 10 deadly diseases of recent decades in the world [15]. It is transmit­

ted through the inhalation of droplets containing the bacillus, which typically 

affects the lungs, but can affect other parts as well [27]. TB is a type of disease 

which increases due to environmental factors such as open drainage of sewage in 
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residential areas or open water storage tanks [30]. WHO declared TB a global 

emergency in 1993. The disease is responsible for many deaths in most parts of 

the world, specifically among groups with a high prevalence rate of Human Im­

munodeficiency Virus (HIV) and those living in crowded conditions (see [26, 4]) . 

However, it is preventable and curable. 

The 2018 WHO report shows that nearly a third of the worlds population is 

infected with t uberculosis, with millions of deaths as well as millions of new cases 

of infection each year. The report confirms that tuberculosis is one of t he top 10 

causes of death worldwide. For example in 2015, 10.4 million people contracted 

TB and more than 1.5 million died from the disease, including 0.4 million among 

people with HIV [1 5]. 

Highly contagious, COVID-19 is caused by severe acute respiratory syndrome 

coronavirus 2 (SARS-CoV-2) and has been proven to spread easily when cold 

winter conditions are met. COVID-19 mostly kills people with pre-existing dis­

eases such as diabetes, high blood pressure, tuberculosis and also HIV [1 3]. 

Acquired Immunodeficiency Syndrome (AIDS), which is caused by HIV, is a pan­

demic that has accounted for over 30 million deaths since the first reported death 

in 1981. The estimated number of persons living with HIV worldwide in 2008 

was 33.4 millions, and the number of newly infected with HIV in 2008 was 2. 7 

million [32] . 

Co-infection of TB and HIV is when someone has both HIV and TB infection­

s. When someone has HIV and TB, HIV infection accelerates the activation of 

tuberculosis , and tuberculosis increases the rate at which HIV infection develops 

into AIDS. Globally, one-third of the 34 million people living with HIV are in-

fected with TB [20]. 
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According to the WHO, HIV and TB are the first and second cause of death 

from a single infectious agent, respectively [35]. HIV infection is the most power­

ful risk factor for progression from TB infection to disease [10]. As HIV infection 

progresses, immunity declines and patients tend to become more susceptible to 

common or even rare infections. Therefore, individuals infected with HIV are 

more likely to develop TB because of their immunodeficiency. In 2012 , 1.1 mil­

lion of 8.6 million people who developed TB worldwide were HIV-positive [35]. 

This acceleration may result in higher levels of infection and rapid HIV progres­

sion to the AIDS stage. In 2014, about 400000 people who had bot h TB and HIV 

were estimated to have died, whereas 1.1 million people died due to TB alone 

and 80000 deaths were recorded from HIV alone [36]. 

Diseases can be transmitted in different ways, some of which can be classified as 

either horizontal or vertical [33]. Vertical transmission of HIV results from direct 

transfer of the disease from an infected mother to an unborn or newborn offspring. 

Makinde et al. [33] further added that, vertical transmission of HIV can occur 

during pregnancy, delivery or breastfeeding, and is influenced by many factors, 

including maternal viral load and the type of delivery, while TB is transmitted 

through the inhalation of droplets containing the bacillus. 

Namibia faces a high burden of TB and HIV-infection. HIV associated tubercu­

losis in Namibia has actuated around 58% over the past five years. It was 59% in 

2008 and 58% in 2009, as reported in [19]. In addition, in 2011 , 50% of the TB 

patients were co-infected with HIV. While all patients co-infected with TB and 

HIV are eligible for antiretroviral treatment (ART) , only 54% were reported to 

have received ART according to national data [19]. However, in 2012 an estimated 

13% of the 8.6 million new TB patients worldwide were co-infected with HIV [31]. 

In 2013 , Namibia was ranked fourth in the world in terms of high number of cases 
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per population TB incidence, after Swaziland, Lesotho and Sout h Africa. In the 

2008/ 2009 Ministry of Health and Social Services Annual Report, the Erongo 

region, along wit h Khomas, Ohangwena and Kavango, had the highest numbers 

of TB cases in the count ry, while Walvis Bay and Swakopmund towns hosted t he 

highest numbers of TB patients [8]. TB is one of the most common opport unistic 

infections observed in patients already infect ed with HIV and one of the earliest 

to appear [19]. In addit ion, it was reported at the end of 2019 that 200 000 

Namibians are living with HIV [23] . In 201 6, Namibia had 230 000 people living 

wit h HIV and 9154 new TB cases, including 4310 (38%) co-infected cases [28]. 

The negative impact of t he synergetic interaction between TB and HIV has caused 

worldwide concern. However, only few mathematical models have been used to 

explore the consequences of their joint dynamics at t he population level [27]. Ex­

amples of HIV j TB mathematical models can be found in ([9 , 12, 27]) . 

The specific aims of t his study are to determine the condit ions under which 

HIV / TB co-infection epidemic will cease or occur by carefully analyzing t he cal­

culated reproduction number. 

1.2 Statement of the problem 

TB and HIV each has its own way of operating in t he human ystem. Feng et 

al. [27] studied a TB/ HIV co-infection model without considering the effect of 

vertical transmission and treatment . Furt hermore, models for HIV / AIDS (only) 

infection, taking into account the effect of vert ical transmi sion and treatment 

have been studied by Golarin [12] and by Kgosimore and Lungu [16]. However , 

t he dynamics of a TB/ HIV co-infection model with vert ical transmission and in 

t he presence of treatment , to the best of our knowledge, have not been explored 

before. People who are infect ed with both diseases suffer most, as these diseases 

can lead to huge epidemic, which might in turn lead to a big loss of population. 
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Therefore, our purpose is to use mathematical modeling to find conditions under 

which the diseases can be stopped from spreading further in the population, 

taking into account vertical transmission and treatment. 

1.3 Objectives of the study 

The main goal of this study is to analyze a TB/HIV co-infection model with 

vertical transmission and treatment . The specific objectives are: 

a) to derive a simplified deterministic model, and check if it is well-posed with 

positive solutions; 

b) to determine the equilibrium point(s) (for disease-free, HIV-free, TB-free 

and TB/HIV endemic) and to perform local and global stability analysis; 

c) to compute the basic reproduction number of the model; 

d) to conduct sensitivity analysis of the equilibrium points (as well as the 

reproduction number( s)) with respect to the parameters of the model; 

e) to present numerical solut ions of the plausible model. 

1.4 Thesis organisation 

This mini-thesis is organized as follows: The next chapter, which is the second 

chapter presents the literature review pertaining to HIV /TB co-infection and 

mathematical model is given. Third chapter presents preliminaries -on mathemat­

ical analysis, where the definitions, prior results and notations are provided. The 

fourth chapter presents the formulation of the HIV and TB co-infection model, 

as well as the TB and HIV sub-models and the co-infection model, with analysis. 

In chapter five , w conduct quantitative analysis of TB and HIV sub-model , 

as well as the HIV /TB co-infection model and finally we present summary and 

concluding remarks. 

6 r 



Chapter 2 

Literature Review 

In this chapter , we present t he literature review pertaining to HIV / TB co-infection 

model as well as other related modds. 

A large volume of great work has been done in the mathematical modelling of 

HIV / TB co-infection. In 2009, Roeger et al. [27] developed a mathematical mod­

el of HIV / TB co-infection. They computed independent reproduction numbers 

for TB (R1 ) and HIV (R2) and t he overall reproduction number for the system, 

R = ma:x{R1 , R2} . They concluded that, if R < 1, the disease-free equilibrium is 

locally asymptotically stable, t he HIV-free equilibrium wit h only TB present is 

st able if R 1 > 1 and R2 < 1. The TB-free equilibrium will not be stable if R 1 < 1 

and R2 > 1, thus the co-existence of both diseases is possible when R1 < 1 and 

R2 > 1. 

Moreover , an extension of HIV / TB co-infection was further addressed by Bolari 

in 2016 [12], who developed and analyzed a mathematical model of HIV / TB co­

infection . He concluded that , whenever HIV is present , the patient may likely 

be infected with TB if proper and t imely care is not given. He finally stated 

t hat early detection of HIV and TB cases and provision of early t reatment can 

help to cont rol t he diseases. Furthermore, Carla [25] addressed t J?-~ idea of in-
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teger order and fractional order versions of an HIV and TB co-infection model. 

The reproduction number was computed and the stability analysis conducted for 

the integer order model. The results unraveled n~,w types of transients and an 

interesting fact, namely, the order of the fractional derivative might be seen as 

a bifurcation parameter for the model. Carla et al. [25] then concluded that the 

dynamics of integer and fractional order versions of the model are very rich and 

that together these versions may provide a better understanding of the dynamics 

of HIV and TB co-infection. 

West and Thompson [34] developed models which reflect the transmission dynam­

ics of both TB and HIV, and discussed the magnitude and duration of the effect 

t hat the HIV epidemic may have on TB. They found t he effect that HIV will 

have on the general population to be dependent on the contact structure between 

the general population and the HIV risk groups, as well as a possible shift in the 

dynamics associated with TB transmission. A simulation model as studied in 

[26] predicts the effects of HIV on TB outbreaks. This simulation revealed that 

HIV epidemic can significantly increase t he frequency and severity of TB out­

breaks. However , t he amplification effect of HIV can be substantially reduced by 

extremely high TB treatments rates. It was suggested t herein t hat WHO should 

significantly increase their target treatment levels for TB in countries with high 

TB and HIV burden. They strongly advocated for controlling TB epidemic in 

developing countries with severe HIV through chemoprophylaxis treatment and 

t hrough treatment of HIV infected individuals. 

Ghosh et al. [11] used a deterministic non-linear mathematical model to deter­

mine the effect of screening and treatment on the transmission dynamics of HIV 

and TB co-infection. Qualitative analysis and simulation results showed that 

screening with proper counseling of HIV infectives caused a significant reduction 

in the progression of HIV to AIDS . Similarly, TB screening resulted 'in the reduc-
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tion of TB infection prevalence. They suggested that effective control measures 

that put screening with proper counseling into account must be taken. 

Goufo [15] presented the modeling analysis and simulation of a mathematical 

model of TB transmission in a population incorporating several factors and study 

their impact on the disease dynamics. The spread of TB is modeled by eight com­

partments including different groups, which are too often not taken into account 

in the projections of tuberculosis incidence. The rigorous mathematical analysis 

of this model is provided, the basic reproduction number is obtained and used 

for TB dynamics control. The results obtained show that lost to follow-up and 

transferred individuals constitute a risk, but less than the cases carrying germs. 

Rapidly evolving latent/exposed cases are responsible for the incidence increasing 

in the short and medium term, while slower evolving latent/exposed cases will be 

responsible for the persistent long-term incidence and maintenance of TB and de­

lay elimination in the population. The numerical simulations of the model show 

that, with certain parameters, TB will die out or sensibly reduce in the entire 

Democratic Republic of the Congo (DRC) population. But monitoring contac­

t, detection of latent individuals and their treatment are actions to be taken to 

reduce the incidence of the disease and thus effectively control it in the population. 

An epidemic model with fractional derivatives and nonlinear incidence model of 

the Kermack-McKendrick [14] with zero immunity was investigated, where the 

authors studied the existence of equilibrium points in terms of the nonlinear in­

cidence function. The authors [14] also established the condition for the disease 

free equilibrium to be asymptotically stable and provide the expression of the 

basic reproduction number. The existence of equilibrium points and the stability 

of the disease free equilibrium both depend on the nonlinear incidence function 

and the expression of the basic reproduction number for the fractional model was 

provided. 
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Seeling et al. [31] explored the perspective of health-care profession on barrier­

s to antiretroviral treatment (ART) for HIV-positive TB patients in Windhoek, 

Namibia. Nine semi-structured qualitative interviews were conducted wit h health 

care professionals from TB and HIV services in Windhoek in 2012 to investigate 

access barriers to ART for HIV-positive TB patients. Results of the study iden­

tified access barriers to ART for HIV-positive TB patients and their relevance 

in Namibia. The findings provide evidence for tailored interventions to increase 

ART-uptake among HIV-positive TB patients. 

However , none of the above reviewed literature considered treatment and ver­

tical transmission in the TB /HIV co-infection model. 
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Chapter 3 

Preliminaries 

In this chapter, we will recall a few definitions and theorems that will be used in 

t he analysis of our models. 

3.1 Basic definitions 

The following definitions can be found , among other , in [18], and will be u eful 

in the model analysis. 

Consider a dynamical system of the form: 

X(t) = f(X(t), t) (3.1) 

where X= [x1 , X2, X3, ... , xnJT and f = [!J , /2, fs, ... , fn]T and for all i, Xi : R ---* R , 

fi : R n+l ---* R and X : R ---* R n are continuously differentiable; T being the 

notation for matrix transpose. 

Definition 1. A vector X is an equilibrium point for the dynamical system (3 .1 ) 

if once the state vector is equal to X, it remains equal to X for all fut ure t ime. 

That is, if 

X(t) = f(X(t), t) (3.2) 

then an equilibrium point is a state X satisfying 
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J(X, t) = o (3 .3) 

In other words , an equilibrium point is a solution that does not change with time. 

If the system starts at an equilibrium, it remains at that equilibrium forever. 

Definition 2. The basic reproduction number, denoted by R0 , is the expect­

ed numbtr of secondary infectives produced by an index case in a complEtely 

susceptible population. 

Definition 3. The disease-free equilibrium (DFE) , denoted by E0 , is an equilib­

rium state of an epidemiological model when there is no disease strain present in 

the population. 

Definition 4. The endemic equilibrium is an equilibrium state of the epidemio­

logical model where the disease is present in the population. 

To elaborate on the concept of stability, which is explored in the next three 

definitions, we first introduce D(X, p) to denote a spherical region in the state 

space with center at X and radius p 

Definition 5. An equilibrium point X is stable if there is a p0 > 0 such that 

for every p < p0 , there exist m, where 0 < m < p, such that if X(O) is inside 

D(X, m), then X(t) is inside D(X, p) for all t > 0. 

Definition 6. An equilibrium point X is asymptotically stable if it is stable, 

and in addition there is an p > 0 such that whenever the state is initiated inside 

D(X, p) , it tends to X as time increases. 

Definition 7. An equilibrium point X is unstable if it is not stable. Equivalently, 

X is unstable if for some Po > 0 and any m > 0 there is a point in the spherical 

region D (X, m) such that if initiated there , the system state will eventually move 

outside of D(X, Po). 
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D efinition 8. Let X= (x1, x2, .. ... , xnf and f = (fi, h , ..... , fnf, where for all 

i, xi : R ---+ R and fi : R n ---+ R are continuously differentiable. The Jacobian 

matr-ix of the system X = f (X ( t)) is defined as: 

oh 8!1 ofi 
oxl OX2 OXn 

]= 
oh oh oh 
oxl OX2 OXn 

ofn 8fn 8fn 
oxl OX2 OXn 

3.2 Stability criteria 

In this section, we will look at three results, that if met , they guarantee the global 

and local asymptotic stability of the disease-free equilibrium point respectively. 

A common approach in studying the global stability of the DFE is to construct 

a Lyapunov function . However, in this work, we will apply the following result , 

as establised in [1]. We list two conditions that, if met, it guarantees the global 

asymptotic stability of the disease-free state for the TB-only model, HIV-only 

model and for the full HIV /TB co-infection model. 

Theorem 1. Consider a model system written in the form: 

dX 

dt 
dZ 

dt 

F(X, Z), 

G(X,Z), G(X, O)=O 

where X E R~ denotes (its components) the number of uninfec~ed individuals 

and Z E R~ denotes (its components) the number of infected individuals capable 

of transmitting the disease. 

Let's suppose the disease-free equilibrium point is denoted by: 

Qo = (X*,O). 

Also further assume that the conditions (TH1 ) and (TH2) below are satisfied 

dX 
(TH1) For dt = F (X, 0), X * are globally asymptotically stable; 

13 



(TH2) G (X, Z) = AZ- G (X, Z) , G (X, Z) ;::: 0 for (X, Z) E n 

where A = DzG (X*, 0) is a matrix whose off diagonal entries are non-negative 

and D is the region where the model makes biological sense. Then the DFE 

Qo =(X* , 0) , (3.4) 

is globally asymptotically stable provided that Ro < 1 and the conditions (TH1) 

and (TH2) are satisfied. 

We use the Routh-Hurwitz criteria to analyze the asymptotic stability of an 

equilibrium point for the dynamic system. Linear stability of t he system of or­

dinary differential equations is determined by the roots of a polynomial. The 

necessary and sufficient conditions for this to hold are the Routh-Hurwitz condi-

tions. 

Theorem 2. (Routh-Hurwitz stability criteria [21]) 

Given the characteristic equation in the general form, 

(3 .5) 

where the coefficients ai are all real constants, i = 0, 1, ... , n defines the n Hurwitz 

matrices using the coefficients ai of the polynomial (3.5) as: 

al a3 as 

D1 = a1 > 0, D2 = 
al a3 

> 0, D3 = 1 a2 a4 > 0 ' 
1 a2 

0 al a3 

al a3 as 

1 a2 a4 

Dk= 0 al a3 > 0, k = 1 2 3 ... n 
' ' ' ' 0 
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All of the roots of (3.5) are negative or have negative real parts if and only if the 

determinants of the Hurwitz matrices are positive, i.e., 

det (Dk) > 0, 

k = 0, 1, 2, ... , n. 

Remark 1. The roots of the quadratic equation ..\ 2 + a1 .A + a2 = 0 have negative 

real parts whenever all the coefficients are positive, that is a1 > 0 and a2 > 0. 

The roots of the cubic equation ..\3 + a1 /\
2 + a2 .A + a3 = 0, has negative real parts 

whenever we have the following: 

Corollary 1. If the characteristic equation of the Jacobian matrix satisfies the 

conditions of t he Routh-criteria, i. e, the determinants of all of the Hurwitz matri­

ces are positive, det(Dk) > O, k = 1, 2, 3, .. . , n, then the disease-free equilibrium 

is locally asymptotically stable. If the det(Dk) < 0 for some k = 1, 2, ... , n then 

the disease-free equilibrium point is unstable. 

We list 5 condit ions (A1)- (A5), as established in [5] that, if met , it guarantees 

the local asymptotic stability if Ro < 1, and non stable if Ro > 1 ·at the disease­

free equilibrium point. In the theor 'm below, we have X s which defines the et 

of all disease-free states, that is (Xs = {x ;?: Ol xi = 0, i = 1, ... , m} ); x0 is the 

DFE; x = (x1, ... , xn)T, with each Xi ;?: 0, be the number of individuals in each 

compartment; Fi(x) is the rate of appearance of new infections in th infected 

states· v+ is the rate of transfer of individuals into the infected states and v+ is ) z z 

the rate of transfer of individuals out of compartment of infectives.- Hence, the 
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disease transmission model consists of the following system of equations 

xi= fi(x) = Fi(x) - Vi(x), i = 1, ... , n 

where Vi = v:- - v:+. ( A1) hold since each function represents a direct transfer 

of individuals, then they are all non-negative. If the compartment is empty, 

then there can be no transfer of individuals out of the compartment by death or 

infection, thus (A2) hold. Condition (A3) arises from the fact that the incidence 

of infection for uninfected compartment is zero. If the population is free of disease, 

then the population will remain free of disease. That is, there is no immigration 

of infectives, hence (A4) holds. The remaining condition (A5) is based on t he 

derivatives off near a DFE. Therefore, we have the following Theorem: 

Theorem 3. Consider the disease transmission model, with f(x) satisfying the 

following conditions (A1) - (A5) 

(A1) If x 2: 0, then Fi, v:+ , v:- 2: 0 for i = 1, ... , n. 

(A2) If Xi = 0, then v:- = 0. In particular, if x E X 8 , then v:- > 0 for 

i = 1, ... , m. 

(A3) Fi = 0 if i > m. 

(A4) If x E Xs, then Fi(x) = 0 and v:+ 2: 0 fori= 1, ... , m. 

(A5) If F(x) is set to zero, than all eigenvalues of J(x0 ) have negative real parts. 

If .To is a DFE of the model, then .To is locally asymptotically stable if Ro < 1, 

but unstable if R 0 > 1, where Ro is the basic reproduction number 

These are some of the definitions and results that we will be using. Otherwise, 

we might state more if and when the need arise. 
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Chapter 4 

Model Formulation and 

Qualitative Analysis 

In this chapter, we present the formulation of HIV /TB co-infection model, and 

explain with the help of flow diagram how susceptible individuals, upon being 

infected with TB and HIV progress through various stages. We t han analyze the 

models for TB only, HIV only, as well as the full model. The non-linear systems 

of TB-only model and HIV-only model will be qualitatively analyzed to find 

the conditions for existence and tability of disease-free equilibrium point. We 

then discuss the local and global stability of the disease-free equilibrium for each 

model. The basic reproduction numbers will be found and discussed. Endemic 

equilibrium point of TB only and HIV only will also be derived. 

4.1 Formulation of a HIV /TB co-infect-ion mod­

el with vertical transmission and treatment 

In this section, a non linear mathematical model is proposed to study the dy­

namics of HIV /TB co-infection model that incorporates vertical transmission 

and treatment of HIV and TB infected individuals. In the modelling dynamics , 

the total population N(t) at timet is divided into nine epidemiological subgroup-
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s: suscept ible denoted by S; infectious with T B denoted by I ; HIV infectious 

denoted by J 1 ; infectious with both TB and HIV denoted by J 2 ; full blown AIDS 

denoted by A; successfully recovered from TB denoted by Tr ; individuals t hat are 

on t reatment for HIV denoted by TH ; infectious wit h both AIDS and TB denoted 

by Ac; and individuals t hat are on t reatment for both TB and HIV denoted by Tc. 

The interactions between the classes are assumed as follows: t he suscept ible 

get HIV infect ed via sexual contact s with infectives, which may also lead to the 

birt h of infected children. A fr action of newborn children are infected during birth 

and hence are directly recruited into t he infective class with the rate (1 - c)B, 

wit h ( 0 ::; E ::; 1) and others die effectively at birth. Here E is the fraction of 

newborns infected wit h HIV who die immediately after birt h and e is t he rate of 

newborns infected with HIV. 

We do not consider direct recruit ment of infected persons but by vert ical 

t ransmission only. It is assumed that the AIDS patients also infected wit h TB 

are isolated and sexually inactive, and therefore they are not capable of produc­

ing children. However , since a woman can develop AIDS or be infected wit h 

both AIDS and TB when she is already pregnant, t hen we are also assuming that 

(1 - c)HAc and (1 - c)tJA are to be considered in t he dynamics. 

The suscept ibles can only get TB through interaction wit h TB infectious in­

dividuals (J, J2 and Ac)· All individuals in different human subgroups can die 

from natural causes (at a constant rate p,) , while J 1, J 2, A , Ac and I classes can 

die from natural causes as well as from the diseases at rates p,1 , p,2 , MA, Me and 

p,1 respectively. 

We derive our system of Ordinary Differential Equations (ODEs) from t he flowchart 

below 
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Figure 4.1: Flow diagram of the TB/ HIV co-infection Model. 

The model parameters are defined as follows: 

19 



Table 4.1: Definitions of parameters used in the HIV /TB co-infection model 

Parameter Definition 

r 

() 

"' 
(31 

A 

1\,1 

Nat ural death rate 

Rate at which TB recovered individuals become susceptible to TB 

The fraction of newborns infected with HIV who die immediately 

after birth 

The rate of newborns infected with HIV 

Per-capita AIDS progression rate for individuals in Ji ('i = 1, 2) 

class 

Treatment rate of acti e TB individuals 

Treatment rate of HIV individuals 

Recruitment rate into susceptible 

The rate at which AIDS patients get treatment 

Death rate due to TB 

Death rate due to HIV 

Death rate due to TB and HIV 

Death rate due to AIDS 

Death rate due to AIDS and TB 

The rate at which HIV recovered individuals develop HIV 

The rate at which patients with both HIV and TB get treatment 

The rate at which AIDS with TB recovered get treatment 

The rate at which AIDS with TB recovered individuals develop 

AIDS and TB 

Cy Per capita contact rate for TB 

CH Per capita contact rate for HIV 

by Probability of transmission of TB infection from an active to a 

susceptible per contact unit time 

8H Probability of transmission of HIV infection from an infected per­

son to an uninfected person per contact unit time. 
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From the flowchart (sec page 19), we then get the following system of nine Ordi-

nary Differential Equations (ODEs). 

dS 
dt 

dl 
dt 

d1~· 

dt 

dTH 
dt 

dA 
dt 

= A+ rTJ'- (>-:r + >-H + p)S 

The total population size N (t) at any t ime t is given by 

( 4.1) 

N(t) = S(t) + I (t) + Tr(t) + J1(t) + J2(t) + A(t) + TH(t) + Ac(t) + 'I~ (t). 

Th model has initial conditions giv n by: 

S(O) = S0 2:: 0; I (O) = Io 2:: 0; T!y(O) = T?o 2:: 0; J1 (0) = J 1o 2:: 0; J2(0) = J20 2:: 0; 

A(O) = Ao 2:: 0; T1-1 (0) = THo 2:: 0; Ac(O) = Aco 2:: 0 and Tc(O) = '1"'c0 2:: 0. 

The force of infect ion AT, associated with TB infection is given as: 
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the force of infection associated with HIV infection given as: 

and , the vertical transmission rate for HIV is given by: 

With, 

( 4.2) 

f.-LC = f.-L + dAT· 

4. 1 .1 Positivity and boundedness analysis 

The model system ( 4.1) considers human populations, and variables describing 

human population or population dynamics in general can not be negative, and 

tbcrcforc it is ncccss~1ry to show that our mode l ( 4. 1) is cpidcrniologic:ally rncaning-

ful by demonstrating that all their state variables used in the model formulation 

are non-negative for all t 2 0. 'vVe also need to establish that solutions of the 

model system (4.1) with posi t ive initial data remains positive for all t imet > 0. 

This will be done in Theorem 4 below. 

We consider a biologically-feasible region: 

7JTI'I = { (S, I , TT , J1 , .h, Tr-1, A , A~ , T,J E R~ IN(t) ~ ~ } . 

All solutions starting in U T'H approach , enter or stay in 7JTH. Using the Standard 

Comparison Theorem [17], it is possible to show the bouncledness of N(t.) as given 
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below: 

N(t) = S(t) + I(t) + Tr(t) + J1(t) + J2(t) + A(t) + Ts(t) + Ac(t) + Tc(t), 

which gives the rate of change of the total population considered in ( 4.1) as 

Since /-LI = J.-L + dr, J.-L1 = J.-L + ds, J.-L2 = 1-l + dsr, I-LA = J.-L + dA and J.-Lc = J.-L +dAr, 

then we have the following: 

hence 

dN(t) 
dt 

< A- J.-LN(t), 

d~;t) ~A- J.-LN(t). 

Separating the variables and integrating both sides we have, 

N(t) ~ ~ + e - ttt ( N(O) - ~) , 

with the initial time t = 0. 

Since e-J.tt 2: 0 for all t 2: 0, then if N(O) ~ A, then N ~ A. Which implies that 
1-l 1-l 

N(t) is bounded and all the solutions starting in UrH approach, enter or remain 

in UrH fort > 0. 

This result is summarized in the following. 

Theorem 4. Consider the model system (4.1). If S(O) 2: 0, I(O) 2: 0, Tr(O) 2: 0, 

11 (0) 2: 0, J2(0) 2: 0, A(O) 2: 0, TH(O) 2: 0, Ac(O) 2: 0, and Tc(O) 2: 0, then S(t) , 

I(t) , Tr(t) , ]1 (t), J2(t) , A(t), Ts(t) , Ac(t), and Tc(t) are positive for all t 2: 0. 

Proof. We prove this Theorem by contradiction, assuming that the total popula-

tion N(t) =I= 0 for all t 2: 0. 

We assume that there exists a first time t 1 such that 

S(t1 ) = 0, s' (ti) < 0, I(t) 2: 0, T-r(t) 2: 0, J1 (t) 2: 0, J2(t) 2: 0, A(t) 2: 0, ... , Tc(t) 2: 0, 

( 4.3) 
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for 0 :::; t :::; t1 , 

or there exists a first time t 2 such that: 

I(t2) = 0, f (t2) < 0, S(t) 2: 0, Tr(t) 2: 0, J1 (t) 2: 0, J2(t) 2: 0, A(t) 2: 0, ... , Tc(t) 2: 0 

( 4.4) 

for 0 :::; t :::; t2 , 

or there exists a first time t 3 such t hat: 

Tr(t3) = 0, T~(t3) < 0, S(t) 2: 0, I(t) 2: 0, J1(t) 2: 0, J2(t) 2: 0, A(t) 2: 0, ... , Tc(t) 2: 0 

( 4.5) 

for 0 :::; t:::; t3 , 

or there exists a first time t 4 such that: 

J1 (t4) = 0, J~ (t4) < 0, S(t) 2: 0, Tr(t) 2: 0, I(t) 2: 0, J2(t) 2: 0, A(t) 2: 0, .. . , Tc(t) 2: 0 

(4.6) 

for 0 :::; t :::; t 4 , 

or ther xists a fir t time t 5 such t hat: 

J2(t5) = 0, J~( t5) < 0, S(t) 2: 0, Tr(t) 2: 0, J1 (t) 2: 0, I(t) 2: 0, A(t) 2: 0, ... , Tc(t) 2: 0 

(4.7) 

for 0 :::; t:::; t5 , 

or there exists a first time t 6 such that : 

A(t6) = 0, A' (t6) < 0, S(t) 2: 0, Tr(t) 2: 0, J1(t ) 2: 0, J2(t) 2: 0, I(t) 2: 0, ... , Tc(t) 2: 0 

(4.8) 

for 0 :::; t :::; t6, 

or there exists a first time t7 such that : 

TH(t7) = 0, T~(t7) < 0, S(t) 2: 0, Tr(t) 2: 0, J1 (t) 2: 0, J2(t) 2: 0, A(t) 2: 0, ... , Tc(t) 2: 0 

(4.9) 
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or there exists a first time ts such that : 

Ac(t8 ) = 0, A~ (ts ) < 0, S (t) 2 0, TT(t) 2 0, J1(t) 2 0, J2(t) 2 0, A(t) 2 0, ... , Tc(t ) 2 0 

(4-.1 0) 

for 0 ::=:; t ::::; ts, 

or there exists a first t ime t 9 such that : 

Tc(t9 ) = 0, T~ (tg ) < 0, S (t) 2 0, Tr(t) 2 0, J J (t) 2 0, J2(t ) 2 0, A(t) 2 0, .. . , I (t ) 2 0 

(4.11 ) 

for 0 ::=:; t ::=:; t 9 . 

From (4.3) , we have 

s' ( t I ) = A + rTr (t; I ) > 0) 

which is a con tradiction, meaning t hat S (t) , t 2 0 remains posit ive. 

From (4.4), we have 

/ (t2) = 5TCT ( J2(t2) ~ Ac(t2) ) S (t2) 2 0, 

which is again a contradiction, meaning that I (t) 2 0, t 2 0. 

Again from ( 4.5), we get 

which is a contradiction, implying that Tl'( t) , t 2 0 remains positive. 

From (4.6), we have 

which is a contradiction , meaning tha t ] 1 remains posit ive. 

Similarly, using the assumptions in equations ( 4. 7)- ( 4.11 ), we get the following 

contradictions respectively: 

J~ (t5 ) 

A~ (ts) 
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r;:, (t1) 

A' (t6) 

T~ (t9 ) 

f31J1(t7) + v1A(t7) ~ 0 

J<i,l'li-J(to) + cv.1J1(t6) ~ 0 

fJ2J2(tg) + I/2Ac(tg) ~ 0. 

Therefore we can coucludc t hat in all cases, J2 (t) ~ 0, T11 (t ) ~ 0, A(t) ~ 0, 

Ac(t) ~ 0 and 'l~ (t) ~ 0 fort ~ 0. Hence, the solut ions S(t) , I (t) , Tr(t) , ] 1 (t) , 

J 2(t) , A(t) , T1-1(t) , Ac(t) , and Tc(t) an . posit ive for all t ~ 0. 

D 

Model equat ion ( 4.1) describe human population and therefore it was shown 

that all tlw state variable arc non-negat ive for all tim e t. Th is bas cnsmcd th at 

t he model is well posed and it is realistic in represent ing the human populations 

wit h no negative values. 

4.2 Qualitative Analysis of the models 

In this sect ion, we analyze the models for TB only, HIV only, as well as the 

full model. The non-linear systems of TB-only model and HIV -only model will 

be quali tatively analyzed to find t he condit ions for existence and stabili ty of 

disease-free equilibrium point . We then discuss the local and global st ability of 

the eli ease-free equilibrium for each model. The basic reproduction numbers will 

be found and discussed. Endemic equilibrium point of TB only and HIV only 

will also be derived . 

4.2.1 TB-only model 

The sub-model of (4.1) with no HIV / AIDS disease is obtained as given in (4.12) 

by setting J 1 (t) = J 2(t) = A(t) = TH(t) = A :(t) = Tr. (t) = 0) is given by the 
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following system of equations: 

dS 
dt 

di 
dt 

A+ rTT- (>.T + J.L)S 

dTr = ryi - (r- + J.L)Tr 
dt 

with non-negative initial conditions. The force of infect ion is given by 

- C I A'j_' = r}l' '1 '-. -. 
N'J ' 

Where NT(t) is the to tal population for the system ( 4.12) ctnd is given by 

Nr(t) = S(t) + I (t ) + Tr (t) , 

so that 

(4.12) 

Following a similar rcasouing as T heorem 4. , it can be proved that the region 

is positively invariant . Therefore, the dynamics of the TB - only model will be 

considered in u2. 

The disease-free equilibrium 

We start this subsection by find ing the disease-free equilibrium point of the dy-

namical system ( 4.12) . 

An equilibrium point of the model ( 4.12) is obtained by sett ing 

dS(t) di (t ) dTr(t ) 
-- = - = = 0 

dt dt dt . 

At the disease-free stat , we have I * = 0, therefore r.;. = 0 and hence, 
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where S* is the first component of t he disease-free equilibrium, when the disease 

has not yet invaded the population. Therefore, the DFE state of the model is 

given by: 

Eg" = ( S*, I* , T;) = (A , 0, 0) . 
1-L J 

The basic reproduction number and the local stability of the DFE 

vVe start t his subsection by finding the basic reproduction number using the next 

generation matrix met hod. We than analyze the local stability at the disease-free 

equilibrium. 

The disease-free equilibrium's stability is discussed in terms of tlw basic re-

production number. The baic reproduction numb r , R 'l', for this model (4.12) is 

defined as the number of secondary TB cas s produced by one infect ive individual 

during his/ her ent ire lifetime in the system. Vvc will find t he basic n~product i on 

number using the next generation method [6]. For this model, th matrix F 

representing the rat es of appearance of new infections in the infect d states I is 

giv n by: 

The matrix V , representing the uct otttfiow of infcctiou from cmnpctrt mcnt I is 

given by 

The J acobian of the matrices F and V about t he disease-free equilibrium, are 

given by 

and 
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whose inverse is given by: 

v- l = ( 1 ) 
fJ,I +I 

The next generation matrix for this model is therefore found to be 

The eigenvalue of .FV- 1 1s 

Thus, the TB-only reproduction nnrnber , is given by the spectral radius (the 

dominant eigenvalue) of the next generation matrix .FV- 1
, and is found to be 

We therefore have the follo·wing t heorem. 

Theorem 5. The disease-free equilibrium of the model ( 4.12) , EJ" 1s locally 

asymptotically stable when R 'J' < 1, and unstable when R 'J' > 1. 

Proof. The J acobian matrix of this model is given by 

6TC:rS2 

- j.), 
N}. 

r 

) = 0 
5TCrS2 

- (p, +!) + . N,2 0 
T 

0 I - (r + M) 

We look at the linear stabili ty of the equilibrium point by evaluating the J acobian 

matrix J atE{ = (~ , 0, 0). 

J(E6 ') = 0 -(Mr +I) +5TC:r 

0 

T 

The characteristic equation corresponding to t he disease free equilibrium point is 

0 = 

0 
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which gives the eigenvalues: )q = - J-L ; >- 2 = -(r + J-L) and >.3 = - (J-L 1 + !') + b:rC r. 

Here, .A 1 < 0 and >- 2 < 0. 

Considering \1 , 

6'j.c'j . 
RT < 1 {:::} .. < 1 

/-Ll + /' 
¢:::> bTC:r < /-LI + /' 

thus >.3 < 0, and therefore, E'{; is stable. If R ·r > 1, then >.3 > 0, and EJ, is a 

saddle point , thus unstable. D 

Global stability analysis 

Theorem 6. The point Eg, = ( ~ , 0, 0) is a globally asymptotically st able equi­

libri um of t he syi:itcrn ( 4.12) provided that R 'J' < 1. 

Proof. According to Th orem 1, we need to show that the condit ions (THl) and 

(T H2) are satisfied when RT < 1. But, it will shortly be est ablished that (T Hl ) 

and (T H2) axe always satis6cd. h1 Theorem 5 we have proved that for R ·r < l , 

EJ' is locally asymptotically st able. 

Considering the syst em (4.12) , we let X = (S, Tr) , Z = I with X E R.~ and 

z E R.~ and disease-free equi li brium is now denoted by 

Eci = (x;.,o) = ( ~ , o , o). 

where 

For (T Hl) , we have 

dX _ ., _ [A + rTI' - (.AT+ J-L)Sl - F (X , Z) - , 
dt ')' I - (r + J-L)TT 
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where 

~~ = G (X, Z) = [ A:J"S - (t-L1 + I') I] , 

and, 

Since d: = F(X, 0) is a linear equation, )<], is globally stable. Hence, (T H1) 

holds. 

For (T H2) , we have 

G (X, Z) = AZ - G (X, Z), 

and 

whose off diagonal entries are non-negative. We t hen find that 

We get 

G (X, Z) = AZ - G (X, Z), 

c (X, z) = [ GI(X, z)] = [5TCTJ ( 1 - ~r ) J . 

. s -
Since S is always less Lha11 or equal to Nr , N ::::; 1, so that G l (X, Z) ~ 0. Thus, 

T 

G (X, Z) ~ 0. That is, conditions in Theorem 1 are satisfied. Therefore, E6 is 

globally asymptotically stable for R r < 1. 0 
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The endemic equilibrium 

To obtain an endemic equilibrium, denoted by E~. , we set each equation in the 

model ( 4.12) equal to zero. Solving the system while expressing each equilibrium 

point in terms of I * at steady state, we get S* , I* and T:;, as components of 

endemic equilibrium point. Thus 

E~ = ( S* , I* , T;) 

is an endemic equilibrium, obtained as follows: 

0 = A+ rT,~- (>-r + JJ )S* 

where 

with N;. = S* +I*+ T1*·· 

Using equation (4.15) , to find Tj. , we have: 

"( 
where ao = --. 

r + JJ 

0 

,r 

==? r;. 
T* T 

"(I* - (r + p)T;. 

(r + JJ)Ti· 

- _ 'Y _I* 
r+p 

a0I* 

(4.13) 

(4.14) 

( 4.15) 

Add equation (4.13) and (4.14) (i . (4.13) + (4.14)) from the system of equations 

to get; 
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=} A+ ra01* - f-LS* - (1-LI + 1)1* 

A + (mo- (p,r + 1))1* 

S* 

S* 

where 

Using (4.13) to find J*, we have; 

0 = )qS* - (1-LJ + 1)1* 

vvhere /\ r is given by: 

Then equation ( 4.13) becomes 

Let a2 = tt(1 + a 0 + ~ ). Then we have 
1-l 
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0 

ttS* 

1 
-(A+ (1·a0 - (M 1 + !)) I* ) 
p 
1 
-(A+ ad*) 
jt 

() 

0. 



() 

0 

T hen we have the foLlowing: 

I* - 0 

or, 

I* 
(J-LJ + 1- brCT) 

A (6r0rat - a2(fl,r + 1))" 

Since in Endemic equilibr ium point 1* (infected) 1s uon-zcro , then I * 0 LS 

discarded. Therefore 

I* A ( ~t, + 1- 6TCT) 
( 5TCra1 - a 2 (J-L1 + 1) )" 

Therefore S*, 1* and T'f are given by: 

S* 

I* 

r; 

~(A + a 1J*) 
f-L 

(J-Lr + 1- 6'1'01') 
A (6rCTal - a2(J-Lr + 1)) 

aol*. 

We note t hat S* , 1* a nd Tr ar(; a lways positive whenever we have t he following: 

It can be seen t hat a0 = if; is positive, since all the paramet r values are posi­

tive. 

Claim: a L < 0 
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al < 0 

¢::> a1(r + p) < 0 

¢::> r (-'-) (r + p)- (p , + r )(r + fl,) < 0 r + p 

¢::> rr - (p , + r)(r + p) < 0 

¢::> T{- [p,r + Prf-l + T{ + r f-l] < 0 

¢::> - [p 1 r + f-l 1 J-l + r p] < 0. 

Hcuc:c a1 < 0. 

• For S* to be posit ive, we have 

S* > 0 

1 
¢::> - (i\ + a11*) > 0 

f-l 

¢::> 
i\ a11* 
-+- > 0 
J-l J-l 

¢::> i\ + a11* > 0 

¢::> a1I * > - i\ 

¢::> I* - i\ < -
al 

thus, S* is positive if I* < ~~ . 

• r;;. = aoi* is positive whenever I* > 0, since ao > 0. 

F I * A (p,+ [- brCr) 0 h t d ·t· • or = > , we ave wo con 1 wns: 
(6TCTal - a2(fJ,r + r) ) 
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a) Both numerator and denominator must be positive 

A(J.LI +I - brCr) > 0 

¢::? J.LI + I - brCr > 0 

¢::? J.LI + 1 > brCr 

¢::? 1 > brCr 
J.LI +I 

¢::? 1 > Rr 

thus , the numerator is positive whenever Rr < 1. 

brCrai - a2(J.Lr +I) > 0 

¢::? brCral > a2(J.L1 + 1) 

¢::? 
brCr 

J.LI +I 
a1 > a2 

¢::? Rra1 > a2 

¢::? 
a2 

Rr < -
al 

thus , the denominator is positive whenever Rr < a2
. 

al 

b) Both numerator and denominator negative 

A(J-"I + 1 - brCr) < 0 

¢::? J.LI + I - brCr < 0 

¢::? J.Lr + 1 < brCr 

¢::? 1 < brCr 
J.Lr +I 

¢::? 1 < Rr 

thus, the numerator is positive whenever Rr > 1. 
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8 bTCTal < a2(J-L1 + --y) 

b:rCr 
---al < a2 
/-[ 1 + '"Y 

thus. the denominator is positive whenever R T > a 2
. 

, al 

Therefore , we can conc.luclc t hat . the components of TB endemic equilibrium 

points are positive whenever: 

- A 
i) 0 < I *< -

al 

ii) R T < min { 1, :~ } or R r > max { 1, :~ } . 

4.2.2 HIV-only model 

The sub-model of (4. 1) wit h no TB infection is obtained by setting I(t) = Tr(t) = 

J(t)2 = Ac(t) = Tc(t) = 0 to get the following system of equations, 

dS 
dt 

dA 

dt 

dT11 

dt 

= A - () .. 1-1 + J-L)S 

( 4.16) 

with non-negative initial conditions. The force of infection for HIV is given by: 

\ . c Jl 
A IJ = ()IJ /1~ , 

lv[f 
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and the vertical t ransmission rate for HIV is given by: 

Av = (1 - c)f1(11 + A). 

·where N 1-1(t) is the total population for the sub-model (4.16) and is given by: 

NF-1 (t) = S(t) + J1 (t) + A(t) + Tr,r(t) , 

and 

Following a similar reasoning as Theorem 4, it can be shown that the solut ions 

S, ] 1 , A , T1:1 of the sub-model (4.16) are posit ive fort > 0 and that the region 

is positively invariant . Therefore, the dynamics of the HIV - only model will be 

considered in UH. 

The disease-free equilibrium 

An equilibrium point. of the model ( 4. Hi) is obtained by setting 

dS (t) dJ1(t) dA(t) dTH(t) 
~ = d:t = d:t = dt = O. 

At t he disease-free equilibrium, we have J,* = A* = 0 therefore T'fi = 0, hence 

S* = A 
fi, 

where S* is the first component of the cliscasc-frce equilibrium, when the disease 

has not yet invaded the population. Therefore, the DFE point of the model ( 4.16) 

is given by 

E6'' = ( S* , 1; , T;, , A*) = ( ~ , 0, 0, 0) . 
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The basic reproduct ion number and the local stability of the DFE 

We st ar t this subsection by finding the basic reproduct ion number using the next 

generation matrix method. We than analyze the local stability at the disease-free 

equilibrium. 

The disease-free equilibrium's st ability is discussed in terms of t he basic re­

production number, which is given by the spectral radius of the next generat ion 

matrix [6]. The reproduction number RH , is defined as the number of HIV infec­

tions produced by one infective HIV case during his/her lifetime in t he system. 

For this model, the matrix F repret:>enting the rates of appearance of new infec­

tions in the infected st ates 11 , A and Tu is given by: 

>-nS 

F = 0 

0 

The matrix V, representing the net ou tflow of infections from compar tments J1 , 

A and TH is given by 

({31 + /-LI + al) JJ - /\ v 

V = (!-LA + vL)A - "'1T!-1 - a 1 ] 1 

(p + "'L)Tr-r - v1A - {3 LJL 

The Jacobian of the matrices F and V about the disease-free equilibrium, are 

given by 

F = 0 0 0 ' 

0 0 0 

and 

{31 + /-LI + a 1 - (1 - c)B - (1 - c)e 0 

V = 
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so that the inverse of V is given by: 

where, 

A 2 ((31 + J-L1 + a1 - (1 - c)H)(J-L + r;;I) 

A3 = ((31 + J-L1 + a1 - (1- c)e)vl + fJ 1 (1 - c)e 

A~ = ({31 + fJ,1 + a1- (1 - c)e)(J-LA + v1) - a1(1- E) e 

A5 (fJ1 + J-L1 + a 1 - (1 - c)e)r;;I 

M [fJ 1 + p, + a 1 - (1- c) e] {J-L A(J-L + r;; , ) + pv,} 

-(1- c) e { (fJ, + r;;1)a1 + fJ1r;;,} . 

The next generation matrix for this model is therefore given as 

0 

The eigenvalues of FV- 1 are 

6HCH(1- c) e(p + r;;l) 
M 
0 

0 

0, 

0. 

K:1(1- c)e6f-JCH 
M 
0 

0 

Ther fore, the HIV induced reproduction number , is given by the spectral radius 

(the dominant eigenvalue) of the next gen ration matrix FV- 1
, and is found to 

be 

'T) _ 6HC1:1 A 1 
' '-'H -

M 

We therefore have the following theorem 
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Theorem 7. The equilibrium point E61 is locally asymptotically stable provided 

t hat RH < 1. 

Proof. Using Theorem 3, it is sufficient to show that (A l ) - (AS) arc sat isfied. 

(Al ) If S, J1 ,A , i i-1 2: 0, then 

0 

0 
always greater than or equal to zero. 

v-
t 

(f3 L + /-L L +a, )J1 

(!-LA + 1/J )A 

(J-L + K;l )TH 

are 

(A2) If the compartment is empty, then there are no infected individuals in the 

population, thus 

v- = 
'! 

(/31 + M1 + a1 ) J1 

(!-L A + vl)A 

(J-L + K; l )TH 

= 0. 

(A3) T his condit ion arises from the simple fact that the incidence of infection for 

uninfected compartment is zero. That is 

AH S 

0 = 0 fori > m. 

0 

(A4) If the population is free of disease then the population will remain free 

Ar-rS 

of disease, thus if x E E61
, then Fi ( x) = 0 

0 

0; and Vt (x) 

(A5) If .F (:.r;) is set to zero, that is there is no new infection, than all eigenvalues 

of J(E61 ) have negative real par ts . 
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The Jacobian matrix of this model is given by: 

- r5 uCuJl(Jl + A + Tu) z' 0 0 
N}:I 

- p 

5HCJ:/Jl (Jl + A + TH) z (1 - c)e 0 N2 
) = R 

() K;l 

0 fJ L 

where, 

z 

z ' 

We look at the linear stability of the equilibrium point by evaluating the 

· · H (A 0 o) J acob1an matnx at E0 = J-L , 0, , · 

where IC u = 511 Cn + (1 - c)e - (fJt + til + nt). 

The characterist ic equation is given by 

0 (A + p) [).3 + A2[(J-LA + V1 + J-L + K:1)- 'D] + A[ttA(J-L + K:1) + J-LV1 

-'D(J-LA + V1 + J-L + K:t) - (1 - c)Bat ] + [- 'D((p + K:1 )J-LA + v1p) 

- (1 - c)B((J-L + n:1 )a1 + fJ1n:I)]] 

whr:rc 'D = (6JJC II + (1 - c)H - (fJ 1 + J-L1 + CYJ)). 

The first factor is linear , which gives the eigenvalue >. = - p , .. which has a 
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negative real part. For the remaining cubic factor, we use Routh-Hurwitz 

stability criteria to determine the conditions under which the ,\ 's will have 

negative rea l parts. 

The remaining cubic factor can be writ ten as ,\3 + a1A2 + a2>. + a3 = 0, 

where 

a 1 p, /1 + v1 + p + 11:1 - D 

The roots of the cubic polynomial have negative real part s if and only if 

a 3 > 0 <=? - D((p + 11:1)PA + VIJ-L)- (1 - c)B((p, + 11:1 )a1 + (3111:1) > 0 

<=? (((31 + P1 + LY1 - (1 - c)t.i)) - 6r1CH )[J-i + Kl)J-LA + v1p] 

- (1 - c)B((p, + Ki) a 1 + (31KJ) > 0 

recall that 

<=? - 6HCI-r((J-i + KJ)J-LA + VIJ-L) + ((31 + J-L1 + a 1 - (1 - c)8)) 

[(J-L + 11:1)p, 11 + I/1p,] - (1 - c)f1((J-L + 11:1) a 1 + (3111:1) > 0 

<=? ((31 + J-il + a 1 - (1 - c)8))[(p, + 11:I)p,A + v1p,] 

- (1 - c)B((p + K;1)a 1 + f3 t11: J) > 6rrCrr((Ji + 11: J)J-i ;t + v 1p) 

6f{Cfl((p + KI)J-LA + 1/jf-i) - 6HCf!Al - R 
<=? 1 > M - M -. H 

<=? Rl-1 < 1 

M [(31 + J-Ll + a 1 - (1 - c)e)]A1 - (1 - c)B((p, + r~ 1 ) a 1 + (3111:1) 

D (6HCfl + (1 - c)e - (fJ1 + p,l + n1)) 
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{:::} /-LA+ 1/1 + J-i + !1;1 + (fJI + /-Ll + G1- (1- c)B) > fJHCH 

A1 6 C A 
{:::} [J-LA + v1 + J-L + !1;1 + (fJ1 + /-L1 + a1- (1- c)B)] M > H ~ 1 = R H 

{:::} RH < [J-LA + VJ + J-L + !1;, + (fJ, + J-L1 + a1 - (1- c)B)] ~. 

Let's check if [J-LA + v1 + J-L + /1;1 + (fJl + /-L1 + a1 - (1 - c)t9)] ~ > 1. That 

is , if [J-LA + v1 + J-L + !1;1 + (fJ1 + /-Ll + a1 - (1 - c) B)]Al > M , then R H < 1 

is sufficient for a1 > 0. Hence, we have the following workings: 

1 < [J-LA + v1 + J-L + /1;1 + (fJl + J-L1 + a1 - (1- c)B)] A1 
M 

{:::} [J-LA + v1 + J-L + /1;1 + (fJl + /-Ll + a1 - (1- c)B)] A1 > M 

{:::} [J-LA + v1 + 1-L + /1;1J A1 + [,81 + J-L1 + a1 - (1- c)B)] A1 > M 

{:::} [J-LA + v1 + J-L + /1;1J A1 > -(1 - c)B((J-L + !1;I)a1 + ,81/1;1) 

{:::} [J-LA + v1 + J-L + /1;1 JA1 + (1 - c)B((J-L + /1;1)a1 + ,81/1;1) > 0. 

Since a3 > 0 whenever RH < 1, we can conclude that RH < 1 is sufficient 

to conclude that a1 > 0. 
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[J..tA(J..i + Kl) + f..il/1 -'D(J..iA + l/1 + J..i + K1)- (1- e)Ba1] 

> -'D((J..t + KJ)J..iA + 1/lf..i)- (1- e)B((J..t + K1)at + (31K1) 

¢::? [J..tA + l/1 + J..i + K1] 

[J..tA(J..i + K1) + f..il/J - 'D(J..iA + l/1 + J..i + K1) - (1 ~ e)Ba1] 

-'D[-'D(J..iA + l/1 + J..i + K1)- (1- e)Ba1] 

> -(1- e)B((J..t + K1)a1 + (31K1) 

¢::? [(J..tA + l/1 + J..i + Kl) -'D][-'D(J..iA + l/1 + J..i + K1)- (1- e)Ba1] 

+(J..iA + l/1 + J..i + K1)(J..tA(J..i + K1) + f..il/1) 

+(1 - e)B((J..t + K1)a1 + (31Kl) > 0. 

We have shown that a1 = [J..tA +v1 + J..t +K1 - 'D] is positive whenever RH < 1 

(see page 44). If we can show that [-'D(J..iA + v1 + J..i + K1)- (1- e) Ba1] is 

positive, then it is sufficient for a1a2 - a3 > 0. 

0 < [-'D(J..tA + v1 + J..i + K1)- (1- e) Ba1] 

¢::;> [(31 + j..i1 + a 1 - (1- e)B- bHCH](J..iA + l/1 + J..i + K1)- (1- e) Ba 1 > 0 

¢::? [(31 + J..i1 + a 1 - (1- e)B] (J..iA + v1 + J..i + K1) - (1 - e)Ba1 

> bHCH(J..iA + l/1 + J..i + K1) 

¢::? [(31 + J..t1 + a 1- (1- e) B](J..tA + 1J1 + J..i + K1) - (1 - e) Ba1 ~ 

> bHCH Al (J..tA + l/1 + J..i + K1) = RH(J..iA + l/1 + J..i + K1)· 
M 

Let 's check if [[(31 + J..t1 + a1- (1 - e)B](J..tA + v1 + J..i+ Kl)- (1- e)Ba1] ~ > 1. 

That is, if 

[((31 +J..i1 +a1- (1 -e)B)(J..tA+v1 +J..t+KI) - (1-e)Ba1JA1 > M(J..iA +·v1 +J..t+K1), 
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then RH < 1 is sufficient (but not necessary) to a1a2 - a3 > 0. l-Ienee, we 

have the following workings : 

[(/31 + f.Ll + LX 1 - (1 - c) B)(f.LA + 1J1 + f.L + n;J)- (1 - c)B LX 1]A1 

> M (f.LA + llj + p + n;I) 

{:} [(/31 + f.LI + a 1 - (1 - c) B)(f.LA + v 1 + p + n;l) - (1 - c) BLX1]A1 

> [[/31 + f.L I + LXJ - (1 - c)B)]Al 

- (1 - c) ft((f.L + KI)LXl + fJln;l)](pA + IJ1 + f.L + KI) 

¢:} -(1- c)BLX1A1 + [(1 - c)B((p + KI)LXl + fJ1n;I)]( pA + v1 + f.L + n;1) > 0 

Since a3 > 0 whenever ni'J < 1, we can conclude that nH < 1 is sufficient 

Hence, we can conclude that, the disease - fre equilibrium point is locally 

asywptotically stable as all eigenvalues of J (E61 ) have negative real parts . 

0 

Remark 2. If nH > 1, t hen a3 is no longer positive, and in that case the R outh-

Hurwit:;. criteria fail to apply, thus the DPE is unstable. 

Global stability analysis 

Theorem 8. The fixed point E(j = ( ~ , 0, 0, o) is a globally asymptot ically 

stable equilibrium of the system ( 4.16) provided that nfl < 1. 

Proof According to Theorem 1, we need to show that the conditions (TI-ll ) and 

(TH2) arc satisfied wlwn Rn < 1. But , it will shortly be established that (THl) 

and (TH2) are always satisfied . In Theorem 7 we have proved that for RH < 1, 
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E61 is locally asymptotically stable. 

Consider th e system (4.16), X = S and Z = (J1 , A, TJ-J ), with X E R + and 

z E Rt and the disease-free equilibrium is now denoted by 

where 

and 0 is a three-dimensional zero vector. For (T Hl) , we have 

where 

and , 

dX [ ] dt = F (X , Z) = A - (f-L + AJ-J )S ' 

dZ 
- = G(X, Z) = 
dt 

AuS + Av - ((3 1 + f-L 1 + a 1 )J1 

""1TH + et1J1- (!-LA+ vl )A 

(31J1 + v1A - (f-L + ""1 )TT-J 

F (X, 0) = (A_ f-LS). 

. d.X F( v 0) . l" t• V * . Smce dt = ..!'-- , 1s a mear equa wn, ..1\. T-I 1s globally st able. Hence, (THl) 

holds. 

For (TH2) , we have 

G (X, Z) = BZ - G (X, Z), 

and , 

B = - (f.l•A + 1/J ) 

PI 
whose off diagonal entries are non-negative, so that , 
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B Z = 

We get 

G (X , Z) = B Z- G (X , Z) , 

(

(6H CH + (1 - c: )B - ((31 + fJ, l + a1)) <l + (1 - c)BA) - ( )..HS +. >.v - ((31 + fJ-.1 + ai) J1) 

_ a; 1 .]1 - (!JA + v 1 )A + r;, 1'1J-J r;,lTH + a 1J 1 - (PA + v 1 )A , 

/31 .l1 + 1/1A - (p. "'J )'1]-J f3dt + I/1A - (11, -l r.;1 )TN 

6, (X, Z) 

G (X , Z) = 6 2 (X , Z) 

63 (X, Z) 

5 H CH J 1 ( 1 - :H ) 
0 

0 

s 
Since S is always less than or equal to N H, Nu :::; 1, so that 6 1 (X , Z) :2:: O; 

and 62 (X , Z) = 63 (X , Z) = 0. Thus, we can conclude that G (X , Z) is greater 

than or cqucd to zero . T his implies t hat DFE point is globally asymptotically 

stable. 0 

The endemic equilibrium 

To obtain an endemic equilibrium, denoted by E;,, we set each equat ion in the 

model ( 4.16) equal to zero. Solving the system while expressing each component 

in terms of A* at steady stat e, we get S*, 1: , A* and Tf-1 cts components of an 

endemic equilibrium point . Therefore, 

is an endemic equilibrium, obtained as follows: 

Set each equation in the model ( 4.16) to zero 

0 = A - (,>, 7-r + J-L)S* ( 4. 17) 
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(4.18) 

(4.19) 

( 4.20) 

where 

* ( )B(J* A*) d \ * - [JHCH J* .th N * S* J * * >-v = 1 - c: 1 + , an /\H - ~ 1 , w1 H = + 1 + A + T/1· 
H 

To obtain T~ , we multiply equation ( 4.19) with fJ1 and equation ( 4.20) with a 1. 

r;, 

(fJt(J-LA + Vt) + cx1 v1)A* 

(fJI(J-LA + 1.11) + a1 1.J1) A* 
(fJ tn,l + a ,(J-L + n,L)) 

b0 A* 

To obtain ] 1*, we substitute T;r in ( 4.20) to get 

f3 tl; - (J-L + n,l)boA*- ,.~,A* 

1; = ;
1 

{(J-L + n,L)bo - vi} A* 

1; b1A* 

1 
where b1 = - ((p + n,J)bo- Vt)· 

fJl 
Add cq uc1tiou (4.17) and (4.18) to obtain S* 
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where .Av and X}1 will be given as: 

.Av - (1 - r: )e(J; +A*) 

.Av (1 - r: )G(b1A* +A*) 

Av (1 - r: )G(b1 + 1)A*. 

Then we have the following 

A - pS* + (1 - r: )G(b1 + 1)A* - (/31 + I-Ll+ CX t)blA* - 0 

A + (1 - r: )G(b1 + l)A* - (fJ1 + P1 + a i)b1A* - pS* 

A 1 
S* = - + - {(1 - r: )G(b1 + 1) - (/31 + p,l + a 1)b1} A* 

f-L f-L . 

S* = A + b2A* 
p 

Substi tute S *, J~ and T;, and work on >-v in equation (4.17) , to get A* 

>-;, = 

>-;, = 

;,;, -

S* + Jt + T;1 + A* 
bHCHb1A* 
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So that : 

0 

() 

Therefore, 

A*= 0 

or , 

Since in Endemic equilibrium point A* (infected) is non-zero, then A * = 0 is 

discarded. Hence 

Therefore, the components of t he endemic equilibrium S*, J~ , A* and T~ ar 

given by 

S* 

.]* 
1 

A* 

boA* 

As we will explore in quantitat ive analysis , it can be est ablished that with a 

specific set of parameters, the endemic equilibrium point is feasible. 
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4.2.3 HIV /TB co-infection model 

In this section , we carry out the mathematical analysis for HIV / TB co-infection 

wit h treatment and vertical transmission. The non-linear system ( 4.1) will be 

qua li tatively analy;..;cd to find t he conditions for cxistc t1cc ami stability of disease-

free equilibrium point. We then discuss the local and global stability of the 

disease-free equilibrium for t he model. 

The disease- free equilibrium 

We consider the system of nonlinear equations ( 4.1 ), and an equilibrium point of 

the model is obtained by set t ing 

dS(t ) 
dt 

dl (t ) dTr (t ) d11 (t) dJ2(t ) dA(t ) 

The disease-free state is found by letting J(t) * 

Ac(t) * = 0, t herefore TH (t) * = Tc(t) * = 0. 

Then we have 

S* = A 
' p, 

dTH (t) 
dt 

dAc(t ) 
dt 

11 (t) * - A(t )* 

where S* is the first component of the disease-free state, when the disease has 

not yet invaded the population. Therefore, t he DFE state of the model is given 

by 

E6'H (S(t )*, I* (t) , r;( t) , J; (t ), J;(t) , A*(t) , T!-J(t ), A~ (t) , T;(t )) 

( ~ ' 0, 0, 0, 0, 0, 0, 0, 0) . 

The basic reproduction number and the local stability of the DFE 

We start this subsection by finding t he basic reproduct ion number using the next 

generation matrix method . We than analyze the local stability at the disease-free 

equi librium. 
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For this model, the matrix F representing the rates of appearance of new infec­

tions in the infected states J , J1 , J2, Tr:1, A , Ac and Tc is given by: 

>..rS 

>..HS + >..Hn_. 

0 

F = 0 

0 

0 

0 

The mat rix V, representing the net outflow of infections from compartments I , 

J1 , J2 , Tu, A , Ac and 1~ is given by: 

()..H + /-LJ + 1)J 

(Pt + M1 + cx1 + >..T)Jl - Av 

(;32 + fJ·2 + a2 )·h - AfJI - >..r.J1 

V = (M + K-l)TT-J- /31J1 - v1A 

(MA + v1 + >..r)A - K-1TH - cx1 J1 

(fJ·c + v2)Ac - K-21~~ - cx2 .J2 - A·rA 

(K-2 + J-L)Tc- P2 J2- IJ2Ac 

The J acobian of the matrices F and V about the disease-free equilibrium, are 

given by 

brCr 0 8rCr 0 0 6rCr 0 

0 6HCH 6HC1-1 0 0 0 () 

0 0 0 0 0 0 0 

F = 0 0 0 0 0 0 0 ' 

0 0 0 0 0 0 0 

0 0 0 0 0 0 0 

0 0 0 0 0 0 0 

and 
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f.i,J + ' 0 0 0 0 0 0 

0 A3 - (1 - E)H 0 - (1 - c.)(j - (1 - E)f-J 0 

0 0 fJ2 + fJ,2 + a2 0 0 0 0 

V = 0 - (31 0 fJ, + K:j - u, 0 0 

0 - 0:] 0 - K;J f.LA + V J 0 0 

0 0 - a2 0 0 f.i,C + V2 - ;;:2 

0 0 - (32 0 0 - v 2 ( f\:2 + fJ,) 

where A3 = (31 + Ml + a 1 - (1 - E)e, so that the inverse of V is given by: 

1 
0 0 0 

vr +r 

0 
A1 s2 ~ r:) fJK.l 
- - -
M BMY M 

0 0 
1 

0 -
B 

0 
s3 N K 

v-1 = M BMY z 

0 
s4 N1 ti:l T 
M BZY M 

0 0 K1 0 

0 0 K3 0 
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0 

Kr, 

0 

u 
-
M 

(p. + ;;;i)T 
z 

0 

0 

0 0 

£..1 £..2 

MY MY 

0 0 

D t D 2 - -
MY zy 

Kl K2 - -
MY MY 

"·2 + fi· "-2 - --
y y 

1/2 (p,c + l/2) 

y y 

'

- -- - . ,. . . , r u J A [ :1 L. l •• \' ··'. I . : c. : 
'lj I \VERSITY C' F I'< > ·11 ,~ 

P:~IVf\T :: 3:\ G : . .;::;; ·, 
I • · •'· : 



where 

53 = 0:1 V1 + fJ1 (J.LA + vi) 

54 - 0: 1 (J.L + A; I) + fJ, f\;1 

B = fJ2 + J-"2 + o:2 

y - K2V2- (J.Lc + V2)(K2 + p) 

N = (1 - c: )8[o:1vl + fJ l (J.L A + vl)j[K2V2 - o:2 (K2 + J.L) - P2K2] 

N1 - (1 - c: )e[o:I(f.L + A;l ) + fJ1K1)][K2V2 - o:2(K2 + J.L) - fJ2A;2 - (J.Lc + v2)(K2 + J.L )] 

/( = (1 - c: )f:!o:1 - (J.LA + v1)( f:i1 + f.L l + c~ 1 - (1 - c: )f:!) 

T - fJ1 + J.L1 + o:1 - (1 - c: )e 

u - (fJl + P1 + al)v1 - (1 - c:)8[1J1 - fJ1J 

£1 - (1 - c)8(K2 + J.L)[KJVl - (J.L + KL)(J.LA + VJ)] 

£ 2 - (1 - c: )8K2[K 1V1 - (J.L + K,)(J.LA + V1)] 

D, = (1 - c: )e(K2 + J.L)[o: lvl + fJ I(f.LA + vi)] 

D2 - (1 - c: )eo:2[o:1 v1 + fJ1 (J-lA + vi)] 

/(1 = (1 - c: )8(K2 + J.L)[o: J (J.L + Kl) + PlKt] 

/(2 = (1 - c: )8K2[o:l (p + Kl + Pl KI) ] 

IC:~ 0:2V2 + P2(J-lc + v2) - -
BY 

/(4 - -
(K2 + J.L) C\'.2 + fJ2K2 

BY 

/(5 
(p + Kl)(1 - c: )fJ 

- z 

The next generation matrix for this model is th refore found as 
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0 

0 

Fv- l = 
0 0 

0 0 

0 0 

0 0 

0 0 

where 

K6 

K1 

Ks 

ICg 

0 

0 0 

0 0 

0 0 

0 0 

0 0 

0 

0 

0 

0 

0 

0 

8'1'Gr("'2 + J.L) 
y 

0 

0 

0 

0 

0 

6:1~T ( l _ (K:2 + M)~2 + /32K:2 ) 

-- 1+--8n Cn ( S2 ) 
B MY 

6uCn(J-L + K:l}(1 - E)f-JK: 1 

M 
6HCH(1 - E)BK:1 

M 

T'he eigenvalues of .FV- 1 are 

6TCT 

/-LJ +I ' 
611CHA 1 

M 

0, 

0, 

0, 

0, 

0. 

0 

0 

0 

0 

0 

)11 and ),2 correspond to the reprod uction numbers for the TB t ransmission model 

and the HIV transmission model respectively. Therefore, the basic r product ion 

number , Ro for the whol model is defined as 

(4.21) 
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where, 

and 

The following theorem is on the stability analysis of the DFE for the system 

( 4.1) 

Theorem 9. The equilibrium point E'{;H is locally asymptotically stable provided 

that R 0 < 1, and unstable when Ro > 1. 

Proof. Using Theorem 3, it is sufficient to show that the dynamical system ( 4.1) 

satisfies the conditions (A1) - (A5). 

Fi= 

v-
~ 

>..rS 0 

(S+Tr)>..s Av 

0 AH] + Ay]l 

0 . v+ = 
) 1, fJ1J1 + v1A 

0 y;,lTH + a1J1 

0 K,2Tc + a2J2 + >..rA 

0 

(>..s + J-li + 1)J 

(/31 + /-l1 + a1 + Ar )J1 

(fJ2 + J-t2 + a2) J2 

(J-t + y;,l)TH 

(J-tA + v1 + Ar )A 

(J-tc + v2)Ac 

( K,2 + J-l) Tc 

fJ2 J2 + v2Ac 

are always greater than or equal to ze-

ro, since all the parameter values are positive. 
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(A2) If the compartment is empty, then there are no infected individuals in the 

population. That is I = J1 = J2 = TH =A= Ac = Tc = 0. Therefore, 

(>,H + 1-LI + r)I 

((31 +I-Ll+ LXl + Ay )Jl 

((32 + J.L2 + a2 )J2 

v- = 
~ (p, + K,l)TH = 0. 

(J.LA + v1 + Ay )A 

(Me + v2)Ac 

( K,2 + P, )Tc 

(A3) This condition arises from the simple fact that the incidence of infection for 

uninfected compartment is zero. That is 

>..rS 

(S+Tr)>..H 

0 

0 

0 

0 

0 

= 0 fori> m . 

(A4) If the population is free of disease then the population will remain free of 

>..rS 

disease, thus if x E ElH , then Fi = 
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(S + Tr)>..H 

0 

0 

0 

0 

0 

= 0 for i > m ; and 



v+ = 
~ 

A~:~ I + A·r l1 

Pl Jl + li]A 
= 0, fori, = 1, ... , m. 

(A5) If F(x) is set to :t,Cro , that is there is no ucw infection, t hen all eigenvalues 

of J(E?;11 ) have negative real parts. 

The J acobian matrix evaluated at the disease-free equilibrium point is giv n 

by: 

- jl. p6 7" - oHCr·I - P4 0 0 - !h·CT 0 

0 p5 0 0 0'!'01' 0 0 OTC/' 0 

0 I p7 0 0 0 0 0 0 

0 0 0 pl p 2 0 (1 - t )e (1 - t )B 0 

J(E6fl) = 0 0 0 0 - P3 0 0 0 0 

0 0 0 /31 0 Ps 1/j 0 0 

0 0 0 0:1 0 1\;1 - (f.LA + 1/J) 0 0 

0 0 0 0 0:2 0 0 - (J.J.c + 1/2) 1\;2 

0 0 0 0 !32 0 0 //2 Pg 

where; 
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pl 6H CH + (1 - c) fJ - ((31 + J-L1 + o:1) 

p4 - 6rCr + 6HCH 

p 2 = 6rrCu + (1- c) B 

p3 - (32 + J-L2 + et2 

Ps -(pr + 1') + bTCT 

p6 - 6')'Cj' 

p7 - -(r + J-L ) 

Ps - - (J-L + KI} 

Pg - - (K2 + J-L ). 

The characteristic equation of the co-infection model is given by the follow-

ing: 

0 - (-r- {t - /\ )(-a2- (32- {L2- --\ )(- ,\ -1'- J-L I + bTCT)(- ,\ - J-L ) 

[--\ 2 + --\(K2 + J-L + J-Lc + v2) + K2 J-Lc + J-L(J-Lc + v2)] 

[--\3 + A 2[(PA + l/1 + f1 + Kl} - D] + 

--'[J-LA( J-L + KL} + {Ll/1 - 'D(J-LA + v1 + J-L + Kt)- (1 - c)eo:L] 

+ [- 'D((p + Kl) {t A + Vl J-L) - (1 - c)e(( J-L + Kl}et, + (31K1)]], 

where D = (6,,1C1,1 + (1 - c)e - ((31 + {t 1 +a t) ). 
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The factors in the characteristic equation gives the following eigenvalues 

Al - (r + M) < 0 

A'J. - (a2 + (3'2 + M2) < 0 

A3 - M < 0 

At~ - ('y + P,r) + 6TCT 

considering A4, 

6'1'C'J· 
n'J. < 1 ¢::? < 1 

/LJ +I 

¢::? b'l'CT < /LJ + 1 

thus A4 < 0. If R'J · > 1, then A4 > 0. 

For the remaining factors, we use Routh-Hurwitz stability criteria to deter­

mine the conditions under which the A's will have negative real parts. 

For the quadratic factor (A 2 +A ( K-2 + M + Me+ v2) + M(Mc + v2) + K-2/Lc), since 

all the model parameters are positive, it can be seen that all the coefficients 

of q uadraLic polynomial are positive, which means that Lhe A' s will have 

negative real parts. 

For the cubic factor 

[A3 + A2[(MA + v1 + M + r;,L)- D] + 

A[f.LA(M + K-t) + f.LIJJ- D(f.LA + V1 + M + r;, L)- (J - c)ea 1] 

+[-D((M + K-J)/LA + Vl f.L) - (1- c)B((M + r;,I)a l + ,81r;,1) ]], 

it was shown (see page 43) that the A' s will have negative real parts when-

ever R11 < 1. 

E6'11 is locally asymptotically stable if n'J' < 1 awl Ru < 1; thus t he 

diseases (TB and HIV) die out. Therefore, we can conclude that:· the disease 
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- free equilibrium point is locally asymptotically stable whenever R 0 < 1 

and unstable if either R r > 1 or R1-1 > 1. 

D 

Remark 3. If R 0 = max{RH , R :r} > 1, then we have the following 

i) If RH > 1 and Rr < 1, t hen the HIV is endemic and TB dies out . 

ii) If R 11 < 1 and R'J· > 1 , then the HlV dies out, while TB is endemic. . 

iii) If RH > 1 and R'J' > 1 , then the two diseases are endemic. 

Global stability analysis 

We noticed that , for the global st ability to be guaranteed , the condit ions (TH1) 

and (TH2) in Theorem 1 must be met , provided that Ro < 1. 

We must show that condit ion (TH1) llol<l, however (TH2) fails to hold. In The­

orem 7 we hav proved that for R 0 < 1, E6'J-J is locally asymptotically stable. 

Consider t he system (4.1) , X = (S, T'J') and Z = (! , J1, 1'2 , A , Ac, TH , Tc) , wi t h 

X E R~ and Z E R~ . The disease-free equilibrium is denoted by 

where 

For (T H1) , we have 

dX 

dt 

dZ 

dt 

') ' /-1 ( * ) E0 = Xn1 , 0, 0, 0, 0, 0, 0, 0 , 

G (X, Z) 
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where 

dZ 
- = G(X Z) = 
dt ' 

and , 

A:rS- (AH + /JJ + r )l 

AHS + AnTr + Av - (Pl + /J1 + a 1 + Ar)Jl 

AT-Tl + ArJ, - (/32 + M2 + a 2)J2 

P1 J1 + v1A - (JJ + "'1 )TJ-J 

"'1TH + a1J1 - (fJ,A + v1 + Ar )A 

K,2Tc + CY.2J2 + ArA - (P.c + v2)Ac 

P2J2 + v2Ac- ("'2 + JJ)Tc 

[

A + rTr - JJS1 
F (X , 0) = . 

- (JJ + r)Tr 

dX 
Since dt = F(X, 0) is a linear equation , x;.1_1 is globally stable. Hence (THl) 

holrls. 

For (TH2) , we have 

G (X, Z) = AZ - G (X, Z) , 

and , 

B2 0 !5rCr 0 0 !5rCr 0 

0 B, !5 ~/'Cr + (1 - c)B 0 (1 - c)B (1 - c)B 0 

0 0 - ((32 + /-l2 + 0:2) 0 0 0 0 

A = 0 f3 t 0 - (J-l + K 1) v, 0 0 

0 O: J 0 K 1 - (J-l A + v,) 0 0 

0 0 0 2 0 0 - ( J~c + v2) K:2 

0 0 f32 0 0 L/2 - (K,2 + ~l) 

whose off diagonal entries are non-negative, where 

8 1 6TC'l· + (1 - r: )fJ - (/31 + /JJ + a 1 ) 

82 5TCT- (JJI + r ) 

so that 
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- (/32 + /-t2 + a.2 )J2 

AZ = /3d l - (p, + "' t)T]'J + !ItA 

a.l J l + Kl TH - (p,A + 1/l)A 

a.2J2 - (J-tc + v2)Ac + 11-2T,, 

f32 J2 + v2Ac - (n,2 + p,)Tc 

where 8 5 = (5r-rCH + (1- E)B - (!3 J + a 1 + Mt)) J 1 + (5T0r + (1 - c)e) J2 + (1 -

c) BA + (1 - c) BAc. 

We get 

G (X, Z) o-~ AZ - G (X, Z ) , 

61 (X, Z) bTCT(J + J2 + Ac) [1 -1rJ 
6 2 (X, Z) · l cl + J, ) J o'I'Cr J2 + N (S + T1·) 

63 (X, Z) -(/\f-IJ + A·rJ1 ) 

G(X, Z)= 6 4 (X, Z) 0 

65 (X, Z) ATA 

66 (X, Z) - >..:rA 

67 (X, Z) 0 

Thus 63 (X, Z) < 0 and 66 (X, Z) < 0 and this implies that G (X, Z) is not 

greater than or equal to zero. (TH2) in Theorem 1 is not satisfied, and thus Eg·u 

may not be globally asymptotically stable. 

For any infectious disease, one of the most important concerns is its ability to 

invade a population. This can be expressed by a threshold parameter R
0

. The 

infected individual in its entire period of infectivity will produce less t han one 

infected individual on average if R o < 1. The discas<~-frcc equilibrium point is 

locally asymptotically stable. This shows that the disease will be wiped out of 

the population. 
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Chapter 5 

Quantitative analysis of the 

models 

In this chapter , we use the fourth order Runge-Kutta method to provide nu­

merical solutions to our systems of ODEs. More generally, we use MATLAB to 

perform various numerical simulations to demonstrate agreement of t he numer­

ical results with the theoretical results derived in Chapter 4. The values of the 

parameters that we use mostly come from literature. 

The phase portraits in this chapter , demonstrate how t he trajectories behave de­

pending on the init ial conditions. 

We consider parameter values in Tables 5.1 and 5.2 with a total initial pop­

ulation of N0 = 500. Some of the parameters were not available, therefore we 

assumed them and obtained the rest from the papers we reviewed . The table 

below shows the set of parameter values which were used. 
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Table 5 .1: Values of parameters used in t h e TB, H IV and HIV /TB models 

Parameter Definition Value Source 

Jl Nat ural death rate 1/70 [7] 

dT Death rate due to TB 0.1 [27] 

T Rate at which TB recovered individualt> become 3 [27] 

susceptible to TB 

' Treatment rate of active TB individuals 1 [27] 

A Contact recruitment rate into susceptible 0.4 X 500 [33] 

c1' Per capita contact rate for TB 50 [27] 

5'1 ' Probabili ty of transmission of TB infection from 0.2 [27] 

an active to a sut>cept ible per contact rate 

dH Death rate due to HIV 0.2 [27] 

dA Death rate due to AIDS 0. 5 [27] 

Lll The rate at which AIDS patients get treatment 0.1 [33] 

kl The rate at which HIV individuals developed 0.08 [33] 

AIDS 

(l; l Per-capita AIDS progression rate 0.1 [27] 

f The fraction of newborns infected with HIV 0.2 [33] 

e The rate of newborns infected with HIV 0. 3 [33] 

f31 HIV treatment rate 0.1 Assumed 

CH Per capita contact rate for HIV 4 [27] 

5n Probability of transmission of HIV infection 0.1 [27] 

from an active to a susceptible per contact rate 

5.1 Simulation for TB-only model 

In this section, we conduct sensitivity analysis and illustrate the behavior of our 

model with graphs. Sensitivity is defined as a way of quant ify ing how a smaLl 

change in parameters used in a model affect s state variables over t ime [2] . It 
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is thus important in determining how easily affected the equilibrium is by smal­

l changes in parameters [24]. Sensitivity analysis is conducted to determine the 

parameter::; or changes in the model structu re that have tbe most impact 011 mod-

el outputs. It is therefore helping in identifying components of the system that 

should be targeted for possible control measures. In this analysis, we will fo cus 

on on ly one parameter at a time. 

. . . . fJR 'l' Pi 
sensitivity mdex = ~- n 

UP·i 1\..T 

where 

6'l'Cr 
R 'T = and 

p,+d'1' +1 
P.i (where i = 1, 2, 3, 4, 5) represents each parameter in R 'J'. i.e. , p1 = 15'1' ; p2 = Cr; 

p3 = p,; p4 = d'l' and P5 = T 

aRT cT 
oCr ·nT 

CT 6r(p, + dT + 1 ) 
p, + d·J' + 1 6:1'CJ' 

1; 

67.' CT(M + dT + 1) 
l.l + d; · + 1 6TCT 

= 1; 

6rCr p,(J.L + dr + 1) 
(;t + dr + 1')2 · 6TCr 

- (p,+dT +f') 

- - 0.0128; 

I 
oRr. _I!_ I = 0.0128; 

therefore, fJp, RT 
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brCr 5r(J-l + dr + 1) 
(J-l + dr + 1)2 · brCr 

(J-l + dr + 1) 

- 0.0897, 

. 18R r dr I therefore -
8 

· .-· = 0.0897; 
dr R r 

8R T I 
----a, ·nr 

therefore - ,- .- = 0.8974. . 18RT I I 
8{ RT 

bTCT !(J-l + dT +I) 
(p, + dT + 1)2. brCT 

_, 
({[+dT+I) 

- 0.8974 , 

Therefore, obscrviug from the calculations, the parameters that can be controllccl., 

affecting the reproduction number by small changes are 51' and 1 . Other param­

eters, for example J-l or dT their changes in the model structure have less impact 

on model outputs. OJ' which is the contact rate for TB has more im]Jact, however 

it can not be controlled. Hence, these two parameters b'r and 1 have the highest 

sensit ivity indices in magnit ude. Therefore they have biggest impact on the basic 

rcprod uct iou uurn bc:r , alld thus a slight ch angc in any of them is expected to 

considerably change the overall behavior of the system. Hence we will vary them 

for our sensitivity analysis. 

We consider parameter values in Table 5.1 and initial total population to be 

No = 500 divided as follows, So = 350, Io = 150 and T7'o = 0 to produce various 

graphs. 
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The positive endemic equilibrium point was shown to exist and to be locally 

asymptot ically stable whenever RT > 1, (see Theorem 5) . Substituting t h 

pctu1mctcr values as in Table 5.1 iuto the basic rcproductiou number, we get R T = 

8. 97 4 > 1, establishing that TB persists in the population. In this case, as time 

evolves, the populat ion approaches a fixed point (S*, I* , Tj. ) = ( 411 , 14 73, 1808). 

We see in Figures 5. 1 and 5.2 that the curves approach the endemic equ ilibrium 

point . Hence, the numerical results are in agreement with the result s obtained 

from qualitative analysis. 
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5 1. Dynamics of population in different classes , correspondino to the param-

Figure . · 0 

eter values as in Table 5·1. 
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F igure 5.2: A phase port rait for the TB-only model, in a case where the disease 

persists, the parameter values used are as in Table 5.1. 

vVe have proven that the DFE for the TB-only model is locally and globally 

asymptotically stable whenever R T < 1 (see Theorems 5 and 6). 1 and Sr have 

the highest sensit ivity indices in magnit ude, therefore t he biggest impact on t he 

basic reproduction number, and therefore a slight change in any of them is x­

p cted to considerably change the overall behavior of the system. Hence we will 

vary them for our ~cnsi t i vity analysis. 

If we increase treatment rate for TB, for example r = 12, compared to t he value 

1 
= 1 uscd in a previous graphs (sec Figures 5.1 and 5.2), we get n1. = O. S2u < 1. 

The solutions are approaching the fixed point ( ~ ' 0, 0) as given in Theorem 5, 

which is (14ooo, 0, O) as illustrated in Figures 5.3 and 5.4. Hence, the numerical 

resul ts are in agreement with the results obtained from quali tat ive results . 
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Figure 5 .3: Solution trajectory corresponding to 1 = 12, and all the other parameters 

as in Table 5.1. 

Figure 5.3 is the graph of infected TB individuals only (TB-only model) a­

gainst time. It is observed tha.t the number of infected TB individuals decrease 

as the TB treatment parameter increases. This means, the TB can be eradicat ed 

completely in the population at t = 310 years . 
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Figure 5.4: A phase portrait of the TB-only model, when the disease dies out ( corre­

sponding to 'Y = 12, and all the other parameters as in Table 5. 1). 

vVe also see in Figure 5.5 that if the probability of transmission of TB infection 

from an active to susceptible rate is decreased, for example 6T = 0.01 , compared 

t o the value 6T = 0.2 used in a previous graph (see Figure 5. 1) t hen the HIV 
' 

AIDS and Treat ed populations decrease, reducing the basic reproduction number 

to RJ-J = 0.4487 < 1. The solutions are approaching a fixed point (14000 , 0, 0, O) 

as presented ill Figures 5.5 a11d 5.G. 
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F igure 5.5: Solution trajectory corresponding to 5r = 0.01 , and all the other param-

eters as in Table 5.1 

Figure 5.5 is the graph of infected TB individuals only (TB-only model) against 

time. It is observed that t he number of infect ed TB individuals decrease as the 

probability of transmission of TB infections parameter decreases. This means, 

the TB can be eradicated complet ely in the population at t = 350 years. 
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Figure 5.6: A phase portrait of the TB-only model, corresponding to 8 = 0.01 , and 

all the other parameters as in Table 5.1. 

5.2 Simulation for HIV-only model 

We consider parameter values in Table 5. 1, to produce various graphs and the 

initial total population as No = 500 divided as follows S0 = 350, ] 10 = 150, 

Ao = 0 and THo = 0. 

The posit ive endemic equilibrium point was shown to exist and to be locally 

asymptotically stable whenever RH > 1, (see Theorem 7). Substit ut ing t he 

parameter values a· in Table 5. 1 into the basic reproduction number , we get 

RH = 8.8406 > 1, es tablishing t hat HIV persi ts in the population (s e Fig­

ure 5.7 below). In this case, as t ime evolves, t he population approaches a fixed 

point (S* , J{, A*, T;,) = (742, 2093 , 731 , 2999). Vk sec in Figures 5.7, 5.8 and 5.9 

t hat from the curves, the variables in t he model approach t he endemic equilib­

rium point. Hence, the numerical results are in agreement wi th finding:-; from 

qu ali tat ive analysis . 
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Figure 5 . 7: Dynamics of population in different classes, corresponding to the par am-

eter values as in Table 5.1. 
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Figure 5.9 : A phase portrait of the HIV-only model, corresponding to the parameter 

values as in Table 5.1. 

vVe have proven that the DFE of HIV-only model is locally and globally asymp­

totically stable whenever RH < 1 (see Theorem 7 and 8). The number of infected 

individuals in the population is dependent on the values of ,Bt and r5n , hence we 

will use various values for each of them for our sensitivity analysis. 

If w increase the treatment rate to f3r = 0. 7, then we get RH = 0. 8701 which 

implies that the disease-free eq uili bri urn is stable aud hence t he disease is expect­

ed to die out (see Figure 5. 10) . The solu t ions are approaching the stable fixed 

point ( ~ , O, 0, 0) as indicated in Theorem 7, which is (14000, 0, 0, 0) as present­

ed in Figures 5.10, 5.11 and 5.12. Figures 5.11 and 5. 12 indicate t he stabi lity of 

the disease-free equilibrium. Hence, the numerical results are in agr ement with 

findings from qualitative analysis. 
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Figure 5 .10: Solution t rajectory for (31 = 0.7, and all the other parameters as in Table 

5.1 

It can be seen that when fJ1 increases, the susceptible populat ion increases. 

While the susceptible population increases, the tr ated, HIV and AIDS popula­

tions decrease to zero, reaching its equilibrium point. T his can be explained by 

ARV treatment and its effect in prolonging t he life span. 
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Figure 5.11: A phase portrait of the HIV-only model, corresponding to j3 1 = 0.7, and 

all the other parameters as in Table 5. 1. 
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If the probability of transmission of HIV infection from an active to suscept ible 

goes down to 8H = 0.01 , then t he basic reproduction number decreases to R1-1 = 

0.442. The solu t ions arc approaching the stable fixed point (1 4000 , 0, O, O) as 

present in Figure 5.1 3. Hence, the numerical results are in agreem nt wit h findings 

from qualitative analysis. 
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Figure 5.13: Solution trajectory corresponding to 5H = 0.01, and all other parameters 

as in Table 5.1. 

It can be verified that with decrease in 5H , the susceptible popula tion increas-

es , while the HIV, AIDS and treatment population decrease with t ime until 

they reach the equilibrium values. Ther fore, it can b e concluded that in order 

t o reduce the spread of HIV / AIDS, unsafe sexual interaction with an infect ive 

individuals should be minimized . 
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Figure 5.14: A phase portrait of the HIV-only model, corresponding to 51-1 = 0.01 , 

and all other parameters as in Table 5. 1. 
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5.3 Simulation for HIV /TB model 

We consider parameter values in Tables 5.1 and 5.2, and an initi al total population 

of N0 = 500. 

Table 5.2: Values of parameters used in the HIV /TB co-infection model 

Parameter Definition Value Source 

a2 Per-capita AIDS progression rate 0.2 [27] 

dH'J ' Death rate due to TB and HIV 0.24 [3] 

""2 
The rate at which AIDS with TB recovered in- 0.3 Assumed 

dividuals delelop AIDS and TB 

d AT Death rate due to AIDS and TB 0.5 Assumed 

1/2 The rate at which AIDS with TB recovered get 0.1 Assumed 

treatment 

(32 The rate at which patients with both HIV and 0.3 [3] 

TB get treatment 

vVe consider parameter values in Tables 5.1 and 5.2 , with the ini tial population 

of No = 500 divided as follows: So = 150, Io = 100, T'l'o = 0, J10 = 100, ],20 = 50, 

THo = 0, Ao = 50, Ac0 = 50 and Teo = 0 to produce graphs. 

Substituting the parameter values as in Table 5.1 and Table 5.2 into the basic 

reproduction uumbcr R o, we get RH = 4.420 aw l R :r = 8.974, therefore 

Ro = max{RH , R :r} = 8.974 > 1, both RH , R ·r are greater than one, this 

establishes that the two diseases are endemic (see Figure 5.16 ), i.e., t he solu tions 

are approachin g the fixed point E:;,H where S* = 199, T* = 1096, ]"{:. = 359, 

J~ = 19, J~ = 225 , T'ft = 22,A* = 1, A~= 217, T; = 284. We see in Figures 5. 16, 

5.17, 5.18, 5.19, 5.20 and 5.21 that from the curve, the solution approaches the 

endemic equilibrium point . Hence, the numerical results are in agreement with 

findings from quali tative analysis. 
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Figure 5.16: Dynamics of population in different classes, corresponding to the pa­

rameter values as in Table 5.1 and 5.2. 

It can be observed that for any starting init ial values, the solutions curves tend to 

the endemic equilibrium point . Hence, it can be concluded that the system ( 4.12) 

is globally stable about its endemic point for the parameters given in Tables 5.1 

and 5.2. 
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Figure 5.17: A phase portrait illustrating t he behavior of solution towards the en­
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the parameter values as in Tables 5.1 and 5.2 . 
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Figure 5.18: A phase portrait illustrating the behavior of solution towards the en­

demic equilibrium of population of Susceptible vs Infected with AIDS , corresponding 

to the parameter values as in Tables 5.1 and 5.2. 
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F igure 5.19: A phase portrait illustrating the behavior of solution towards the en­

demic equilibrium of population of Susceptible vs Infected with HIV, corresponding to 

the parameter values as in Tables 5.1 and 5.2. 
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Figure 5.20: A phase portrait illustrating the behavior of solution towards the endem­

ic equilibrium of population of Susceptible vs Infected with TB and HIV, corresponding 

to t he parameter values as in Tables 5.1 and 5.2. 
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Figure 5.21: A phase portrait illustrating the behavior of solution towards the en­

demic equilibrium of population of Susceptible vs Infected with TB and AIDS , corre­

sponding to the parameter values as in Tables 5.1 and 5.2. 

Now, if the probability of transmission of TB infection from an infective to suscep­

t ible is decreased, i.e., for example fJT = 0.01, we get R H = 4.420 and RT = 0.449, 

therefore R o = max{RH, R T} = 4.420 > 1, which implies t hat HIV is expected 

to persist in the population while TB is expected to die out. The solutions are 

approaching a fixed point EfH, where S* = 1529, I* = 0, Tr = 0, 1! = 1958, 

12 = 0, Tj{ = 2800, A* = 683, A~ = 0, r; = 0, which coincides with E'H as 

illustrated in Figures 5.22, 5.23, 5.24, 5.25, 5.26 and 5.27. Hence, the numerical 

results are in agreement with findings from qualitative analysis. 
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Figure 5.22: Solut ion t rajectory corresponding to 5r = 0.01 , and all other parameters 

as in Tables 5.1 and 5.2. 

Figure 5. 22 shows the effect of probability transmission of TB infection br in 

HIV / TB co-infected individuals against time, wit h RH = 4.420 and Rr = 0.449, 

and t hus wit h Ro = max{RH, R r } = 4.420. It is observed t hat t he number indi­

viduals infected with TB only, infected wit h TB and HIV, as well as infected with 

TB and AIDS decrease to zero as probability of t ransmission decrease. However , 

individuals infected with HIV and AIDS remains in the population. 
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Figure 5.23: A phase portrait illustrating the behavior of solution towards the en­

demic equilibrium of population of Susceptible vs Infected with TB, corresponding to 

8r = 0.01 , and all other parameters as in Tables 5. 1 and 5.2. 
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Figure 5 .24: A phase portrait illustrating the behavior of solution towards the en­

demic equilibrium of population of Susceptible vs Infected with AIDS, corresponding 

to OT = 0.01, and all other parameters as in Tables 5. 1 and 5.2. 
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F igure 5.25: A phase portrait illustrating the behavior of solution towards the en­

demic equilibrium of population of Susceptible vs Infected with HIV, corresponding to 

8r = 0.01 , and all other parameters as in Tables 5.1 and 5.2. 
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Figure 5.26: A phase portrait illustrating the behavior of solution towards the endem­

ic equilibrium of population of Susceptible vs Infected with TB and HIV, corresponding 

to tSr = 0.01, and all other parameters as in Tables 5.1 and 5.2. 
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Figure 5.27: A phase portrait illustrating the behavior of solut ion towards the en­

demic equilibrium of population of Susceptible vs Infected with TB and AIDS , corre­

sponding to 8r = 0.01 , and all other parameters as in Tables 5.1 and 5.2. 

If the probability of transmission of HIV infection from an infective to susceptible 

is decreased, i.e., for example 8H = 0.01 , we get RH = 0.442 and R r = 8.974, 

therefore R 0 = max{RH, R ,T} = 8.974 > 1, which implies t hat TB is expected 

to persist in the population while HIV is expected to die out . The solutions are 

approaching the stable fixed point EJ:H where S* = 275, I * = 1647, T,Y = 547, 

J{ = 0, J?_ = 0, TJr = 0, A* = 0, A~ = 0, T; = 0 as present Figures 5.28, 5.29, 

5.30, 5.31, 5.32 and 5.33. Hence, the numerical results are in agreement with 

findings from qualitative analysis. 
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Figure 5.28: Solution trajectory corresponding to 8H = 0.01 , and all other parameters 

as in Tables 5.1 and 5.2. 

Figure 5.28 shows the effect of probability of transmission of HIV infection 

8H in HIV /TB co-infected individuals against time, with RH = 0.442 and R r = 

8.974, and thus R 0 = max{RH, Rr} = 8.974 . It is observed that the number 

individuals infected with HIV only, AIDS only, infected with HIV and TB, as well 

as infected with TB and AIDS decrease to zero as probability of transmission of 

HIV decrease. However , individuals infected with TB remains in the population. 
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Figure 5.29: A phase portrait illustrating the behavior of solution towards the en-

demic equilibrium of population of Susceptible vs Infected with TB, corresponding to 

8H = 0.01 , and all other parameters as in Tables 5.1 and 5.2. 
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Figure 5.30: A phase portrait illustrating the behavior of solution towards the en­

demic equilibrium of population of Susceptible vs Infected with AIDS , corresponding 

to 8H = 0.01, and all other parameters as in Tables 5.1 and 5.2. 
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Figure 5.31: A phase portrait illustrating the behavior of solution towards the en­

demic equilibrium of population of Susceptible vs Infected with HIV, corresponding to 

5H = 0.01 , and all other parameters as in Tables 5.1 and 5.2. 
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Figure 5.32: A phase portrait illustrating the behavior of solution towards the endem­

ic equilibrium of population of Susceptible vs Infected with TB and HIV, corresponding 

to 8H = 0.01, and all other parameters as in Tables 5.1 and 5.2. 
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Figure 5.33: A phase portrait illustrating the behavior of solution towards the en­

demic equilibrium of population of Susceptible vs Infected with TB and AIDS, corre­

sponding to or = 0.01 , and all other parameters as in Tables 5.1 and 5.2. 

If we decrease the probability of transmission of both TB and HIV infection 
' 

i. e., for example fm 0.01 and br = 0.01 , we get RH = 0.442 and R r = 

0.449; therefore R o - max{RH, R r } = 0.449 < 1. The solut ions are ap-

proaching the stable fixed point Efs, where (S*, I* , T,; , J{ , J;, T1I , A* , A~, r ; ) = 

(14000, 0, 0, 0, O, 0, 0, 0, 0) as presented in the following Figures 5.34, 5.35, 5.36, 

5.37, 5.38 and 5.39, which mean the DFE is stable. Hence, the numerical results 

are in agreement wit h findings from qualitative analysis. 
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F igure 5.34: Solution t rajectory corresponding to 8H = 0.01 and 8r = 0.01 , and all 

t he other parameter as in Tables 5.1 and 5.2. 

Figure 5.34 shows t he effects of probability of transmission of HIV and TB 

infection bH = 0.01 and br = 0.01 of HIV / TB co-infected individuals against 

t ime. It is observed that t he infected number of TB, HIV / AIDS and HIV /TB 

co-infected individuals decreases as the TB and HIV probability of transmission 

parameters br and bH respectively decreases and brought down the number of 

HIV / TB infected individuals to zero. This means the HIV / TB co-infection can 

be eradicated completely in the population. 

99 



250 ,-----.-----.------.-----.-----,,-----,-----, 

0) 200 
1-
.r::. -"§: 
UJ 
Q) 
> 150 :g 
~ c: -0 
c: 100 
0 

:;::::; 
Ill 
"5 
a. 
0 a.. 50 

4000 6000 8000 1 0000 12000 14000 

Population of Susceptibles 

Figure 5.35: A phase portrait illustrating the behavior of solution towards the en­

demic equilibrium of population of Susceptible vs Infected with TB , corresponding to 

8r = 0.01 , 8H = 0.01 and all other parameters as in Tables 5.1 and 5.2. 
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Figure 5.36: A phase portrait illustrating the behavior of solution towards the en­

demic equilibrium of population of Susceptible vs Infected with AIDS , corresponding 

to 8T = 0.01 , 8H = 0.01 and all other parameters as in Tables 5.1 and 5.2. 
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Figure 5.37: A phase portrait illustrating the behavior of solution towards the en­

demic equilibrium of population of Susceptible vs Infected with HIV, corresponding to 

8r = 0.01 , 8H = 0.01 and all other parameters as in Tables 5.1 and 5.2. 
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Figure 5.38: A phase portrait illustrating the behavior of solution towards the endem­

ic equilibrium of population of Susceptible vs Infected with TB and HIV, corresponding 

to 8r = 0.01 , 8H = 0.01 and all other parameters as in Tables 5.1 and 5.2. 
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Figure 5.39: A phase portrait illustrating the behavior of solution towards the en­

demic equilibrium of population of Susceptible vs Infected with TB and AIDS , corre­

sponding to 8r = 0.01 , 8s = 0.01 and all the other parameters as in Tables 5.1 and 

5.2. 

If we increase the treatment rate for both TB and HIV i.e., for example 

ry = 12 and j3 = 0.7 we get R s = 0.870 and R r = 0.825 , therefore R o = 

max{R s, R r} = 0.870 < 1 , and the solutions are approaching the stable fixed 

point which is (S*,I* , T,;. , J{ , J2,Ts,A*,A~,T;) = (14000,0,0,0,0,0, 0, 0, 0) as 

presented in Figure 5.40. Hence, the numerical results are in agreement with 

finding from qualitative analysis . 
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F igure 5.40: Solution trajectory corresponding to 'Y = 12, f3 = 0.7, and all the other 

parameters as in Tables 5.1 and 5.2. 

Figure 5.40 shows the effect of treatment for HIV ITB co-infected individuals 

against time. It is observed that t he number of TB, HIV I AIDS and HIV ITB 

co-infected individuals decreases as the TB and HIV t reatment parameters 'Y 

and (3 respectively increases and brought down the number of HIV ITB infected 

individuals to zero at high HIV and TB t reatment rates. This means the HIV ITB 

co-infection can be eradicated completely in the population. 

5.4 Disscussion and concluding remarks 

In this section, we provide discussion on the t hree models, i.e., TB-only model, 

HIV-only model and HIV I AIDS and TB co-infect ion model. From simulations, 

we noticed that an increase of treatment rates for all the models, leads to the basic 

reproduction number less than unity (see Figures 5.3, 5. 10 and 5.40) . This shows 

that , TB and HIV I AIDS can possibly be reduced through proper t reatment and 

reduce the rate of progression of HIV infected individuals to AIDS. It is t herefore 
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of utmost important that the treatment parameters 1 and /31 be significantly in­

creased. In addition, a greater reduction in the probability of transmission rates 

br and bfl also ne d to be ensured to get Rr, Rfl and R 0 less than 1. 

According to, [22], TB will be eradicated from the population if approximately 

above 90% of people are recovered due to effective treatment. An increase in 

the recovery rate , the TB infected population decreases which in t urn increases 

the susceptible population. In addition, it was shown in [22] that, an increase in 

the t reatment rate for HIV population, decreases the HIV infected population, 

which decreases the full blown AIDS population. Furthermore, it was established 

in [22] that, the number of HIV individuals in population increases rapidly due 

to presence of another disease that is TB. The author further concluded that, if 

TB in the population is effectively treated, the spread of HIV can be slowed down. 

In addit ion, it was established in [11] that, the rates of transmission of both 

HIV and TB should be decreased, as an increase causes a rise in the number 

of infectives at the equilibrium level. Furthermore, it was shown in [11] t hat, 

when both the reproduction numbers Rr and RH are greater than one, then 

there is a possibility of stability of co-infection equilibrium. The author ([11]) 

observed that, whenevu the co-infection equilibrium exists, it is always locally 

asymptotically stable and in this case the other equilibrium become unstable. 

That means for Rr > 1, RH > 1, both the diseases will exist. 
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Chapter 6 

Conclusion 

In this mini-thesis, we developed a new mathematical model for the dynamics 

of HIV jTB co-infection in a population that incorporate treatment and vertical 

transmission. Both qualitative and quantitative analysis of the model was done. 

The disease free equilibrium points for the models, were obtained and their stabil­

ities were di cussed. The endemic equilibrium points of TB and HIV only model 

were obtained from the qualitative analysis. However, the endemic equilibrium 

point of the co-infection model could not be obtained analytically. Local and 

global stability of the disease-free equilibrium of each model were discu ed. The 

basic reproduction numbers of each model were obtained and discussed. It is 

noted that when R r < 1 and RH < 1, both diseases die out. However, if R r > 1 

and J?H > 1, then the co-infection is maintained in the population. 

Numerical results revealed that, an increase in the treatment rate of all mod­

els, leads to the decrease of the population of infectives. In addition, decrea ing 

the probability of transmission rate of both HIV and TB infection from an ac­

tive to susceptible, leads to decrease in HIV /AIDS and TB infectives population. 

Thus for all models, TB-only model, HIV-only model and co-infection model ) 

we suggest treatment rates to be increased, as well as decrease of probability of 

transmission, by involving family members and community trained heaith work-
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ers to ensure that all TB and HIV /AIDS patients do take and complete their 

medication courses especially with TB patients. This way, it helps reduce TB 

spreads in our communities. Early detection of HIV and TB cases and provision 

of early treatments can reduce the rate of infection, reduce the-rate of progression 

of HIV infected individuals to AIDS and lower co-infection. 

We recommend strengthening the work of community health workers, to educate 

people in their communities the importance of taking their medication, that is, to 

ensure that TB and HIV patients do religiously take their medications to prevent 

resistance especially of TB, which is costly and take even takes even longer to 

treat. In this way, we will not only prevent , but also reduce the spread of HIV 

and TB in our communities. Therefore, a strong coordination between the na­

tional of TB and HIV control programs is required for the effective management 

of HIV /TB patients. 

For future work, the research will address a more detailed analysis by exploring 

the stability analysis of the endemic equilibrium point and the positivity of the 

endemic equilibrium point for HIV-only model, and HIV /TB co-infection model, 

as well as analyzing more sophisticated models such as models involving the 

impact of the lack of immunity after HIV treatment. 
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