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Abstract

In this mini thesis, we developed a new mathematical model for the dynamics of HIV/TB co-
infection in a population with treatment and vertical transmission. TB and HIV sub-models
are derived from the full model and analyzed separately. The aim was to use mathematical
modeling to find favorable conditions under which the diseases can be stopped from spreading
further in the population. The models are built with a motive to study the dynamic behavior
of the trajectories which has the potentials to guide TB and HIV control. The study used
the Routh-Hurwitz criteria to conclude on the stability of the system. The basic reproduction
numbers for TB (Ry) and HIV (Ry) are computed using the next generation matrix method,
and the basic reproduction number Ry = max{Rp, Ry} of the full model is also provided.
From the study, it was established that if Ry < 1 then the disease-free equilibrium is stable,
and the disease dies out; if Rp < 1 and Ry > 1, then the HIV is endemic and TB dies out;
however if Ry < 1 and Ry > 1, then TB is endemic and HIV dies out; in addition, if Ry > 1
and Ry > 1, the two diseases persist in the population. Sensitivity analysis of the basic re-
production number for TB-only model with respect to the model parameters was carried out.
Results from quantitative analysis revealed that, increasing treatment rate for both HIV and T-
B significantly reduces the values of the basic reproduction number. The study concluded that,
decreasing the probability rate of transmission of HIV/AIDS and TB leads to the decrease of
the population of infectives. Furthermore, by controlling the probability rate of transmission,
the spread of the disease can be reduced significantly. Effective treatment for TB breaks the
cycle of transmission. TB individuals must be identified and treated in order to reduce further

spread of TB in human population.

Keywords: Next-Generation matrix method, Basic reproduction number, Routh-Hurwitz cri-

teria, Disease-free equilibrium, Sensitivity analysis, HIV/TB co-infection.
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Chapter 1

Introduction

In this chapter, we present, the background of the HIV/TB co-infection and other
related models, followed by the statement of the problem, objectives of the study

and finally we layout the thesis organization.

1.1 Background of the study

Mathematical modeling of infectious diseases was initiated by Daniel Bernoul-
li in 1760 to model epidemics of infectious diseases, and computer simulations
have become useful in analyzing the spread and control of infectious diseases. In
1927 W. O. Kermack and A. W. McKendrick developed a simple mathematical
epidemic model for the transmission dynamics of viral and bacterial infectious

agents within the population of hosts [29].

Tuberculosis (TB) is a bacterial disease caused by Mycobacterium tuberculosis.
According to the World Health Organization (WHO) reports, TB remains one
of the top 10 deadly diseases of recent decades in the world [15]. It is transmit-
ted through the inhalation of droplets containing the bacillus, which typically
affects the lungs, but can affect other parts as well [27]. TB is a type of disease

which increases due to environmental factors such as open drainage of sewage in



residential areas or open water storage tanks [30]. WHO declared TB a global
emergency in 1993. The disease is responsible for many deaths in most parts of
the world, specifically among groups with a high prevalence rate of Human Im-
munodeficiency Virus (HIV) and those living in crowded conditions (see [26, 4]).

However, it is preventable and curable.

The 2018 WHO report shows that nearly a third of the worlds population is
infected with tuberculosis, with millions of deaths as well as millions of new cases
of infection each year. The report confirms that tuberculosis is one of the top 10
causes of death worldwide. For example in 2015, 10.4 million people contracted
TB and more than 1.5 million died from the disease, including 0.4 million among
people with HIV [15].

Highly contagious, COVID-19 is caused by severe acute respiratory syndrome
coronavirus 2 (SARS-CoV-2) and has been proven to spread easily when cold
winter conditions are met. COVID-19 mostly kills people with pre-existing dis-

eases such as diabetes, high blood pressure, tuberculosis and also HIV [13].

Acquired Immunodeficiency Syndrome (AIDS), which is caused by HIV, is a pan-
demic that has accounted for over 30 million deaths since the first reported death
in 1981. The estimated number of persons living with HIV worldwide in 2008
was 33.4 millions, and the number of newly infected with HIV in 2008 was 2.7

million [32].

Co-infection of TB and HIV is when someone has both HIV and TB infection-
s. When someone has HIV and TB, HIV infection accelerates the activation of
tuberculosis, and tuberculosis increases the rate at which HIV infection develops

into AIDS. Globally, one-third of the 34 million people living with HIV are in-

fected with TB [20].



According to the WHO, HIV and TB are the first and second cause of death
from a single infectious agent, respectively [35]. HIV infection is the most power-
ful risk factor for progression from TB infection to disease [10]. As HIV infection
progresses, immunity declines and patients tend to become more susceptible to
common or even rare infections. Therefore, individuals infected with HIV are
more likely to develop TB because of their immunodeficiency. In 2012, 1.1 mil-
lion of 8.6 million people who developed TB worldwide were HIV-positive [35].
This acceleration may result in higher levels of infection and rapid HIV progres-
sion to the AIDS stage. In 2014, about 400000 people who had both TB and HIV
were estimated to have died, whereas 1.1 million people died due to TB alone

and 80000 deaths were recorded from HIV alone [36].

Diseases can be transmitted in different ways, some of which can be classified as
either horizontal or vertical [33]. Vertical transmission of HIV results from direct
transfer of the disease from an infected mother to an unborn or newborn offspring.
Makinde et al. [33] further added that, vertical transmission of HIV can occur
during pregnancy, delivery or breastfeeding, and is influenced by many factors,
including maternal viral load and the type of delivery, while TB is transmitted

through the inhalation of droplets containing the bacillus.

Namibia faces a high burden of TB and HIV-infection. HIV associated tubercu-
losis in Namibia has actuated around 58% over the past five years. It was 59% in
2008 and 58% in 2009, as reported in [19]. In addition, in 2011, 50% of the TB
patients were co-infected with HIV. While all patients co-infected with TB and
HIV are eligible for antiretroviral treatment (ART), only 54% were reported to
have received ART according to national data [19]. However, in 2012 an estimated

13% of the 8.6 million new TB patients worldwide were co-infected with HIV [31].

In 2013, Namibia was ranked fourth in the world in terms of high number of cases

4



per population TB incidence, after Swaziland, Lesotho and South Africa. In the
2008/2009 Ministry of Health and Social Services Annual Report, the Erongo
region, along with Khomas, Ohangwena and Kavango, had the highest numbers
of TB cases in the country, while Walvis Bay and Swakopmund towns hosted the
highest numbers of TB patients [8]. TB is one of the most common opportunistic
infections observed in patients already infected with HIV and one of the earliest
to appear [19]. In addition, it was reported at the end of 2019 that 200 000
Namibians are living with HIV [23]. In 2016, Namibia had 230 000 people living
with HIV and 9154 new TB cases, including 4310 (38%) co-infected cases [28)].

The negative impact of the synergetic interaction between TB and HIV has caused
worldwide concern. However, only few mathematical models have been used to
explore the consequences of their joint dynamics at the population level [27]. Ex-

amples of HIV/TB mathematical models can be found in ([9, 12, 27]).

The specific aims of this study are to determine the conditions under which
HIV/TB co-infection epidemic will cease or occur by carefully analyzing the cal-

culated reproduction number.

1.2 Statement of the problem

TB and HIV each has its own way of operating in the human system. Feng et
al. [27] studied a TB/HIV co-infection model without considering the effect of
vertical transmission and treatment. Furthermore, models for HIV/AIDS (only)
infection, taking into account the effect of vertical transmission and treatment
have been studied by Golarin [12] and by Kgosimore and Lungu [16]. However,
the dynamics of a TB/HIV co-infection model with vertical transmission and in
the presence of treatment, to the best of our knowledge, have not been explored
before. People who are infected with both diseases suffer most, as these diseases

can lead to huge epidemic, which might in turn lead to a big loss of population.



Therefore, our purpose is to use mathematical modeling to find conditions under
which the diseases can be stopped from spreading further in the population,

taking into account vertical transmission and treatment.

1.3 Objectives of the study

The main goal of this study is to analyze a TB/HIV co-infection model with

vertical transmission and treatment. The specific objectives are:

a) to derive a simplified deterministic model, and check if it is well-posed with

positive solutions;

b) to determine the equilibrium point(s) ( for disease-free, HIV-free, TB-free

and TB/HIV endemic) and to perform local and global stability analysis;
c¢) to compute the basic reproduction number of the model;

d) to conduct sensitivity analysis of the equilibrium points (as well as the

reproduction number(s)) with respect to the parameters of the model;

e) to present numerical solutions of the plausible model.

1.4 Thesis organisation

This mini-thesis is organized as follows: The next chapter, which is the second
chapter presents the literature review pertaining to HIV/TB co-infection and
mathematical model is given. Third chapter presents preliminaries on mathemat-
ical analysis, where the definitions, prior results and notations are provided. The
fourth chapter presents the formulation of the HIV and TB co-infection model,
as well as the TB and HIV sub-models and the co-infection model, with analysis.
In chapter five, we conduct quantitative analysis of TB and HIV sub-models,
as well as the HIV/TB co-infection model and finally we present summary and

concluding remarks. -



Chapter 2

Literature Review

In this chapter, we present the literature review pertaining to HIV/TB co-infection

model as well as other related models.

A large volume of great work has been done in the mathematical modelling of
HIV/TB co-infection. In 2009, Roeger et al. [27] developed a mathematical mod-
el of HIV/TB co-infection. They computed independent reproduction numbers
for TB (R;) and HIV (R,) and the overall reproduction number for the system,
R = max{R;, R»}. They concluded that, if R < 1, the disease-free equilibrium is
locally asymptotically stable, the HIV-free equilibrium with only TB present is
stable if By > 1 and Ry < 1. The TB-free equilibrium will not be stable if R; < 1
and Ry, > 1, thus the co-existence of both diseases is possible when Ry < 1 and

R2>1.

Moreover, an extension of HIV/TB co-infection was further addressed by Bolari
in 2016 [12], who developed and analyzed a mathematical model of HIV/TB co-
infection. He concluded that, whenever HIV is present, the patient may likely
be infected with TB if proper and timely care is not given. He finally stated
that early detection of HIV and TB cases and provision of early treatment can

help to control the diseases. Furthermore, Carla [25] addressed the idea of in-



teger order and fractional order versions of an HIV and TB co-infection model.
The reproduction number was computed and the stability analysis conducted for
the integer order model. The results unraveled new types of transients and an
interesting fact, namely, the order of the fractional derivative might be seen as
a bifurcation parameter for the model. Carla et al. [25] then concluded that the
dynamics of integer and fractional order versions of the model are very rich and

that together these versions may provide a better understanding of the dynamics

of HIV and TB co-infection.

West and Thompson [34] developed models which reflect the transmission dynam-
ics of both TB and HIV, and discussed the magnitude and duration of the effect
that the HIV epidemic may have on TB. They found the effect that HIV will
have on the general population to be dependent on the contact structure between
the general population and the HIV risk groups, as well as a possible shift in the
dynamics associated with TB transmission. A simulation model as studied in
[26] predicts the effects of HIV on TB outbreaks. This simulation revealed that
HIV epidemic can significantly increase the frequency and severity of TB out-
breaks. However, the amplification effect of HIV can be substantially reduced by
extremely high TB treatments rates. It was suggested therein that WHO should
significantly increase their target treatment levels for TB in countries with high
TB and HIV burden. They strongly advocated for controlling TB epidemic in
developing countries with severe HIV through chemoprophylaxis treatment and

through treatment of HIV infected individuals.

Ghosh et al. [11] used a deterministic non-linear mathematical model to deter-
mine the effect of screening and treatment on the transmission dynamics of HIV
and TB co-infection. Qualitative analysis and simulation results showed that
screening with proper counseling of HIV infectives caused a significant reduction

in the progression of HIV to AIDS. Similarly, TB screening resulted in the reduc-
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tion of TB infection prevalence. They suggested that effective control measures

that put screening with proper counseling into account must be taken.

Goufo [15] presented the modeling analysis and simulation of a mathematical
model of TB transmission in a population incorporating several factors and study
their impact on the disease dynamics. The spread of TB is modeled by eight com-
partments including different groups, which are too often not taken into account
in the projections of tuberculosis incidence. The rigorous mathematical analysis
of this model is provided, the basic reproduction number is obtained and used
for TB dynamics control. The results obtained show that lost to follow-up and
transferred individuals constitute a risk, but less than the cases carrying germs.
Rapidly evolving latent /exposed cases are responsible for the incidence increasing
in the short and medium term, while slower evolving latent /exposed cases will be
responsible for the persistent long-term incidence and maintenance of TB and de-
lay elimination in the population. The numerical simulations of the model show
that, with certain parameters, TB will die out or sensibly reduce in the entire
Democratic Republic of the Congo (DRC) population. But monitoring contac-
t, detection of latent individuals and their treatment are actions to be taken to

reduce the incidence of the disease and thus effectively control it in the population.

An epidemic model with fractional derivatives and nonlinear incidence model of
the Kermack-McKendrick [14] with zero immunity was investigated, where the
authors studied the existence of equilibrium points in terms of the nonlinear in-
cidence function. The authors [14] also established the condition for the disease
free equilibrium to be asymptotically stable and provide the expression of the
basic reproduction number. The existence of equilibrium points and the stability
of the disease free equilibrium both depend on the nonlinear incidence function
and the expression of the basic reproduction number for the fractional model was

provided.



Seeling et al. [31] explored the perspective of health-care profession on barrier-
s to antiretroviral treatment (ART) for HIV-positive TB patients in Windhoek,
Namibia. Nine semi-structured qualitative interviews were conducted with health
care professionals from TB and HIV services in Windhoek in 2012 to investigate
access barriers to ART for HIV-positive TB patients. Results of the study iden-
tified access barriers to ART for HIV-positive TB patients and their relevance
in Namibia. The findings provide evidence for tailored interventions to increase

ART-uptake among HIV-positive TB patients.

However, none of the above reviewed literature considered treatment and ver-

tical transmission in the TB/HIV co-infection model.

10



Chapter 3

Preliminaries

In this chapter, we will recall a few definitions and theorems that will be used in

the analysis of our models.

3.1 Basic definitions

The following definitions can be found, among others, in [18], and will be useful
in the model analysis.

Consider a dynamical system of the form:

X(t) = f(X(1),1) (3.1)

where X = [z1, 2o, T3, ..., Zn)" and f = [f1, fo, f5, ..., fu]T and for all 4, z; : R = R,
fi : R™! - R and X : R — R" are continuously differentiable; 7" being the

notation for matrix transpose.

Definition 1. A vector X is an equilibrium point for the dynamical system (3.1)

if once the state vector is equal to X, it remains equal to X for all future time.

That is, if
X () = f(X(t),1) (3.2)

then an equilibrium point is a state X satisfying

11



FX, 1) =0 (3.3)

In other words, an equilibrium point is a solution that does not change with time.

If the system starts at an equilibrium, it remains at that equilibrium forever.

Definition 2. The basic reproduction number, denoted by Ry, is the expect-
ed number of secondary infectives produced by an index case in a completely

susceptible population.

Definition 3. The disease-free equilibrium (DFE), denoted by Ey, is an equilib-
rium state of an epidemiological model when there is no disease strain present in

the population.

Definition 4. The endemic equilibrium is an equilibrium state of the epidemio-

logical model where the disease is present in the population.

To elaborate on the concept of stability, which is explored in the next three

definitions, we first introduce D(X, p) to denote a spherical region in the state

space with center at X and radius p

Definition 5. An equilibrium point X is stable if there is a po > 0 such that

for every p < po, there exist m, where 0 < m < p, such that if X(0) is inside

D(X,m), then X (t) is inside D(X, p) for all t > 0.

Definition 6. An equilibrium point X is asymptotically stable if it is stable,
and in addition there is an p > 0 such that whenever the state is initiated inside

D(X, p), it tends to X as time increases.

Definition 7. An equilibrium point X is unstable if it is not stable. Equivalently,
X is unstable if for some po > 0 and any m > 0 there is a point in the spherical

region D(X, m) such that if initiated there, the system state will eventually move

outside of D(X, po).

12



Definition 8. Let X = (21, Za, ..., 2n)" and £ = (f1, fa, ..., fn)?, where for all
i, z; : R—= R and f; : R® — R are continuously differentiable. The Jacobian

matriz of the system X = £(X(t)) is defined as:

ofi Oh O\
y_ |28 on o
0r; Ozy = Oz,
o, 0%  Oh

3.2 Stability criteria

In this section, we will look at three results, that if met, they guarantee the global
and local asymptotic stability of the disease-free equilibrium point respectively.

A common approach in studying the global stability of the DFE is to construct
a Lyapunov function. However, in this work, we will apply the following result,
as establised in [1]. We list two conditions that, if met, it guarantees the global
asymptotic stability of the disease-free state for the TB-only model, HIV-only

model and for the full HIV/TB co-infection model.

Theorem 1. Consider a model system written in the form:

D B
dt
2 = 6(x2), G(X,0)=0

where X € R" denotes (its components) the number of uninfected individuals
and Z € R denotes (its components) the number of infected individuals capable
of transmitting the disease.
Let’s suppose the disease-free equilibrium point is denoted by:

Qo = (X*,0).
Also further assume that the conditions (TH1) and (TH2) below are satisfied

dX

(TH1) For = F(X,0), X* are globally asymptotically stable;

13



(TH2) G(X,Z)=AZ - G(X, 8), G(X;3) 20 for (X,2) e

where A = DG (X*,0) is a matrix whose off diagonal entries are non-negative

and € is the region where the model makes biological sense. Then the DFE

is globally asymptotically stable provided that R < 1 and the conditions (TH1)

and (TH2) are satisfied.

We use the Routh-Hurwitz criteria to analyze the asymptotic stability of an
equilibrium point for the dynamic system. Linear stability of the system of or-
dinary differential equations is determined by the roots of a polynomial. The
necessary and sufficient conditions for this to hold are the Routh-Hurwitz condi-

tions.

Theorem 2. (Routh-Hurwitz stability criteria [21])

Given the characteristic equation in the general form,

PO)=A"+a X" '+ +a, =0, (3.5)

where the coefficients a; are all real constants, i = 0, 1, ..., n defines the n Hurwitz

matrices using the coefficients a; of the polynomial (3.5) as:

a; as as
ayp as
D1=01>0,D2= >0,D3= 1 Ay Gy >0’
1 a9
0 ay Qs
a; as as
1 (05)) a4y
Dy =0 i Bevia sk = 1,280 0
0 /0 «« ap

14



All of the roots of (3.5) are negative or have negative real parts if and only if the

determinants of the Hurwitz matrices are positive, i.e.,
det(Dk) >0,
e=01,2, ... 0

Remark 1. The roots of the quadratic equation A2+ a1\ +as = 0 have negative
real parts whenever all the coefficients are positive, that is a; > 0 and ay > 0.
The roots of the cubic equation A* 4+ a;\* + asA + a3 = 0, has negative real parts

whenever we have the following:

a; > 0,
az > 0,

ajay —az > 0.

Corollary 1. If the characteristic equation of the Jacobian matrix satisfies the
conditions of the Routh-criteria, i.e, the determinants of all of the Hurwitz matri-
ces are positive, det(Dy) > 0, k = 1,2,3,...,n, then the disease-free equilibrium
is locally asymptotically stable. If the det(Dy) < 0 for some k = 1,2,...,n then

the disease-free equilibrium point is unstable.

We list 5 conditions (A1) — (A5), as established in [5] that, if met, it guarantees
the local asymptotic stability if Ro < 1, and non stable if Ry > 1 at the disease-
free equilibrium point. In the theorem below, we have X, which defines the set
of all disease-free states, that is (Xs = {z > Olz; = 0, i = 1,...,m}); x¢ is the
DFE; z = (21,...,%,)", with each z; > 0, be the number of individuals in each
compartment; Fj(z) is the rate of appearance of new infections in the infected
states; VZ.Jr is the rate of transfer of individuals into the infected states and V,L.+ is

the rate of transfer of individuals out of compartment of infectives” Hence, the

15



disease transmission model consists of the following system of equations

&; = filz) = Fi(z) — Vi(z), i =1,..,n

where V;, = V,” — VL+ (A1) hold since each function represents a direct transfer
of individuals, then they are all non-negative. If the compartment is empty,
then there can be no transfer of individuals out of the compartment by death or
infection, thus (A2) hold. Condition (A3) arises from the fact that the incidence
of infection for uninfected compartment is zero. If the population is free of disease,
then the population will remain free of disease. That is, there is no immigration
of infectives, hence (A4) holds. The remaining condition (A5) is based on the

derivatives of f near a DFE. Therefore, we have the following Theorem:

Theorem 3. Consider the disease transmission model, with f(z) satisfying the

following conditions (A1) — (A5)
(A1) If z >0, then F;, V', V," > 0fori=1,...,n.

2 2

(A2) If 2; = 0, then V7 = 0. In particular, if £ € X,, then V;~ > 0 for

=l Tk
(A3) F,=0ifi>m.
(A4) If z € X,, then Fi(z) =0and V;" > 0fori=1,...,m.

(A5) If F(x) is set to zero, than all eigenvalues of .J(24) have negative real parts.

If 2y is a DFE of the model, then z¢ is locally asymptotically stable if R, < i

but unstable if Ry > 1, where Ry is the basic reproduction number

These are some of the definitions and results that we will be using. Otherwise,

we might state more if and when the need arise.
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Chapter 4

Model Formulation and

Qualitative Analysis

In this chapter, we present the formulation of HIV/TB co-infection model, and
explain with the help of flow diagram how susceptible individuals, upon being
infected with TB and HIV progress through various stages. We than analyze the
models for TB only, HIV only, as well as the full model. The non-linear systems
of TB-only model and HIV-only model will be qualitatively analyzed to find
the conditions for existence and stability of disease-free equilibrium point. We
then discuss the local and global stability of the disease-free equilibrium for each
model. The basic reproduction numbers will be found and discussed. Endemic

equilibrium point of TB only and HIV only will also be derived.

4.1 Formulation of a HIV /TB co-infection mod-
el with vertical transmission and treatment

In this section, a non linear mathematical model is proposed to study the dy-
namics of HIV/TB co-infection model that incorporates vertical transmission
and treatment of HIV and TB infected individuals. In the modelling dynamics,

the total population N(t) at time # is divided into nine epidemiological subgroup-

17



s: susceptible denoted by S; infectious with TB denoted by I; HIV infectious
denoted by J;; infectious with both TB and HIV denoted by Js; full blown AIDS
denoted by A; successfully recovered from TB denoted by Trp; individuals that are
on treatment for HIV denoted by T ; infectious with both AIDS and TB denoted

by A,; and individuals that are on treatment for both TB and HIV denoted by T..

The interactions between the classes are assumed as follows: the susceptible
get HIV infected via sexual contacts with infectives, which may also lead to the
birth of infected children. A fraction of newborn children are infected during birth
and hence are directly recruited into the infective class with the rate (1 — )6,
with (0 < & < 1) and others die effectively at birth. Here ¢ is the fraction of
newborns infected with HIV who die immediately after birth and 6 is the rate of

newborns infected with HIV.

We do not consider direct recruitment of infected persons but by vertical
transmission only. It is assumed that the AIDS patients also infected with TB
are isolated and sexually inactive, and therefore they are not capable of produc-
ing children. However, since a woman can develop AIDS or be infected with
both AIDS and TB when she is already pregnant, then we are also assuming that

(1 —¢€)#A, and (1 — £)8A are to be considered in the dynamics.

The susceptibles can only get TB through interaction with TB infectious in-
dividuals (I, J, and A.). All individuals in different human subgroups can die
from natural causes (at a constant rate u), while Jy, Jy, A, A, and I classes can
die from natural causes as well as from the diseases at rates ji1, po, pa, ue and

7 respectively.

We derive our system of Ordinary Differential Equations (ODEs) from the flowchart

below

18



Figure 4.1: Flow diagram of the TB/HIV co-infection Model.

The model parameters are defined as follows:
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Table 4.1: Definitions of parameters used in the HIV /TB co-infection model

Parameter | Definition

o Natural death rate

r Rate at which TB recovered individuals become susceptible to TB

€ The fraction of newborns infected with HIV who die immediately
after birth

0 The rate of newborns infected with HIV

o Per-capita AIDS progression rate for individuals in J; (i = 1,2)
class

v Treatment rate of active TB individuals

B Treatment rate of HIV individuals

A Recruitment rate into susceptible

vy The rate at which AIDS patients get treatment

dp Death rate due to TB

dy Death rate due to HIV

dgr Death rate due to TB and HIV

da Death rate due to AIDS

dar Death rate due to AIDS and TB

K1 The rate at which HIV recovered individuals develop HIV

By The rate at which patients with both HIV and TB get treatment

Vo The rate at which AIDS with TB recovered get treatment

) The rate at which AIDS with TB recovered individuals develop
AIDS and TB

Cr Per capita contact rate for TB

Cu Per capita contact rate for HIV

or Probability of transmission of TB infection from an active to a
susceptible per contact unit time

OH Probability of transmission of HIV infection from an infected per-
son to an uninfected person per contact unit time.
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From the flowchart (see page 19), we then get the following system of nine Ordi-

nary Differential Equations (ODEs).

48 :

(W = A+rTr— g+ Ay + p)S

dl

— = Xl X 7+ )]

= ArS — (A + pr +7)

11

f._l = ’\/I — ()\H e P e /L)Tl'

dt

dJ]

— = S+ T+ Ay = (B1+ 1 + a1+ Ap)Jy
d.]g )

4 i Mgl + Apdy — (B2 + pa + ) Jy (4.1)

(Ll

d1',
_d% = B+ A — (p+r)Ty

dA

W = H[TH-F(Y[.]I —(/LA+V] ‘|‘)\I)A
dA,

_(zf_ = 5327-;2 + (112-,]2 + /\’[’14 = (/1'(7 == I/Z)A(:
dd

(]/’ = oy +1nA. — (ﬁ?z .2 /1)7'(

The total population size N(¢) at any time ¢ is given by
N(t) = S(t) + I(t) + Tr(t) + Ji(t) + Ja(t) + A(t) + Tu(t) + Ad(t) + To(2).

The model has initial conditions given by:
S(()) — S() > 0, [(0) — _[0 = (), T](O) = Tl‘() > 0’ ]](()) - ‘]1() > 0; ]2(()) == ']2“ > ()
A{0) = Ap 2 0; T(0) =Ty 2 0; A(0) = Ay, 2 0 and T,(0) =T,

[&4]

> 0.

The force of infection Ap, associated with TB infection is given as:

S = Bl <_I+_‘]2N_Jﬂ) j

21
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the force of infection associated with HIV infection given as:

. Ji+ J.
Ay = 0yCy (ii> :

N

and, the vertical transmission rate for HIV is given by:

A2w=[1-¢eb(Jh+Ja+A+A).

With,
pr = p+dr
g = i+ dg
ta = W+ dgr (4.2)

fea = p+ da

po = p+ dar.

4.1.1 Positivity and boundedness analysis

The model system (4.1) considers human populations, and variables describing
human population or population dynamics in general can not be negative, and
therefore it is necessary to show that our model (4.1) is epidemiologically meaning-
ful by demonstrating that all their state variables used in the model formulation
are non-negative for all £ > 0. We also need to establish that solutions of the
model system (4.1) with positive initial data remains positive for all time ¢ > 0.

This will be done in Theorem 4 below.

We consider a biologically-feasible region:

ZS'/'H == {(S* ]3T]'5 ']la ']2971”3 A-/ A,:,ﬁ,) - R(}l,jN(f) % é} "
o

All solutions starting in Uppy approach, enter or stay in Opy. Using the Standard

Comparison Theorem [17], it is possible to show the boundedness of N(t) as given
s give
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below:
N(t) = 5() + 1(t) + Tr(t) + L(t) + Ja(t) + A(t) + Tu(t) + Au(t) + To(2),

which gives the rate of change of the total population considered in (4.1) as

dAN(2)
e A —pS —prl = pTr = Ay — i — pado — pTy — paA — pcA, — uT,.

Since puy = pp+dp, pn = p+du, po = p+dur, pa = p+da and po = p+ dyy,

then we have the following:

dN(t
_% = A—pN(@) = (del +dv +dudi + dupJy + daA + darA,)
hence
dN(t)
=< =
= A — uN(t).

Separating the variables and integrating both sides we have,

N(t) < % T~ <N(0) % %) |

with the initial time ¢ = 0.

Since e™# > 0 for all ¢ > 0, then if N(0) < é
U

A
, then N < ; Which implies that
N(t) is bounded and all the solutions starting in G u approach, enter or remain

in Opy for t > 0.

This result is summarized in the following.

Theorem 4. Consider the model system (4.1). If S(0) > 0, I(0) > 0, T(0) > 0
J1(0) = 0, J>(0) 2 0, A(0) > 0, T (0) > 0, A,(0) > 0, and T,(0) > 0, then S(¢)
I(t), Tr(t), Ji(t), Jo(t), A(t), Tu(t), Ac(t), and T,(t) are positive for all ¢ > 0.

Proof. We prove this Theorem by contradiction, assuming that the total popula-
tion N(t) # 0 for all ¢t > 0.

We assume that there exists a first time ¢; such that

S(t) = 0,8 (t) < 0,1(t) = 0,Tn(t) > 0, i(t) > 0, Jo(t) > 0, A(t) > 0,.., T,(1) > 0,

(4.3)
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fOI'OStStl,

or there exists a first time ¢, such that:

I(ty) = 0,1 (t2) < 0,5(t) > 0, Tr(t) > 0, Ji(t) > 0, Jo(t) > 0, A(£) > 0,..., To(t) > 0

for 0 < < 4,

or there exists a first time ¢3 such that:

Tr(ts) = 0, Tp(ts) < 0, S(t) 2 0,1() = 0, Jy() > 0, Jo(t) > 0, A(t) > 0, .., T,(t) > 0
(4.5)
for 0 S t S t3,

or there exists a first time ¢4 such that:

Ji(ta) = 0, Jy(ta) < 0,8(t) > 0,Tr(t) > 0,1(t) > 0, Jo(t) > 0, A(t) > 0, oy Tl 5D

(4.6)

for B <1 =4,

or there exists a first time 5 such that:

Ja(ts) = 0, Jy(ts) < 0, 8(t) > 0,Tr(t) > 0, Ji(t) 2 0,1(t) > 0, A(t) > 0,..., T(t) > 0
(4.7)

fOI' 0 S t S t5,

or there exists a first time #¢ such that:

Alts) = 0, A'(t6) < 0,5(t) 2 0, Tr(t) 2 0, 1i(2) > 0, Jy(t) > 0,1(2) >0, ..., To(t) > 0
(4.8)

fOI'OStSte;,

or there exists a first time 7 such that:

Ty (tz) = 0, Ty (t7) < 0,5(t) 2 0,Tr(t) 2 0,41(t) > 0, Ja(t) > 0, A(t) > 0, ..., To(t) > 0

for 0'< t <'fv
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or there exists a first time t¢g such that:

A(ts) = 0, A(ts) < 0,8(t) 2 0, Tp(t) > 0, Jy(t) > 0, Jo(t) > 0, A(t) > 0,..., Tu(t) > 0
(4.10)

for 0 <t <lg,

or there exists a first time ¢4 such that:

Ty(to) = 0,T,(te) < 0,5(t) > 0,T(t) >0, J1(t) > 0,.1a(t) > 0, A(t) > 0,...,I(t) > 0
(4.11)

for 0 S 1 S tg.

From (4.3). we have
S (t1) = A+ rTr(th) > 0,
which is a contradiction, meaning that S(t), t > 0 remains positive.

From (4.4), we have

) . Ja(te) + A.(t:
I'(t2) =0rCr < aldy) N ( 2)> S(t2) 2 0,

which is again a contradiction, meaning that I(t) > 0, £ > 0.
Again from (4.5), we get

/

Typ(ts) = vI(t3) > 0
which is a contradiction, implying that 7’»(t), t > 0 remains positive.

From (4.6), we have

Ji(t4) = 0uC(ts) (w%ﬁ@) (1= 00t + Alta) + A(12)) > 0

which is a contradiction, meaning that J; remains positive.

Similarly, using the ass ' in equations .
Y, g the assumptions in equations (4.7)-(4.11), we get the following

contradictions respectively:

’ - .[ tr] " 14 > i =9
Jy(ts) = 67Cp <M +0Ch ]2](\;)) =1

N ]
(ts) + Ja(ts)

) I
Ac(tg) = /’ngT}(fg) —f— (YQ.]‘z(tg) A ()’['C’]‘ ]\7 Z (3



Tl/l (t7) = Bih(t:) +1r1iA(tr) >0

A'(t,;) = k1Ty(te) + anJi(ts) > 0

T'(ts) = Padalte) + vaAd(ts) > 0.
Therefore we can conclude that in all cases, Jy(t) > 0, Ty(t) > 0, A(t) > 0,
A.(t) > 0 and Te(t) > 0 for ¢ = 0. Hence, the solutions S(t) , I(t), Tp(t), J,(t),
Jo(t), A(t), Tu(t), A(t), and T.(t) are positive for all ¢ > 0.

O

Model equation (4.1) describe human population and therefore it was shown
that all the state variable are non-negative for all time ¢. This has ensured that
the model is well posed and it is realistic in representing the human populations

with no negative values.

4.2 Qualitative Analysis of the models

In this section, we analyze the models for TB only, HIV only, as well as the
full model. The non-linear systems of TB-only model and HIV-only model will
be qualitatively analyzed to find the conditions for existence and stability of
disease-free equilibrium point. We then discuss the local and global stability of
the disease-free equilibrium for each model. The basic reproduction numbers will
be found and discussed. Endemic equilibrium point of TB only and HIV only

will also be derived.

4.2.1 TB-only model

The sub-model of (4.1) with no HIV/AIDS disease is obtained as given in (4.12)

by setting Ji(t) = Joft) = A(t) = Tu(t) = A.(t) = To(t) = 0) is given by the



following system of equations:

dS
i = & =+ T‘T'/' == ()\/ + /[)S
17
L = g8 (T (4.12)
dt
dT]‘ : ) —
| & = Y-+t

with non-negative initial conditions. The force of infection is given by

1
= EHC-‘—-——.
)\1 01 IN'/*

Where Np(t) is the total population for the system (4.12) and is given by
Np(t) = S(t) + I(2) + Tr(2),

so that
(UV'['
dt

=AN—pS—puTr— pu;l.

Following a similar reasoning as Theorem 4, it can be proved that the region
_ 3 é
Uy =1 (S,1,Tr) € R |Np(t) < —
i

is positively invariant. Therefore, the dynamics of the TB - only model will be

considered in Os.

The disease-free equilibrium

We start this subsection by finding the disease-free equilibrium point of the dy-
namical system (4.12).
An equilibrium point of the model (4.12) is obtained by setting

dS(t) dI(t) dTp(t) 0
At At

At the disease-free state, we have I* = 0, therefore T); = 0 and hence,

g=2
I
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where S* is the first component of the disease-free equilibrium, when the disease
has not yet invaded the population. Therefore, the DFE state of the model is
given by:

7

- A
B =5 rTh=| <10 0\ .
B

The basic reproduction number and the local stability of the DFE

We start this subsection by finding the basic reproduction number using the next
seneration matrix method. We than analyze the local stability at the disease-free
LS ki i .

equilibrium.

The disease-free equilibrium’s stability is discussed in terms of the basic re-
production number. The basic reproduction number, Ry, for this model (4.12) is
defined as the number of secondary TB cases produced by one infective individual
during his/her entire lifetime in the system. We will find the basic reproduction
number using the next generation method [6]. For this model, the matrix F
representing the rates of appearance of new infections in the infected states I is

given by:
F=\AS

The matrix V, representing the net outflow of infection from compartment 7 is

given by

V=1 (+NI

The Jacobian of the matrices F' and V about the disease-free equilibrium, are

given by

and



whose inverse is given by:

w:( ! )
pr 4y

The next generation matrix for this model is therefore found to be
Fyre ( Lutey
pr +y

8rlCip
/\1 _ T .
pr 4y

The eigenvalue of FV ™! is

. : G '
Thus, the TB-only reproduction number, is given by the spectral radius (the
dominant eigenvalue) of the next generation matrix F V1 and is found to be

Bl
] = .
wr+y

We therefore have the following theorem.

Theorem 5. The disease-free equilibrium of the model 4,12, E({‘ is locally

asymptotically stable when R, < 1, and unstable when R, > 1.

Proof. The Jacobian matrix of this model is given by

, 57082
. _0rCrS? .
N"z}s OS2
. AT
J=10 —(ur+vy)+ _*/V? 0
0 v —(r + 1)

We look at the linear stability of the equilibrium point by evaluating the Jacobian

| o (A
matrix J at By = :J’O" 01 s

— —0pClp P
JE)=10 —(u+7)+6Cr 0
0 Y = [+ )
The characteristic equation corresponding to the disease free equilibrium point is
—p— A —pCrp r
0= 0 —(ur +v—07Cr) — A 0
0 v —(r+p) = Al -

20



which gives the eigenvalues: A\j = —p; Ay = —(r+p) and Ay = — (g +7) +6,Cp.
Here, A; < 0 and Ay < 0.

Considering Az,

i+
& 0qpCp < pp+ 7

= —(/L/ + ’7) + 07pCr < 0,

thus A3 < 0, and therefore, i is stable. If Ry > 1, then A3 > 0, and Ef is a

saddle point, thus unstable. O

Global stability analysis

A _
Theorem 6. The point Ej = <;, 0, ()) is a globally asymptotically stable equi-

librium of the system (4.12) provided that Ry < 1.

Proof. According to Theorem 1, we need to show that the conditions (T"H1) and
(T'H2) are satisfied when Ry < 1. But, it will shortly be established that (T'H1)
and (T'H2) are always satisfied. In Theorem 5 we have proved that for Ry < 1,
BT is locally asymptotically stable.

Considering the system (4.12), we let X = (S,Tp), Z = I with X € R? and

7 € R} and disease-free equilibrium is now denoted by

- A
B = (X5.0)= (/—,0,0) :
1

A
e (_,o> |
I

/ AN+rTp—(Ap+p)S
%:F(X,Z): r— (Ar +p)
dt

where

For (T'H1), we have

oI = (r + )Ty

30 e o
wvenol Iy QF

f DRNN/ATE ©

i PRIVATE &
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where

dz

Y 60,2 = |5 — (s 41

and,

A+ 7Ty — uS
F(X,0)=
—(r+ w)Tr

dX . . , :
Since — = F(X,0) is a linear equation, X7 is globally stable. Hence, (T'H1)
al )

holds.

For (T H2), we have

Gix,2) =A% - G(X, 2),

and
A= [(5,,,(],,, — (pr + «/)}
whose off diagonal entries are non-negative. We then find that
AZ = {(5,,.0,,.1 — (pr + 7)[}.
We get
G(X,2)=AZ-G(X,2),

~, . ey
C(X,2)= [wﬂ — (ur + w} - { 1S = G+ m}

G(X,2) = {él (X, z)} = {dr,v(),vl <1 - Ni,ﬂ .

i N S ~

Since S is always less than or equal to Ny, N < 1, so that Gy (X; Z) > 0. Thus

. T — *a

G (X,Z) > 0. That is, conditions in Theorem 1 are satisfied. Therefore, £l is
3 A

globally asymptotically stable for Ry < 1. 0
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The endemic equilibrium

To obtain an endemic equilibrium, denoted by EJ., we set each equation in the
model (4.12) equal to zero. Solving the system while expressing each equilibrium
point in terms of I* at steady state, we get S*, I* and T as components of

endemic equilibrium point. Thus
[ Qk T ok
v = (S*, I, T7)

is an endemic equilibrium, obtained as follows:

0=A+rT5— (Ar+p)S* (4.13)
0= ApS" — (pr +y)I* (4.14)
0=~I"—(r+ p)Tr (4.15)
where
Ay — ()INC}:I r

with Nj = 5* + I* + T7.

Using equation (4.15), to find 777, we have:

0 = I —(r+ )T

yI* = (r+ p)T7

=Tr = I’
o ol 7

Th = aol*

where ag = :
T+ U
Add equation (4.13) and (4.14) (i.e (4.13) + (4.14)) from the system of equations

to get;
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A+rTi — Qe +p)S*+ 208" — (u+9)I* = 0

= A+ragl” —pS* — (ur+)I* = 0

A+ (rag— (pr+y)I* = us*

where

. 1
S* = —(A+(rag— (w1 +9)I7)

M
1
B = —

a; = rag — (ur + 7).

Using (4.13) to find I*, we have;

where \p is given by:

A

0= /\"/'S* = (,LL[ ik ’7)[*

5101
Ny
57Cyp
5+ I+ T
57Cyp
+a I+ I* + qol*
OpCop
A
=+ (a1 + 14 ag)I*

*

*

= >

*

Then equation (4.13) becomes

87Cy

%+ (a1 + 14 ag)l*
OpCrp

I* {l(A+(z1[*)} — (pr +y)I*

H

A+ p(l+ag+

ar .
Let ag = p(1 4+ ag + /—') Then we have
1
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)1*1* (A a1} = (ug +9)I*
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&l
A+ aol*
opCp AT + 57'0,'&1]*2 — ug AT — /1,](1,21'*2 — AT — 7(1,2]*2 = 0

F{A+a "} —(u+9)I* = 0

(6rCray — as(pr + V) = A+ — orCr)I*.

Then we have the following:

* = ¢
or,
- 1+ = 6:Cy)
(0pCray — as(pr + 7))
Since in Endemic equilibrium point /* (infected) is non-zero, then I* = 0 is
discarded. Therefore
b a ity =8:C)

((5'['01'(L1 — (1‘2(,[/41 + ’y)) 5

Therefore S*, I* and 77 are given by:

1
8 = —~(A+a ]
7

(1 + 7 = 82Cy)
((57'C.'l'(l1 = sz(lu S 7))

Cl’—;“ = (Lo]*.

I =

We note that S*, I* and T are always positive whenever we have the following:
It can be seen that ag = ,—% is positive, since all the parameter values are posi-
tive.

Claim: a; <0
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a < 0
& a(r+p)<0

& 7'< £ )(7'+,u,)—(/1/,+’y)(r+/l,)<()

e b
& ry=(u+y)(r+p) <0

ry = [ + prp -y +yp] < 0

—[prr + prp 4y < 0.
Hence a; < 0.

e For S* to be positive, we have

S = 0

(3

1

i (A -+ (1,11*) =10
M

A (7,1_[*

—
yoi M

A+OJJ[* > ()

>0

(Lll* > —'A

s ;A
a

T ¢ ¢ ¢

thus, S* is positive if I* < ;—]A—

o 107 = agl* is positive whenever I* > (), since ag > 0.

(g + v — 60C7)

o For * = A—L
(()']'(/Y']‘(ll i (7,2(/1,[ + Y

0 > 0, we have two conditions:



a) Both numerator and denominator must be positive

Apr+v—0Cr) > 0

pr+y—6rCr >0
pr+v > orCr
5TCT

Br +y
1>Rp

Iz

¢t ¢ ¢ 2

thus, the numerator is positive whenever Ry < 1.

orCray — ag(,ul 3= ’)’) (1)

orCray > as(pr + )
St

¢ ¢ ¢ 3
&
by
V
S

; - - a
thus, the denominator is positive whenever R, < =

ay

b) Both numerator and denominator negative
A(/l,[ i — (STCT) = )

pr+y—90rCpr <0

pr+y < orCr
orCr
B =y
1< Ry

1<

¢ ¢ ¢ ¢

thus, the numerator is positive whenever Ry > 1.
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—~

orCray — ax(pr +7) <

& orCray < as(pr +7)
O Crp
B+

a; < asy

R’/'(L] < Qy

a9
& Rp> =
@

s s 4534 a9
thll!\‘7 the denomma,tor 1S p()S]thO Wh(’?IleV(?I' RT > —,
23]

Therefore, we can conclude that, the components of TB endemic equilibrium

points are positive whenever:

. . . —i
i) 02 I* € ~—
aq
o ; Q. a:
ii) Ry < min {1, —2} or Ry > max {1, —2-}
(23] a

4.2.2 HIV-only model

The sub-model of (4.1) with no TB infection is obtained by setting I(t) = Tp(t) =

J(t)y = A.(t) = T,(t) = 0 to get the following system of equations,

( dS
— = A—=(); )
T (A +p)S
1.J
(_({Tl = AgS+Av = (B + 1 + )y
< (4.16)
dA .
_dT = Iﬂ'/l,[” 2l (Vl']I — (/1‘_,\ =} I/])A
dT
! dt” == /')Jlg]l 4 l/lA = (/./, + K|)TH

with non-negative initial conditions. The force of infection for HIV is given by:

. Ji
A= 0pCh—,
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and the vertical transmission rate for HIV is given by:
Av = (1 —¢€)0(J; + A).
Where Ny (t) is the total population for the sub-model (4.16) and is given by:

Nu(t) = S() + Ji(t) + A@) + Tu(t)

)

and
ANy

ey =A-— IU,S 7t )‘V == lj'ljl =5 .A/LA = /LTH.

Following a similar reasoning as Theorem 4, it can be shown that the solutions

S, Ji, A, Ty of the sub-model (4.16) are positive for ¢ > 0 and that the region
¥ m 4 / A
Ou =1(S,J1,Tu, A) € Ry |Ny(t) < "

is positively invariant. Therefore, the dynamics of the HIV - only model will be

considered in Uy.

The disease-free equilibrium

An equilibrium point of the model (4.16) is obtained by setting

dS(t) dLi(t)  dA()  dTyu(t) 0
At At At

At the disease-free equilibrium, we have Ji = A* = 0 therefore T}; = 0, hence

S*—A

o

where S* is the first component of the disease-free equilibrium, when the disease
has not yet invaded the population. Therefore, the DFE point of the model (4.16)
is given by

¥ ENe Rk Y * A
Ei = (8"}, Th, A*) = (—.0,(1,(1) :
/L
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The basic reproduction number and the local stability of the DFE

We start this subsection by finding the basic reproduction number using the next
generation matrix method. We than analyze the local stability at the disease-free

equilibrium.

The disease-free equilibrium’s stability is discussed in terms of the basic re-
production number, which is given by the spectral radius of the next generation
matrix [b] The reproduction number Ry, is defined as the number of HIV infec-
tions produced by one infective HIV case during his/her lifetime in the system.
For this model, the matrix F' representing the rates of appearance of new infec-

tions in the infected states J;, A and Ty is given by:

S

The matrix V, representing the net outflow of infections from compartments .J;,
A and Ty is given by
(B + 1 +a1)y — Ay
V= (pa+wn)A—rTy —aJy
(p+ k)T — 1A — B J
The Jacobian of the matrices F' and V' about the disease-free equilibrium, are
given by
opCy 0 0
F=| 0 00}
0 0 0
and
Bi+p+a—(L—e)f —(1—e¢)b 0
V= —ay i+ vy —K1 |
By v ()
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so that the inverse of V is given by:

Ay (1—e)b(p+ kK1) Ki(l—e)d
1
P = M a(p+ K1)+ Bik A As
oy + Bi(pa + ) As Ay

where,

Ay = palp+ K1) + pn
Ay = (Bitpmta—(1-0)(p+r)
As = (B4 m+ar— (=€) + Bi(l—€)d
A = Bi+mt+a—1—€0)(patn)—a(l—e€b
As = (Bi+m+aor— (1 =€)k
= [Bi4+m+ar— (=)0 {palp+ K1) + pn }

—(1 — 6)() {(’Ll, 1= /‘61)(1(1 + /3111’11} s

The next generation matrix for this model is therefore given as

(51{0;1441 (5[10”(1 = E)H(/L + I‘L1) h31(1 — 6)9(5”0”

M M
FY = 0 N
0 0
0 0 0

. . ol
The eigenvalues of FV ™ are

= mCrA

1 = ___—-1
M

)\2 = 0,

Ay = 0.

I'herefore, the HIV induced reproduction number, is given by the spectral radius

(the dominant eigenvalue) of the next generation matrix F V! and is found to

be

_ 6”011»/41

We therefore have the following theorem

Ry
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Theorem 7. The equilibrium point El! is locally asymptotically stable provided

that Ry < 1.
Proof. Using Theorem 3, it is sufficient to show that (A1) — (A5) are satisfied.

(Al) B S, Ji 4 Ty 2 10, then

ApS Av (Br+ 1+ ay)Jy
F = 0 W= e Tedamd | 1 ¥ = (a +11)A are
0 I/lA =} ,[.31 J] (/L + K ),/‘”

always greater than or equal to zero.

(A2) If the compartment is empty, then there are no infected individuals in the

population, thus

(Br + p1 + o) J
¥ = (ia +11)A == [,

(e + K1) Ty

(A3) This condition arises from the simple fact that the incidence of infection for
uninfected compartment is zero. That is
ApS
Fig) = 0 = (I for 4 > m.

(A4) If the population is free of disease then the population will remain free

AuS
of disease, thus if x € Ej, then Fy(r) = 0 |=0; and Vt(2) =
0
Av
Ty +eondy | =0 fori=1,..m,

V]A + /)’p]l

= b L (PN 10 Qp 70T ” . ‘ . . 4
(A5) If F(x) is set to zero, that is there is no new infection, than all eigenvalues

of J(E{) have negative real parts.
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The Jacobian matrix of this model is given by:

—0uCydi(Jy + A+ Ty)

4

: == =z 0
X M 0
yyCy i (Ji + A+ T,
ouCruJi( lj H) z (1—¢)d 0
Jes Ni ’
0 %) —(/LA+I/1) K1
0 [))l U _(,UJ o H’l)/
where,
8y CwS*
= 2 b (1—e)f— (Bt + )
g = Baieid

N
We look at the linear stability of the equilibrium point by evaluating the

A
Jacobian matrix at Eé’ = (; 0,0, 0)-

—p —0uCh 0 0

0 IC[[ (1 e ()H 0
'](E(?') =

0 a3 —(M_A + 1/1) K1

0 1o Vi —(p+ Ky)

where IC, = 65Cn + (1 —€)0 — (B1 + 1 + au).

The characteristic equation is given by

0 = A+ )+ X[(pat v+ p+s1) = D+ Apalp + k1) + pv,
—D(pa+ v+ p+51) = (1= )bou] + [=D((1 + 51)pia + vy p)

—(1 = €)8((p + K1) + Bika)]]

where D = (05Cp + (1 — )8 — (B1 + 1 + o).

The first factor is linear, which gives the eigenvalue A = —p "which has a
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negative real part. For the remaining cubic factor, we use Routh-Hurwitz
stability criteria to determine the conditions under which the \’s will have

negative real parts.

The remaining cubic factor can be written as A* 4+ a1A* + ag\ + a3 = 0,
where

ar = patwn+tput+r—D

ay = /LA(,U: =+ K;l) = Hvy — D(,LLA + v+ je + /‘Ll) = (]. . E)H(){l

as = —D((p+k)pa+vip) — (1 —€)0((1+ K1)y + Bisr).

The roots of the cubic polynomial have negative real parts if and only if

a; >0, a3 > 0 and ajay — ag > 0.

a3 >0 & —D((p+r)pa+unp) — (1 —6)0((1+ K1)og + Biki) > 0
& ((Bitp+or =1 =€)f) = 065Cr)lp+ K1)pa + 114
—(1 = €)0((p + K1)ou + Bik1) >0
& —0nCu((p+ s0)pa+vip) + (B + 4+ ar — (1 — €)8))
[(p+ m5)pa+vip] — (1= €)0((p + K1)y + Biki) > 0
& (Pr+m+or—(1=)0)[(p+ ki)pa+ vip)

—(1=)0((p + w)ar + Sikr) > duCul(p + 51)pa + vip)

0uCr((p+ K)pa +vip)  ouCrA
M - M

e 1 =Ry

&S Ry<l

recall that

M = [Bi+m+a—(1=€0)A — (1 —e)0((p+ K1)y + Pir)
D = ((51{0[.1 +(1—€)f)~(ﬁ| == iy = (\/]))
A = (u+ Kk1)pa + np.
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/,LA+V1+M+/€1—D>0
patvi+p+ri+bi+tumtor—(1—€)0—65CH >0

A + v +u+ kK + (ﬂl'i'ﬂ'l JEEhi= (1 —6)9) > (511011

i+ v Bt e = (1= )] > teCnds
A1

RH<[,LLA+V1+,LL+I€1+(51+M1+041—(1—6) )=—

A
Let’s check if [pa +v1 + p+ K1+ (Br+p+o —(1— 6)9)]/\—/1[ > 1. That

is, if [uA+V1+/1+K1+(51+M1+041—(1_6)9)]-41>M, then Ry < 1

is sufficient for a; > 0. Hence, we have the following workings:

g ==

=

=

-

=

[NA+V1+M+K'1+(BI+U1+051 (1-6))ﬁ

[pa+ w1 +p+r+ B+ m+ar— (1 -€)f)A > M
[a+nn+p+r]Ai+[Bi+m+o—(1- €)0)|A; > M
[a+v1+ p+ k] AL > —(1 = €)0((1 + k1)on + Biky)

la+ w1+ p+ K] AL+ (1= €0((p + K1)y + Biky) > 0.

Since a3 > 0 whenever Ry < 1, we can conclude that Ry < 1 is sufficient

to conclude that a; > 0.
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aay—az >0 < aar > a3

& [pa+vi+p+ s —D]
[a(p + k1) + pvr — D(pa+vi + p+ K1) — (1 — €)foy]
> —D((p+ k)pa+vnip) — (1= €)0((1+ K1)y + Biky)

& [pat+wn+ptrl
[alp+ &1) + 1 — D(pa + v+ p+ 51) — (1 — €)foy]
—D[-D(pa+v1i+ p+ k1) = (1 = €)foy]
> —(1 — €)0((p + K1)a1 + Bikq)

& [(pa+tn+p+r)—DI=Dlus+uv+p+r)—(1— €)fcy
+(pa+ w1+ p+ K1) (palp + 51) + pry)

+(1 — €)8((p + K1)ou + Biky) > 0.

We have shown that a; = [pa+v1+p+ k1 — D] is positive whenever Ruy<1
(see page 44). If we can show that [=D(pa+v1+p+r1)— (1 — €)0ay] is

positive, then it is sufficient for a;as — asz > 0.

0 < [-D(pa+wn+p+k)—(1—€)bay]

[B1+ 1+ — (1—€)0 —0uChl(pa+vi+p+r)—(1— €)fay > 0

T ¢

By + m + o1 — (1= )8 (pa+ v+ p+ k1) — (1 =€)y
> 5HCH(,MA +uvt+pt "51)

[Bi+pm+oa— (1-e)fl(pat+ri+p+r)—(1-— E)HOQ%

T

A
> 5HCH—/\’/—;(:U'A + v+ pts1) =Ru(pat+v +p+ k).

Let’s check if [[B1+p1 +a1— (1——6)9](;@44—,/1_}_”_;_,51)_(1_6)9%]% =y

That is, if
(Brtp+on —(1—€)0) atratptrn) —(1=€)foal Ay > Mlpatvi+ptsy),
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then Ry < 1 is sufficient (but not necessary) to ajas — az > 0. Hence, we
: e, we

have the following workings:

(B + i+ — (L= €)0)(ua+ v + p+ k1) — (1 — €)a] A
> M(pa+ v+ p+ ki)
& [(Bi+mtar—1-60)(patv+p+ k1) — (1 —€)ba;] A
> [[B1 + 1 + o1 — (1= €)0)] A
(1= QB+ m)an + B+ 1+ )
& —(1 =)o A+ [(1 = 981+ Ks1)ar + Bik)](pa + v + i+ K1) > 0

& (1= )0[Bik1(pa+ v+ pt 1)+ Kioa (4 p+ k) + pe (4 k1))] > 0.

Since az > 0 whenever Ry < 1, we can conclude that Ry < 1 is sufficient

to conclude that ajay — az > 0.

Hence, we can conclude that, the disease - free equilibrium point is locally

asymptotically stable as all eigenvalues of J(Ig") have negative real parts.

O
Remark 2. If Ry > 1, then az is no longer positive, and in that case the Routh-
Hurwitz criteria fail to apply, thus the DFE is unstable.
Global stability analysis

Theorem 8. The fixed point B = <l—j,(), (),()) is a globally asymptotically

stable equilibrium of the system (4.16) provided that Ry < 1.

Proof. According to Theorem 1, we need to show that the conditions (TH1) and
(TH2) are satisfied when Ry < 1. But, it will shortly be established that (TH1)

and (TH2) are always satisfied. In Theorem 7 we have proved that for Ry < 1,
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E} is locally asymptotically stable.

Consider the system (4.16), X = S and Z = (J1,A,Ty), with X € Ry and

Z € Ri and the disease-free equilibrium is now denoted by

Ef = (X3,0,0,0),

A
= (5]
Sl

and 0 is a three-dimensional zero vector. For (TH1), we have

where

dX
—&/—;- = F(X, Z) = l:A = (/J/‘i“ A]])S:‘ bl
where
. )\HS+/\V = (B] +/1;| +(Y|)J|
d
o GX,Z2)=| mTug+oJi — (us+1)A
,81.,]1 = I/lA — (/1 = /“ll)TH
and,
F(X,0)= (A —,u5>-
dX

Since - = F(X,0) is a linear equation, X7 is globally stable. Hence, (THI)

holds.
For (TH2), we have

and,
§uCn+ (1 —e)f —(br+m+a) (1—¢)f 0
o = & —(pa + 1) 1
b U1 —(p+ K1)

whose off diagonal entries are non-negative, so that,
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(6gCr+ (1 —€)0— (B1+m + 1)) Ji + (1 —€)A
BZ = arJy — (pa +1)A+ ki Ty
BiJ1 + A — (p+ k1)Ty
We get
G(xX,2)=BZ-G(X,2),

(6gCr+ (1 —e)f— (B +m+a)) i +{1- €)0A AS 4+ Av = (B1 + 1 + ) Jy
= arJy — (pa +v1)A+ ki TH | RiTw+ardi = (pa+v)A
,b)l']l | I/lA 2 (/l } lﬁ?l)fFH ,81.[1 -+ I/IA ~ (/L | l“"l)-,]-‘H
o : S
Gi1 (X, Z) 0uCrdi |1 — —
) Ny
G(X,Z2)=|G:(X,2) | = 0
éS (X’ Z) 0

Ny
and Gs (X, Z) = G3 (X, Z) = 0. Thus, we can conclude that G(X,Z ) is greater

Since S is always less than or equal to Ny, < 1, so that él (X,Z) > 0;

than or equal to zero. This implies that DFE point is globally asymptotically
stable. 0
The endemic equilibrium

T'o obtain an endemic equilibrium, denoted by Ej,, we set each equation in the
model (4.16) equal to zero. Solving the system while expressing each component
in terms of A* at steady state, we get S*, J , A* and T} as components of an

endemic equilibrium point. Therefore,

W [ Qx T * Pk
Ey = (5 J1, A%, T)
is an endemic equilibrium, obtained as follows:

et each equation in the model (4.16) to zero
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0= A;[S* 4= )\*{/ == ([31 + [ + (Xl)t];k (418)

0=mTh +arJi — (pa +v1)A” (4.19)
where
. ‘1 A*) and M — 0uChu 7 with N* = §* . 8 y
L= (1—e)f(Jf + A7), anc n——W‘l:Wl‘ g=o "+ + 4" +T5.

To obtain T}, we multiply equation (4.19) with 8, and equation (4.20) with «;.

BlmTﬁ + Brogd] — /”1(,“,4 a3 1/1)A* — a1 — o A" + o (p + ’f‘l)T;*/ = U

Bk Ty — Bi(pa +1)A" — i A" + ay(p+ k)Tl = 0

(Brr +oa(p+ )T = (Bilpa +v1) + ain) A
(Bi(pa +v1) + CYWJ)A*
(Biky + oy (g + K1)
T = boA*

*
TI ;]

vhere by = (Bulpsa + 1) + o)
(Bik1 +an(p+ k1))

To obtain Ji, we substitute 77 in (4.20) to get

0 = BiJi +viA" — (u+ k)b A"

/)’IJT = (/1 o /\7[)[)0/‘\* — I/IA*

1

Ji = 3 (1t + K1)bo — n} A*
M1

,];k = blA*

1
where by = — (1 + £1)bo — ¥1)-
A

Add equation (4.17) and (4.18) to obtain 5%
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(4.17) + (4.18) = A — (A + p)S™ + AS™ + 0 — (B + i + o) J;

A= pS*+ Xy = (By + 1 + )T}

where A}, and A3 will be given as:

Ay = (1—¢€)8(J7 + A%
Ay = (1—e)f(bA* + AY)
My = (1—¢€)8(b + 1)A*

Then we have the following

A= pS* + (1= 8(b + DA* — (B + p + 0y A = 0

A+ (1—e)f(br +1)A" — (b1 + 1 + )b A* = uS*

e L ;_i-p{(l—e)(%(b] +1) = (B1+ p1 + )by} A
A

B = =k pp A
I

1
where by = /—1 {(1=)8(by + 1) = (B1 + p1 + )by }.

Substitute S*, J¢ and T} and work on Ay in equation (4.17), to get A*

Sl
Nji
. ouChJf
" % + Jf + 15 -+ 4>
O Cpb A*

*®
AH -

L —
/\Hf

A
/—[ -+ bzA* -+ bo/l* -+ bl A* = A*
dHC}]b]A*

)\*]‘] = A g
; G <b2 + by + by + l)A*

0



So that:

A - SpCub A {é + 1)2.4*} = it {é + 1)2/1*} = 0
I

A ,
— (bg -+ l)() + b1 + l)A*
J

A N A < A "
A = 06CrbiA* {/— + by A } - M{; + by A }(; + (b +bo+b+1)A") = 0
L § ]

#*2 =ik N o
(8 Crbiby + pba(by +bo + b1 +1))A" = o (0 Crby + uby) A*.

Therefore,

A*=0

or,
/ —3 4
T (()HCHbl e ,Ll,bg)

A* = - .
ba[0Crby + pu(ba + bo + by 4 1)]

Since in Endemic equilibrium point A* (infected) is non-zero, then A* = 0 is

discarded. Hence

—A .
_M_ (0 Crby + pby)
Ar =

bg[(j”CHbl =tz /J/(bg + by + b, + l)] )

Therefore, the components of the endemic equilibrium S*, .J¥, A* and T} are

given by

5% = é + by A”

TI*/ = b() /4*

=K .
—l_ (()HCHbl = /ng)
A* —_ l’

bg[d[{CHbl + /L(bg + by + by + 1)]

As we will explore in quantitative analysis, it can be established that with a

specific set of parameters, the endemic equilibrium point is feasible.



4.2.3 HIV/TB co-infection model

In this section, we carry out the mathematical analysis for HIV/TB co-infection
with treatment and vertical transmission. The non-linear system (4.1) will be
qualitatively analyzed to find the conditions for existence and stability of discase-
free equilibrium point. We then discuss the local and global stability of the

disease-free equilibrium for the model.

The disease- free equilibrium

We consider the system of nonlinear equations (4.1), and an equilibrium point of

the model is obtained by setting

ds(t) dI(t) _ dTp(t) _ dAi(t) _ dh(t) _ dA®) _ dTu(t) _ dAl(1)

dt dt dt dt dt dt dt dt
dT.(t
dt

The disease-free state is found by letting I(¢t)* = Jo(t)*

1
4
=
L S

*

1
.
gy
5

I

A (t)* = 0, therefore T (t)* = T.(t)* = 0.
Then we have

5=

3

i
M

where S* is the first component of the disease-free state, when the disease has
not yet invaded the population. Therefore, the DFE state of the model is given

by

EgH = (S(@)*,I*(t), T (t), JY(t), J5(t), A*(t), Tr(t), Ax(t), Ta(t))

= <§,0,0,0,0,0,0,0,0).
M

The basic reproduction number and the local stability of the DFE

We start this subsection by finding the basic reproduction number using the next
generation matrix method. We than analyze the local stability at the disease-free

equilibrivm.
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For this model, the matrix I representing the rates of appearance of new infec-

tions in the infected states I, Ji, Jy, Th, A, A, and T, is given by:

ArS
AaS + ATy
0
e 0
0
0

K 0

The matrix V, representing the net outflow of infections from compartments 7,

Ji, Jo, Ty, A, A, and T, is given by:

(Mg +pr + )1
(By + p1 +oq 4+ Ap)Ji = Ay
(Ba + po + ) Ja — Al — Ap
V= (p+ k1)Tw — BiJ1 — 1A
(pa +v1+ M)A — ki Ty — o Jy

(i + Vo )y — 15T — eigly — Ak

(kg + ). — BaJs — 1r A,
The Jacobian of the matrices /' and V about the disease-free equilibrium, are

given by

5:Cp 0 3Cpr 0 0 6;Cp 0
0 xCex 865Cx 00 0 O
0 0 0 00 0 0
F=1] g 0 0o 00 0 of,
0 0 0 00 0 0
0 0 0 00 0 0
0 0 0 00 0 0

and
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where Ay = B + g + oy — (1 — €)8, so that the inverse of V is given by:
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where

M = [Bi+m+a—(1-ef))A — (1 —)0((n+ k1) + Prk1)
A = palp+ K1) + py
Sz = (L= e)0A[kory — ca(a + 1) — faka — (pe + 1) (k2 + )]
& = vy + Bi(pa + 1)
St = ai(p+ k1) + B
B = By+ s+
YV = Kovy — (e + v2) (ko + 1)
N = (1- €)flanvy + Bi(pa + ni)l[kave — aalko + p) — Bakiy]
M = (1= )bloa(p+ 51) + Biky)|[kava — ca(ka + 1) — Bakg — (e + V) (kg + )]
= (1—=e)fay — (pg—+ )b+ + a1 — (1 —€)f)
T = Bi+m+a—(1-—¢b
U = (Bi+p+ o)y — (1 —e)b[v — B
Ly = (1-6)8(ky + )k — (u+ K1) (pa + 1)
Ly = (1 —€)bra[rivy — (p+ k1) (pa + 1))
Dy = (1-€)0(ky+ p)[orrs + Bipa + v1)
Dy = (1 - )i + Bilpa+11)]
Ki = (1-6)(ks+ p)[aa(p+ k1) + Brsa]

Ky = (1—e)fmsfon(p+ s+ Bikr)]

}Cg = = gl + b)Q(:uc = Vz)
,C/{ = . (K’Z + l.L)CYz + [32512
BY
. = wtr)d-af
) Z

The next generation matrix for this model is therefore found as

(3]
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0

Fy ! = 0

0

where

87Cy
2T A e

K

K7

Ks

}CSJ

01 Cor(ky + 1 K
0 Ky 1 0 -0 (yz #) 510y 5
0 Cr A, 0pCrly 0rCrly
Ky Ky —K e _
I 7 Ky 8 My MY

0 0 0 0 0 0

0 0 0 () 0 ()

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

Y

(5116‘11 S‘Z
B <1 i My>

auCn(p+ k1) (1 — €)0k,

r 3 e —1
['he eigenvalues of FV ™ are

M
dpCr(l — €)0k,
I .
)\1 = 10[ )
K1+
 _ OuCudy
2 M
)\3 = 0./
)\:l = O~
As = 0
A = 0
A7 == ()

opCyp <1 _ (R2 £ o + Barky
B g

)

A and )\, correspond to the reproduction numbers for the TB transmission model

and the HIV transmission model respectively. Therefore, the basic reproduction

number, Ry for the whole model is defined as

Ko = IIIELX{RH, R/}

510

(4.21)



where,

ogCrA
RH HAZ 1
and
Sl
i
pr + 7y

The following theorem is on the stability analysis of the DFE for the system

(4.1)

Theorem 9. The equilibrium point EZ 7 is locally asymptotically stable provided

that Ry < 1, and unstable when Ry > 1.

Proof. Using Theorem 3, it is sufficient to show that the dynamical system (4.1)

satisfies the conditions (A1) — (A5).

(Al) If ]7 JQ: ACa TCa Tl'a Sa J1> A, TH 2 0, then

e ( 0 \

(S +Tr)Ag Ay
0 Ml + Apdy
e 0 ok Py + 1A ;
0 kil + a1 Jp
0 koTe + aJy + Ap A
\ 0 \ Bada + 1A,

( (P + por 0 \
(B4 1 + 01 + )y
(B2 + p2 + @2)J
V.o = (4 k1)T are always greater than or equal to ze-
(ka +v1 +Ar)A

(N'C i V2>A~c

(Ko + p) T
ro, since all the parameter values are positive.
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(A2) If the compartment is empty, then there are no infected individuals in the

population. That is I = J; = J, =Ty = A= A, = T, = 0. Therefore,

V;— = (/J =i /'i1)TH

( (Aag + pr + 7)1 \
(Br+ 1+ o1+ M)y

(Ba + pa + a2) Jo

(pa+v1+ Ap)A

(/1’(7 = V2)Ac

\ (ko + p)T )

(A3) This condition arises from the simple fact that the incidence of infection for

uninfected compartment is zero. That is

( ApS
(S +Tr)\u
0
0
0
0

\ 0

)

=0 for 2 > m.

(A4) If the population is free of disease then the population will remain free of

disease, thus if z € ETH, then F, = 0

ApS
(S+Tr)Ay
0
= 0for i > m ; and
0
0
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A\.r \
/\// ]+ /\’I'Jl
/))1,]] + 1/1/4
V= = 0, 67 § = L1ooun

HL]T‘][ -+ o1 .]1

ko T + g Jy + Ap A

K /'))2]2 ~+ I/Q/'Ln
(Ab) It F'(x) is set to zero, that is there is no new infection, then all cigenvalues
4 s [> o

of J(ETH) have negative real parts.

The Jacobian matrix evaluated at the disease-free equilibrium point is given
 is give

by:
—u Pg v —6uCgp Py O 0 —5pCp 0 1
0 Ps 0 0 dpCrpr 0 0 opCop 0
0 v Py 0 0 0 0 0 0
0 0 9 Pi P 0 (1-¢)8 (1 —€)f 0
HE*=ta4 G 0 0 —P; 0 0 0 0
o 0 O B 0 Ps 2 0 0
0 0 O o 0 k1 —(pa +11) 0 0
0 0 0 0 a0 0 ~(pe +va) Ky
0 0 0 0 o 0 0 Vo P,
L g
where;
99




P = 0uCu+(1—6)0— (1 +m +ay)
Ps = 0rCr+06uChy
P, = 0uCn+(1—¢€)f

Py = Patpato

Ps = —(pr+7)+0Cr
Py = —0Cr

P o= —(r+p)

Ps = —(pt+r)

Py = —(k2+n)

The characteristic equation of the co-infection model is given by the follow-

ing:

0 = (—r—p—A)(—as—B2—p2— AN(=A—7v—pur + 6rCr) (=X — )
A2+ A(ke + g+ pre + v2) + Kopie + plpc + 1))
N4+ X2 [(pa + 1+ p+ K1) — D)+
Apalp + 1) +pn = Dpa+vi + p+ k1) — (1 — €)fay]

+[=D(( + k)pa + vaip) = (1 = €)0((11 + k1)oy + Biky)]],

Where D — ((51{0” -+ (1 = 5)9 = (,Bl + J25) -+ (1(1)).
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I'he factors in the characteristic equation gives the following eigenvalues

M = —=(r+p<0
Ay = —(aa+Ba+ ) <0
A3 = —u<0
M= —(v+pr)+orCrp
considering A4,
Re<l & 2 o
pr+ 7

& 6Cr < pr+7y

& —(pr+7)+0pCp <0,

thus Ay < 0. If Ry > 1, then Ay > 0.

For the remaining factors, we use Routh-Hurwitz stability criteria to deter-
. wiiw 5 ’ .

mine the conditions under which the A's will have negative real parts

For the quadratic factor (A + MK+ p+ pio+ va) + i+ va) + Kapuie), since

all the model parameters are positive, it can be seen that all the coefficients
f qu: 1y ial are sitive hick - ' )

of quadratic polynomial are positive, which means that the A's will have

negative real parts.

For the cubic factor

[/\3 + X [(pa+ i +u+r1)— D]+

Apals + k1) + 11 = Dlpa + v+ p+ k1) — (1 =€)

HED (et a ) = (1= (a4 m)ar + i),
it was shown (see page 43) that the N's will have negative real parts when-
ever Ry < 1.
By 1 losally asymptotically stable if Ry < 1 and Ry < 1; thus the
diseases (TB and HIV) die out. Therefore, we can conclude that:' o
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- free equilibrium point is locally asymptotically stable whenever R, < 1
] A : 0

and unstable if either Rp > 1 or Ry > 1.

Remark 3. If Ry = max{Rpy, Ry} > 1, then we have the following
) If Ry >1 and Ry < 1, then the HIV is endemic and TB dies out.
ii) f Ry <1 and Ry > 1, then the HIV dies out, while TB is endemic.

iii) If Ry > 1 and Ry > 1, then the two diseases are endemic.

Global stability analysis

We noticed that, for the global stability to be guaranteed, the conditions (TH1)
and (TH2) in Theorem 1 must be met, provided that Ry < 1.
We must show that condition (TH1) hold, however (TH2) fails to hold. In The-

orem 7 we have proved that for Ry < 1, Eg " is locally asymptotically stable.

Consider the system (4.1), X = (8,Tr) and Z = (I, J1, J5, A, A, Ty, T,), with

X €R? and Z ¢ R’. The disease-free equilibrium is denoted by

Eg'l/ — (X,}k'111 (), (), (], (], ()’ ()’ ()) :

. A
JY'I-H = <_, 0) =
H

where

For (T'"H1), we have

1X A+rTr — (hp+ X \

ax. _ F(X,Z) = r— (M i+ p)S

df . )
Y — (Mg +7+ p)Typ

dz
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where

Ap S — ()\H + ’\/)/
AgS+AgTr 4+ Av — (B + 1+ ay + Ar)d,

Al + ApJy — (Bo + po + ) Jy
dz

T G(X,Z)= Prh +uriA—(p+k)Ty
dt

thTH + (,\/,1.]’1 o (/1,_4 + 121 + )\{]')A
Kol + gy + Ap A — (pe + 12) A,

.[32‘]2 + UQA(: = (/ﬁ]g + IU)T(

and,

A+rTp—uS
FLX,0) = .
(4 )Ty

Since i;:— = F(X,0) is a linear equation, Xj, is globally stable. Hence (TH1)
dt
holds.

For (TH2), we have

G(X,2)=AZ-G(X,2),

and,

—Bg 0 orCrp 0 0 Sp Gl o |

0 By 6Cpr+(1—¢€)d 0 (1—¢€)8 (1—-€)8 0

0 0 —(Bo+ps+9) 0 0 0 0

A=|0 g 0 —(p + K1) v 0 0

0 o 0 o —(pa +1vy) 0 0

0 0 s 0 0 T -
0 0 B2 0 0 v (a2 + 1)

whose off diagonal entries are non-negative, where

Bl = O/C/ + (1 == ()() . (ﬁl + J25 + (1{1)

By = 5107~ +7)

so that
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_(Sr,vCr,‘] — (pg + ) + 5pCopJy + 5'1'0'/'14{_:-
Bs
—(B2 + pa + ) Ja
AZ = Bidi — (4 r)Ty + v A
a1y + 51Ty — (ppa +11)A

(YQJQ = (/L(,‘ + IJQ)A(~ + /‘iQT,-_

Py +1ahe = (k2 + p)T, ]
where Bs = (61Ch + (1 — €)8 — (81 + a1 + 1)) Ji + (0rCr + (1 — €)8)Jy + (1 —
€)A+ (1 —€)fA,.

We get

G(X,2)e AZ - G (X, 7),

\ orCr(I + Jo + A [1 — +] \

N

: Jy+ J.
O’]r(jy' |:]2 + < : j\_f 2> (Ag = 71/)}

n!
X RN R R XXX
N N N

N N

i

g
o

?

5}
w

—(Aul + ApJy)

? ~
S

-
ot

ApA

!

<
o

NN

wXm A
\ 0

Thus G5 (X, Z) < 0 and Gg (X, Z) < 0 and this implies that G (X, Z)

?

Q
=
L

I

)
)
)
b= 0
)
)
)

=
~

is not

greater than or equal to zero. (TH2) in Theorem 1 is not satisfied, and thus I

may not be globally asymptotically stable.

For any infectious disease, one of the most important concerns is its ability to
invade a population. This can be expressed by a threshold parameter Ro. The

infected individual in its entire period of infectivity will produce less than one

infected individual on average if Ry < 1. The disease-free equilibrium point is

locally asymptotically stable. This shows that the disease will be wiped out of

the population.
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Chapter 5

Quantitative analysis of the

models

In this chapter, we use the fourth order Runge-Kutta method to provide nu-
merical solutions to our systems of ODEs. More generally, we use MATLAB to
perform various numerical simulations to demonstrate agreement of the numer-
ical results with the theoretical results derived in Chapter 4. The values of the
parameters that we use mostly come from literature.

The phase portraits in this chapter, demonstrate how the trajectories behave de-

pending on the initial conditions.

We consider parameter values in Tables 5.1 and 5.2 with a total initial pop-
ulation of Ny = 500. Some of the parameters were not available, therefore we
assumed them and obtained the rest from the papers we reviewed. The table

below shows the set of parameter values which were used.



Table 5.1: Values of parameters used in the TB, HIV and HIV /TB models

Parameter | Definition Value Source
[ Natural death rate 1/70 [7]
dyp Death rate due to TB 0.1 [27]
P Rate at which TB recovered individuals become | 3 [27]
susceptible to TB
Treatment rate of active TB individuals 1 [27]
A Contact recruitment rate into susceptible 0.4 x 500 [33]
Cr Per capita contact rate for TB 50 [27]
oy Probability of transmission of TB infection from | 0.2 [27]
an active to a susceptible per contact rate
dpy Death rate due to HIV 0.2 [27]
d Death rate due to AIDS 0.5 [27]
v The rate at which AIDS patients get treatment | 0.1 (33]
ki The rate at which HIV individuals developed | 0.08 [33]
ATIDS
o Per-capita AIDS progression rate 0.1 [27]
£ The fraction of newborns infected with HIV 0.2 [33]
0 The rate of newborns infected with HIV 0.3 [33}
Bi HIV treatment rate 0.1 Assumed
Cy Per capita contact rate for HIV 4 [27]
oy Probability of transmission of HIV infection | 0.1 [27}
from an active to a susceptible per contact rate

5.1 Simulation for TB-only model

In this section, we conduct sensitivity analysis and illustrate the behavior of our

model with graphs. Sensitivity is defined as a way of quantifying how a small

change in parameters used in a model affects state variables over time [2
O “
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1s thus important in determining how easily affected the equilibrium is by smal-
I changes in parameters [24]. Sensitivity analysis is conducted to determine the
parameters or changes in the model structure that have the most impact on mod-
el outputs. It is therefore helping in identifying components of the system that
should be targeted for possible control measures. In this analysis, we will focus

on only one parameter at a time.

IRy pi
Ipi Ry

sensitivity index =

where

..
Coptdp
p; (wherei = 1,2,3,4, 5) represents each parameter in Ry, i.e., py = oy ; P2 = Cp:

Ry and

P3 = i Pe = dp and ps = 7.

IRy or _ Cr Sr(p+dp +7)
()(5/ R/ /i dyp + ’Y. (51(71
= 1
ORr Cr _ Or Cr(p+dr +7)
ACy R pAdp 4+ 8 Crp
ORr I _ OorCr p(p + dr + )
op Rr (4 +dr +7)? orCr
I . -
(i +dp +7)
= —0.0128;
. |ORr P 0.0128;
therefore, B R

67



ORr dr 0rCr  dr(u+dr+7)

Sdr R (n+dr+7)? 0:Cr

s 2
(4 dr +7)
— —0.0897,

IRy dp

therefore —| = 0.0897;
1erefore 5 R ;
ORr v _ _ drCrp Y(p + dr + )
dy Rr (n+dr+7)?2  6:Crp
v
(p+dr+9)
— —0.8974,

ORpr v .
therefore |— 2 —l— = (.8974.
()“/ 98

Therefore, observing from the calculations, the parameters that can be controlled
g

affecting the reproduction number by small changes are d; and . Other param-

eters, for example i or dr their changes in the model structure have less npaat

on model outputs. Cr which is the contact rate for TB has more impact, however

it can not be controlled. Hence, these two parameters dp and + have the highest

sensitivity indices in magnitude. Therefore they have biggest impact on the basic

reproduction number, and thus a slight change in any of them is expected to

1 ¢ e 5 Te SAal: 01 Ne SVvste =% » O 1
considerably change the over all behavior of the system. Hence we will vary them

for our sensitivity analysis.

. e g ] y 5 B . i wui
We consider parameter values in Table 5.1 and initial total population to be

i 04 S N = : 5 = 5 ‘ o
No = 500 divided as follows. So = 350, Ip = 150 and T, = 0 to produce various

graphs.
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The positive endemic equilibrium point was shown to exist and to be locally
asymptotically stable whenever Rr > 1, (see Theorem 5). Substituting the
parameter values as in Table 5.1 into the basic reproduction number, we get Ry =
8.974 > 1, establishing that TB persists in the population. In this case, as time

evolves, the population approaches a fixed point (S*, I*, T}) = (411, 1473, 1 808)

We see in Figures 5.1 and 5.2 that the curves approach the endemic equilibrium

point. Hence, the numerical results are in agreement with the results obtained

from qualitative analysis.
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in different classes, corresponding to the param-

Figure 5.1: Dynamics of population

eter values as in Table 5.1.
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Figure 5.2: A phase portrait for the TB-only model, in a case where the disease

persists, the parameter values used are as in Table 5.1.

We have proven that the DFE for the TB-only model is locally and globally

asymptotically stable whenever Ry <1 (see Theorems 5 and 6). v and §; have

the highest sensitivity indices in magnitude, therefore the biggest impact on the

hasic reproduction number, and therefore a slight change in any of them is ex-

pected to considerably change the overall behavior of the system. Hence we will

vary them for our sensitivity analysis.

If we increase treatment rate for TB, for example v = 12, compared to the value

~ = 1 used in a previous oraphs (see Figures 5. (Ln(l 5.2), we got Ry = 0.826 < 1.

The solutions are approachmg the fixed point { — O 0] as given in Theorem 5.

which is (14000, 0, 0) as illustrated in Figures 5. 3 and 5.4. Hence, the numerical

results are in agreement with the results obtained from qualitative results
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Figure 5.3: Solution trajectory corresponding to v = 12, and all the other parameters

as in Table 5.1.

Figure 5.3 is the graph of infected TB individuals only (TB-only model) a.

gainst time. It is observed that the number of infected TB individuals decrease

as the TB treatment parameter increases. I'his means, the TB can be eradicated

completely in the population at t = 310 years.
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Figure 5.4: A phase portrait of the TB-only model, when the disease dies out (corre-
sponding to v = 12, and all the other parameters as in Table 5.1).

We also see in Figure 5.5 that if the probability of transmission of TB infection
from an active to susceptible rate is decreased, for example 07 = 0.01, compared
to the value op = 0.2 used in a previous graph (see Figure 5.1) then the HIV,
AIDS and Treated populations decrease, reducing the basic reproduction number

to Ry = 0.4487 < 1. The solutions are approaching a fixed point (14000, 0, 0 0

: N .-y o
as presented 1 Figures 5.5 and 5.6.
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Figure 5.5: Solution trajectory corresponding to dr = 0.01, and all the other ey

eters as in Table 5.1

Figure 5.5 is the graph of infected TB individuals only (TB-only model) against

& 2 i) oL
time. It is observed that the number of infected TB individuals decrease as the
probability of transmission of TB infections parameter decreases. This means

the TB can be eradicated completely in the population at t = 350 years.
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Figure 5.6: A phase portrait of the TB-only model, corresponding to § = 0.01, and

all the other parameters as in Table 5.1.

5.2 Simulation for HIV-only model

We consider parameter values in Table 5.1, to produce various graphs and the
initial total population as No = 500 divided as follows Sy = 350, Ji, = 150,
Ay =0and Ty, = 0.

The positive endemic equilibrium point was shown to exist and to be locally
asymptotically stable whenever Ry > 1, (see Theorem 7). Siibetibuting 4
parameter values as in Table 5.1 into the basic reproduction number, we get
Ry = 8.8406 > 1, establishing that HIV persists in the population (see Fig-
ure 5.7 below). In this case, as time evolves, the population approaches a fixed
point (5, Jr, A Th) = (742,2093, 731, 2999). We see in Figures 5.7, 5.8 and 5.9
that from the curves, the variables in the model approach the endemic equilib-

rium point. Hence, the numerical results are in agreement with findines feom
3 (o

qualitative analysis.
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Figure 5.7: Dynamics of population in different classes, corresponding to the param-

eter values as in Table 5.1.
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Figure 5.8: A phase portrait of the HIV-only model, corresponding to the parameter

values as in Table 5.1.
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Figure 5.9: A phase portrait of the HIV-only model, corresponding to the parameter

values as in Table 5.1.

We have proven that the DFE of HIV-only model is locally and globally asymp-
totically stable whenever Ry < 1 (see Theorem 7 and 8). The number of infected
individuals in the population is dependent on the values of 8, and d;;, hence we
will use various values for each of them for our sensitivity analysis.

If we increase the treatment rate to 8, = 0.7, then we get Ry = 0.8701 which
implies that the disease-free equilibrium is stable and hence the disease is expect-
ed to die out (see Figure 5.10). The solutions are approaching the stable fixed
point <%, 0,0, O) as indicated in Theorem 7, which is (14000, 0, 0, 0) as present-
od in Figures 5.10, 5.11 and 5.12. Figures 5.11 and 5.12 indicate the stability of
the disease-free equilibrium. Hence, the numerical results are in agreement with

findings from qualitative analysis.
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Figure 5.10: Solution trajectory for B; = 0.7. and all the other parameters as in Table

5.1
It can be seen that when j; increases, the susceptible population increases.

While the susceptible population increases, the treated, HIV and AIDS popula-

tions decrease to zero, reaching its equilibrium point. This can be explained by

ARV treatment and its effect in prolonging the life span.
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Figure 5.11: A phase portrait of the HIV-only model, corresponding to A, = 0.7. and

all the other parameters as in Table 5.1.
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Figure 5.12: A phase portrait of the HIV-only model, corresponding to 8] = 0.7. and

all the other parameters as in Table 5.1.
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If the probability of transmission of HIV infection from an active to susceptible
goes down to 0y = 0.01, then the basic reproduction number decreases to Ry =
0.442. The solutions are approaching the stable fixed point (14000,0,0,0) as
s 4, \

present in Figure 5.13. Hence, the numerical results are in agreement with findines
; gs

from qualitative analysis.
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Figure 5.13: Solution trajectory corresponding to 0y = 0.01, and all other paramet
' 18 ters

as in Table 5.1.

It can be verified that with decrease in 0, the susceptible population increas-
es, while the HIV, AIDS and treatment populations decrease with time until
they reach the equilibrium values. Therefore, it can be concluded that in order
to reduce the spread of HIV/AIDS, unsafe sexual interaction with an infective

individuals should be minimized.
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5.3 Simulation for HIV/TB model

We consider parameter values in Tables 5.1 and 5.2, and an initial total population

of Ny = 500.

Table 5.2: Values of parameters used in the HIV /TB co-infection model

Parameter | Definition Value | Source
a9 Per-capita AIDS progression rate 0.2 [27]

dyr Death rate due to TB and HIV 0.24 | [3]

Ko The rate at which AIDS with TB recovered in- | 0.3 Assumed

dividuals delelop AIDS and TB

dar Death rate due to AIDS and TB 0.5 Aagnmad

vy The rate at which AIDS with TB recovered get | 0.1 Assum
treatment

o The rate at which patients with both HIV and | 0.3 (3]

TB get treatment
te)

We consider parameter values in Tables 5.1 and 5.2, with the initial population

of Ny = 500 divided as follows: So = 150, Iy = 100, T, = 0, Jy, = 100, L. = 50,
Ty, = 0, Ag = 50, Az =50 and 7,, = 0 to produce graphs.
Substituting the parameter values as in Table 5.1 and Table 5.2 into the basic
reproduction number Ro, we get Ry = 4.420 and Ry = 8.974, therefore
Ry = IIlElX{RH,RT} = 8.974 > 1, both Ry, Ry are greater than one, this
establishes that the two diseases are endemic (see Figure 5.16 ), i.e., the solutions
are approaching the fixed point Fpy where S* = 199, I* = 1096, T3 = 359
J,
Jr =19, Jt =225, T} = 22,A* =1, A7 = 217, Ty = 284. We see in Figures 5.16
5 5.16,
5.17, 5.18, 5.19, 5.20 and 5.21 that from the curve, the solution approaches the
endemic equilibrium point. Hence, the numerical results are in agreement with

findings from qualitative analysis.
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16: Dynamics of population in different classes, corresponding to the pa-

Figure 5.
rameter values as in Table 5.1 and 5.2.

It can be observed that for any starting initial values, the solutions curves tend to
quilibrium point. Hence, it can be concluded that the system (4.12)

the endemic e
is globally stable about its endemic point for the parameters given in Tables 5.1

and 5.2.
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Figure 5.17: A phase portrait illustrating the behavior of solution towards the en-
demic equilibrium of population of Susceptible vs Infected with TB, corresponding to

the parameter values as in Tables 5.1 and 5.2.
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Figure 5.18: A phase portrait illustrating the behavior of solution towards the en-
demic equilibrium of population of Susceptible vs Infected with AIDS, corresponding

to the parameter values as in Tables 5.1 and 5.2.
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Figure 5.19: A phase portrait illustrating the behavior of solution towards the en-
demic equilibrium of population of Susceptible vs Infected with HIV, corresponding to

the parameter values as in Tables 5.1 and 5.2.
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Figure 5.20: A phase portrait illustrating the behavior of solution towards the endem-
ic equilibrium of population of Susceptible vs Infected with TB and HIV, corresponding

to the parameter values as in Tables 5.1 and 5.2.
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Figure 5.21: A phase portrait illustrating the behavior of solution towards the en-
demic equilibrium of population of Susceptible vs Infected with TB and AIDS, corre-

sponding to the parameter values as in Tables 5.1 and 5.2.

Now, if the probability of transmission of TB infection from an infective to suscep-
tible is decreased, i.e., for example o7 = 0.01, we get Ry = 4.420 and Ry = 0.449,
therefore Ry = max{Ru, Ry} = 4.420 > 1, which implies that HIV is expected
to persist in the population while TB is expected to die out. The solutions are
approaching a fixed point Ety, where §* = 1529, I* = 0, T = 0, J; = 1958,

s =0, T = 2800, A* = 683, A7 = 0, T? = 0, which coincides with E}; as
Alustrated in Figures 5.22, 5.23, 5.24, 5.25, 5.26 and 5.27. Hence, the numerical

results are in agreement with findings from qualitative analysis.
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Figure 5.22: Solution trajectory corresponding to d7 = 0.01, and all other parameters

as in Tables 5.1 and 5.2.

Figure 5.22 shows the effect of probability transmission of TB infection d7 in
HIV/TB co-infected individuals against time, with Ry = 4.420 and Ry = 0.449,
and thus with Ro = max{Ru, Rr} = 4.420. It is observed that the number indi-
viduals infected with TB only, infected with TB and HIV, as well as infected with
TB and AIDS decrease to zero as probability of transmission decrease. However,

individuals infected with HIV and AIDS remains in the population.
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Figure 5.23: A phase portrait illustrating the behavior of solution towards the en-
demic equilibrium of population of Susceptible vs Infected with TB, corresponding to

57 = 0.01, and all other parameters as in Tables 5.1 and 5.2.
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Figure 5.24: A phase portrait illustrating the behavior of solution towards the en-
demic equilibrium of population of Susceptible vs Infected with AIDS, corresponding

to 67 = 0.01, and all other parameters as in Tables 5.1 and 5.2.
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Figure 5.25: A phase portrait illustrating the behavior of solution towards the en-
demic equilibrium of population of Susceptible vs Infected with HIV, corresponding to

57 = 0.01, and all other parameters as in Tables 5.1 and 5.2.
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Figure 5.26: A phase portrait illustrating the behavior of solution towards the endem-
ic equilibrium of population of Susceptible vs Infected with TB and HIV, corresponding

to &p = 0.01, and all other parameters as in Tables 5.1 and 5.2.
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Figure 5.27: A phase portrait illustrating the behavior of solution towards the en-
demic equilibrium of population of Susceptible vs Infected with TB and AIDS, corre-

sponding to é7 = 0.01, and all other parameters as in Tables 5.1 and 5.2.

If the probability of transmission of HIV infection from an infective to susceptible
is decreased, i.e., for example 0y = 0.01, we get Ry = 0.442 and Ry = 8.974,
therefore Ry = max{Ru, Rr} = 8.974 > 1, which implies that TB is expected
to persist in the population while HIV is expected to die out. The solutions are
approaching the stable fixed point E7y where S* = 275, I* = 1647, Ty = 547,
Jr=0 B =0T=1, A* =0, A; = 0, T¥ = 0 as present Figures 5.28, 5.29,
5.30, 5.31, 5.32 and 5.33. Hence, the numerical results are in agreement with

findings from qualitative analysis.
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Figure 5.28: Solution trajectory corresponding to oy = 0.01, and all other parameters

as in Tables 5.1 and 5.2.

Figure 5.28 shows the effect of probability of transmission of HIV infection
8y in HIV/TB co-infected individuals against time, with Ry = 0.442 and Ry =
8.974, and thus Ry = max{Ry,Rr} = 8.974 . It is observed that the number
individuals infected with HIV only, AIDS only, infected with HIV and TB, as well
as infected with TB and AIDS decrease to zero as probability of transmission of

HIV decrease. However, individuals infected with TB remains in the population.
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Figure 5.29: A phase portrait illustrating the behavior of solution towards the en-

demic equilibrium of population of Susceptible vs Infected with TB, corresponding to

6y = 0.01, and all other parameters as in Tables 5.1 and 5.2.
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Figure 5.30: A phase portrait illustrating the behavior of solution towards the en-
demic equilibrium of population of Susceptible vs Infected with AIDS, corresponding

to oy = 0.01, and all other parameters as in Tables 5.1 and 5.2.
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Figure 5.31: A phase portrait illustrating the behavior of solution towards the en-
demic equilibrium of population of Susceptible vs Infected with HIV, corresponding to

8y = 0.01, and all other parameters as in Tables 5.1 and 5.2.
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Figure 5.32: A phase portrait illustrating the behavior of solution towards the endem-
ic equilibrium of population of Susceptible vs Infected with TB and HIV, corresponding

to 8y = 0.01, and all other parameters as in Tables 5.1 and 5.2.
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Figure 5.33: A phase portrait illustrating the behavior of solution towards the en-
demic equilibrium of population of Susceptible vs Infected with TB and AIDS, corre-

sponding to 67 = 0.01, and all other parameters as in Tables 5.1 and 5.2.

If we decrease the probability of transmission of both TB and HIV infection,
i.e., for example 6y = 0.01 and op = 0.01, we get Ry = 0.442 and Ry =
0.449; therefore Ro = max{Ru, Rr} = 0.449 < 1. The solutions are ap-
proaching the stable fixed point Efy, where (8*, I*, T, J¢, J3, Ty, A*; A, TX) =
(14000,0’0,0,0,0,0,0,0) as presented in the following Figures 5.34, 5.35, 5.36,
5.37, 5.38 and 5.39, which means the DFE is stable. Hence, the numerical results

are in agreement with findings from qualitative analysis.
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Figure 5.34: Solution trajectory corresponding to g = 0.01 and dp = 0.01, and all

the other parameter as in Tables 5.1 and 5.2.

Figure 5.34 shows the effects of probability of transmission of HIV and TB
infection 65 = 0.01 and dr = 0.01 of HIV/TB co-infected individuals against
time. It is observed that the infected number of TB, HIV/AIDS and HIV/TB
co-infected individuals decreases as the TB and HIV probability of transmission
parameters op and 0n respectively decreases and brought down the number of
HIV/TB infected individuals to zero. This means the HIV/TB co-infection can

be eradicated completely in the population.
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Figure 5.35: A phase portrait illustrating the behavior of solution towards the en-
demic equilibrium of population of Susceptible vs Infected with TB, corresponding to

6r = 0.01, 65 = 0.01 and all other parameters as in Tables 5.1 and 5.2.
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Figure 5.36: A phase portrait illustrating the behavior of solution towards the en-
demic equilibrium of population of Susceptible vs Infected with AIDS, corresponding

to o7 = 0.01, = 0.01 and all other parameters as in Tables 5.1 and 5.2.
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Figure 5.37: A phase portrait illustrating the behavior of solution towards the en-
demic equilibrium of population of Susceptible vs Infected with HIV, corresponding to

o7 = 0.01, 6 = 0.01 and all other parameters as in Tables 5.1 and 5.2.
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Figure 5.38: A phase portrait illustrating the behavior of solution towards the endem-
ic equilibrium of population of Susceptible vs Infected with TB and HIV, corresponding

to 67 = 0.01, 5 = 0.01 and all other parameters as in Tables 5.1 and 5.2.
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Figure 5.39: A phase portrait illustrating the behavior of solution towards the en-
demic equilibrium of population of Susceptible vs Infected with TB and AIDS, corre-
sponding to &y = 0.01, oy = 0.01 and all the other parameters as in Tables 5.1 and

9.2.

If we increase the treatment rate for both TB and HIV i.e., for example
v =12 and 8 = 0.7 we get Ry = 0.870 and Ry = 0.825, therefore Ry =
max{Ry, Rr} = 0.870 < 1, and the solutions are approaching the stable fixed
point which is (S*, I*, T7, Ji I3, Ty, AY A TY) = (14000,0,0,0,0,0,0,0,0) as
presented in Figure 5.40. Hence, the numerical results are in agreement with

findings from qualitative analysis.
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Figure 5.40: Solution trajectory corresponding to v = 12, # = 0.7, and all the other

parameters as in Tables 5.1 and 5.2.

Figure 5.40 shows the effect of treatment for HIV/TB co-infected individuals
against time. It is observed that the number of TB, HIV/AIDS and HIV/TB
co-infected individuals decreases as the TB and HIV treatment parameters
and [ respectively increases and brought down the number of HIV/TB infected
individuals to zero at high HIV and TB treatment rates. This means the HIV/TB

co-infection can be eradicated completely in the population.

5.4 Disscussion and concluding remarks

In this section, we provide discussion on the three models, i.e., TB-only model,
HIV-only model and HIV/AIDS and TB co-infection model. From simulations,
we noticed that an increase of treatment rates for all the models, leads to the basic
reproduction number less than unity (see Figures 5.3, 5.10 and 5.40). This shows
that, TB and HIV/AIDS can possibly be reduced through proper treatment and

reduce the rate of progression of HIV infected individuals to AIDS. It is -therefore
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of utmost important that the treatment parameters v and 3, be significantly in-
creased. In addition, a greater reduction in the probability of transmission rates

op and &y also need to be ensured to get Ry, Ry and Ry less than 1.

According to, [22], TB will be eradicated from the population if approximately
above 90% of people are recovered due to effective treatment. An increase in
the recovery rate, the TB infected population decreases which in turn increases
the susceptible population. In addition, it was shown in [22] that, an increase in
the treatment rate for HIV population, decreases the HIV infected population,
which decreases the full blown AIDS population. Furthermore, it was established
in [22] that, the number of HIV individuals in population increases rapidly due
to presence of another disease that is TB. The author further concluded that, if

TB in the population is effectively treated, the spread of HIV can be slowed down.

In addition, it was established in [11] that, the rates of transmission of both
HIV and TB should be decreased, as an increase causes a rise in the number
of infectives at the equilibrium level. Furthermore, it was shown in [11] that,
when both the reproduction numbers Ry and Ry are greater than one, then
there is a possibility of stability of co-infection equilibrium. The author ([11])
observed that, whenever the co-infection equilibrium exists, it is always locally
asymptotically stable and in this case the other equilibrium become unstable.

That means for Ry > 1, Rg > 1, both the diseases will exist.
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Chapter 6

Conclusion

In this mini-thesis, we developed a new mathematical model for the dynamics
of HIV/TB co-infection in a population that incorporate treatment and vertical
transmission. Both qualitative and quantitative analysis of the model was done.
The disease free equilibrium points for the models, were obtained and their stabil-
ities were discussed. The endemic equilibrium points of TB and HIV only model
were obtained from the qualitative analysis. However, the endemic equilibrium
point of the co-infection model could not be obtained analytically. Local and
global stability of the disease-free equilibrium of each model were discussed. The
basic reproduction numbers of each model were obtained and discussed. It is
noted that when Ry < 1 and Ry < 1, both diseases die out. However, if Ry > 1

and Ry > 1, then the co-infection is maintained in the population.

Numerical results revealed that, an increase in the treatment rate of all mod-
els, leads to the decrease of the population of infectives. In addition, decreasing
the probability of transmission rate of both HIV and TB infection from an ac-
tive to susceptible, leads to decrease in HIV /AIDS and TB infectives population.
Thus for all models, T B-only model, HIV-only model and co-infection model,
we suggest treatment rates to be increased, as well as decrease of probability of

transmission, by involving family members and community trained health work-
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ers to ensure that all TB and HIV/AIDS patients do take and complete their
medication courses especially with TB patients. This way, it helps reduce TB
spreads in our communities. Early detection of HIV and TB cases and provision
of early treatments can reduce the rate of infection, reduce the rate of progression
of HIV infected individuals to AIDS and lower co-infection.

We recommend strengthening the work of community health workers, to educate
people in their communities the importance of taking their medication, that is, to
ensure that TB and HIV patients do religiously take their medications to prevent
resistance especially of TB, which is costly and take even takes even longer to
treat. In this way, we will not only prevent, but also reduce the spread of HIV
and TB in our communities. Therefore, a strong coordination between the na-

tional of TB and HIV control programs is required for the effective management

of HIV/TB patients.

For future work, the research will address a more detailed analysis by exploring
the stability analysis of the endemic equilibrium point and the positivity of the
endemic equilibrium point for HIV-only model, and HIV/TB co-infection model,
as well as analyzing more sophisticated models such as models involving the

impact of the lack of immunity after HIV treatment.
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