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Abstract

This study will investigate the strongness property for nearness and nearness partial
frames. We initially revisit the concepts of strong and totally strong nearness frame and
study their closures under completion. We also explore the properties of totally strong
and uniformly completely regular nearness frames, and study the relationship between
them. We show that the category of totally strong nearness frames is coreflective
in the category of uniformly completely regular nearness frames. This we do by
constructing the coreflection. Further, we study nearness in the context of partial
frames with particular emphasis to the strong and totally strong properties. We follow

[6] in constructing the respective coreflections using the notion of P-Approximations.

Keywords: Nearness frames, regular frames, strong, totally strong, uniformly
completely regular, interpolation, almost uniform, partial frames, uniform, meet-semilattice,

P-approximation, uniformity, coreflection.
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Chapter 1

Introduction

1.1 Background of the study

The idea of a frame was introduced in the mid-sixties by Dowker and Papert [17] and
the theory of nearness was introduced by H. Herrlich [13] in 1972, as an axiomatization
of the concept of nearness between arbitrary collections of sets. Since then frame and
nearness have been widely studied by many mathematicians. Banaschewski and Pultr
have introduced the concept of nearness frames and then constructed completions of
nearness frames [2] which give rise to a coreflection for strong nearness frames [3].
The theory of coreflections in categories serves the purpose of unifying various fundamental
constructions in mathematics, through “universal” properties that each possesses. The
purpose of this thesis is to study certain categorical constructions among nearness
frames. It was proved in [15, 16] that totally strong nearness frames are closed under
completion. In this study we show that totally strong nearness frames are coreflective
in the category of uniformly completely regular nearness frames.

Further, we study partial frames, which are meet-semilattices in which certain joins
exist and finite meets distribute over these joins. These joins will be specified by
means of a selection function. While any selection function must fulfill certain axioms
to yield a feasible theory, the axioms used in this study were all introduced in [6].

In this study we investigate properties of nearness partial frames. These have been
introduced in [6, 7] to provide a fertile context in which to do pointfree structured and
unstructured topology, using a small collection of axioms of an elementary nature. In

[6], J. Frith and A. Schauerte presented axioms for partial frames and established a



method for constructing a coreflection for all nearness partial frames and, in [7] they
provided a coreflection for uniform partial frames.

We next investigate whether the completion is a coreflection for totally strong nearness
partial frames. In full (that is, not partial) frames, the natural tool used to determine a
coreflection is the existence of a right adjoint of frame maps, but in S-frames these are,
in general, not available since, for instance, S-frame maps need not preserve arbitrary
joins. Therefore we will follow [6] in constructing the coreflection for totally strong

nearness partial frames using the notion of P-Approximations.

1.2 Outline of the study

The study is organized as follows. Chapter 1 begins with a brief account of the
necessary background and terminology on frames and nearness frames, as well as a
literature review, which includes references that are crucial for our study. In Chapter 2,
we present the relevant definitions pertaining to frames, nearness frames and uniform
frames, and outline the necessary background for the subsequent chapters. A general
reference for categorical concepts used in the thesis is [14], for frames it is [18] and
for a pioniering article on nearness frames refer to [2]. In Chapter 3, we introduce
strong and totally strong nearness frames and investigate the relationship between them
[15]. We also show that the category of totally strong nearness frames is closed under
completion [15]. Further, we construct a coreflection for totally strong nearness frame
in the category of uniformly completely regular nearness frames .

Chapter 4 is essentially an introduction to partial frames and the structure of a nearness
partial frame. Here we extend the relevant definitions relating to partial frames and
nearness partial frames, we consider the category of totally strong nearness partial
frames and try to examine it is coreflectivity in the category of strong nearness partial

frames.

1.3 Literature review

The concept of frame was discovered in 1966 by C.H. Dowker and brought to the fore
by D. Papert [4, 11]. H. Herrlich in 1972 introduced the idea of a nearness while B.



Banaschewski (based on joint work with A. Pultr) in 1990 announced the concept of
nearness frames in a series of lectures delivered at the University of Cape Town [2].
When nearness frames were introduced, several questions naturally arising from the
unique existence of the completion of a nearness frame were scrutinized. In [2] it was
established that every nearness frame has a completion. This result was then extended
to a coreflection for uniform frames. Banaschewski, Hong and Pultr [3] investigate
the existence of a coreflection for uniform frames and proved that completion is not
a coreflection on NFrm, but it is on the subcategory StrNFrm of strong nearness
frames, a subcategory strictly containing almost uniform nearness frames. Thereafter,
Dube and Mugochi [5] revisited the work done in [3] and found that these (almost
uniform) nearness frames are coreflective in the category of all nearness frames with
interpolating uniformly below relation.

Further, Mugochi [15] investigated quotient-fine nearness frames, showing that they
are reflective in the category of strong nearness frames and also in those with spatial
completion. Besides he established that the category of totally strong nearness frames
is closed under completion. Frith and Schauerte [8] examined a general method of
constructing coreflections in the category of nearness frames. Their study provided a
way to establish that strong coreflections can change the underlying frame in nearness
frames, in contrast with the work done in [5]. We aim to construct a coreflections in
the category of totally strong nearness frames.

Due to the lack of joins in some subsets of partial frames (unlike in full frames),
different authors have used different sets of axioms for their selection functions to
complete their investigations. A small collection of axioms of an elementary nature
allows one to do much traditional pointfree topology, both on the level of partial frames
and that of uniform partial frames. Frith and Schauerte [6] presented axioms for partial
frames and established a method for determining certain coreflective subcategories of
nearness partial frames. Moreover, the same authors [7] constructed a completion and
a Samuel compactification for uniform partial frames.

In this study we focus on the subcategory of totally strong nearness frames and totally
strong nearness partial frames and attempt to establish their coreflectivity in the categories

of uniformly completely regular nearness frames and nearness partial frames, respectively.



Chapter 2

Preliminaries on frames

In this introductory section we collect a few facts that will be relevant for our study,
and fix notation. We begin by giving definitions pertaining to frames and nearness
frames. For general theory of frames we refer to [12, 18], and for nearness frames we

refer to [2].

2.1 Relations and Lattices

We first introduce the following notions on relations and lattices. By a partial order
< on a set L is meant a binary relation on L (i.e < is a subset of L x L) satisfying the

following properties: For all a,b,c € L:
(1) reflexivity: a < a.
(i1) transitivity: If a < b and b < ¢, thena < c.
(i11) antisymmetry: If a < b and b < a, then a = b.

If L is equipped with a partial order we call L a partially ordered set or refer to the pair

(L,<) as a poset. Let (L,<) be a poset and S C L. Then

(1) 0 € L is called the minimum (or bottom) element of L if and only if for all a € L,

0<a.

(1) 1 € L is called the maximum (or top) element of L if and only if for all a € L,

a<l.



(iii) a € Lis called a lower bound of S if and only if forall s € S, a < s. If a is a lower

bound of S and a € S, then a is the minimum of S.

(iv) b € Lis called an upper bound of S if and only if forall s € S, s < b. If this b € §,

then b is the maximum of S.

(v) o € Lis called the greatest lower bound (or meet) of S if and only if o is a lower

bound of § and a < o for every lower bound a of S.

(vi) B € L is called the least upper bound (or join) of S if and only if  is an upper
bound of S and B < b for every upper bound b of S.

We use the notation A S for the meet of S and the notation \/ S for the join of S. When
S ={a,b}, we write A{a,b} =aAb and is read as “ a meet b”, and \/{a,b} =a Vb
and read as “ a join b”. A lattice is a poset with a top and a bottom element such that
every pair of it is elements has a meet and a join. A complete lattice is a poset in which

any subset has a meet and a join.

2.2 Frames and Nearness frames

This section will include some basic definitions on frames and nearness frames bearing

relevance to our study.

Definition 2.2.1. (a) A frame Lis acomplete lattice satisfying the infinite distributive

law: foranya € Landany SC L,aAVS=\V{aAs|s €S}

(b) A subset M C L is called a subframe of L if it is closed under finite meets and

arbitrary joins restricted to L.

Definition 2.2.2. (a) A frame homomorphism (or frame map) between frames L and
M is a map h : L — M which preserves finite meets and arbitrary joins. In

consequence i(0) =0 and (1) = 1.

(b) To any frame homomorphism 4 : L — M, the map h, : M — L, defined by
hi(y) = V{x € L | h(x) <y} is categorically the right adjoint of h, which is
not necessarily a frame homomorphism, but preserves arbitrary meets. The

following property holds for every x € L and every y € M:



h(x) <y <= x < h(y).

(c) A frame homomorphism 4 : L — M is dense if for every a € L, h(a) = 0 implies
a = 0. This holds if and only if £, (0) = 0.

Remark 2.2.3. A frame homomorphism /4 : L — M is onto if and only if ho h, = idy,.

To see this, first suppose & is onto. Let b € M and a € L be such that h(a) = b.
Then,

So,
hh,(b) < b. (D

Now, by definition ¢ < h.h(c) for any ¢ € L. So, a < h.h(a) in particular. Hence
b = h(a) < h(h«(h(a))) = hh.(b). Therefore,

b < hh.(b). 2)

Hence from (1) and (2) hh.(b) = b.
Conversely, suppose hh, = id. Let b € M. So, hh.(b) = b. Take a = h.(b) € L. Hence
h is onto.

We write Frm for the category of frames and frame homomorphisms. In our

discussions that follow, L will normally be a frame unless otherwise specified.

Definition 2.2.4. (a) By a cover of L is meant a subset G C L whose join equal to

the top element (i.e \/ G = 1). The set of all covers of L is denoted by Cov(L).

(b) For covers C and D of L, C is said to refine D, written C < D, if for every c € C
there exists d € D such that ¢ <d. For any A € Cov(L) and x € L, the element Ax
of Lis defined by Ax =\/{a € A | aAx # 0} and is called the star of x relative to
A. Notice that x < Ax. If A, B € Cov(L), then AB = {Ab | b € B} is also a cover.
To see this, notice that \/ AB = \/{Ab | b € B} = \/,cgAb > \/pcgb =\ B=1.

6



(¢c) A cover A star-refines a cover B, written A <* B, if AA < B.

(d) Given a collection A’ C Cov(L), we say x € L is N -strongly below y € L, written

x <y if there is a cover A € AL such that Ax < y.

Definition 2.2.5. (a) For any element a € L the sets:
la={xelL|x<a}andta={xeL|a<x}

are called the downset at a and the upset at a, respectively.

(b) A subset D C L is called a lower set (or downset) if, whenever x € D and y < x,

then y € D.

(c) A subset U C L is called an upper set ( or upset) if, whenever x € U and x < y,
theny e U.

(d) A subset S C Lis said to generate L if for every element x € L, we have

x=V{seS|s<x}

(e) If L has finite meets, a subset F' of L is called a filter of L if it is an upper set

closed under finite meets.
We now define the terms nearness and nearness frames.

Definition 2.2.6. (a) A nonempty collection A'’L C Cov(L) is called a nearness on
L if the following hold:

nl. Whenever A € AL refines B € Cov(L), then B € A[L.
n2. Whenever A,B € AL, then ANB={aAb|acA,beB} € NL.

n3. Every x € L can be expressed as x = \/{y € L[y <a x}. This property is

referred to as the admissibility property.
(b) The pair (L, A'L) is called a nearness frame.

(c) A nearness AL on a frame L is said to be generated by C C AL if for every

A € N L there exists C € C such that C < A. Where ( is the collection of covers.



In the case where AL is a nearness on L, we refer to the relation < acz, (or simply
<) as the uniformly below relation on L. For covers A and B of a nearness frame, we
say A is uniformly below B and write A <1 B to mean that for every a € A thereis b € B

such that a <1 b.
Definition 2.2.7. Let (L, A(L) and (M, A’M) be nearness frames,
(a) The members of A'L are called uniform covers of L.
(b) If C € Cov(L), C is the cover defined by C = {x € L | x<i¢ for some ¢ € C}.

(c) A frame map f: (L, NL) — (M,NM) is a uniform map if for every C € NL,
flC]={f(c) | ceC} e NM.

(d) (L,NL) is strong if whenever C € AL, then C € AL, (notice that C <1 C).
Equivalently, (L, A[L) is strong if for every uniform cover A, there is a uniform

cover B such that B <1 A.

(e) (L,NL) is almost uniform if (L, A\[L) is strong and the relation < interpolates in

L,i.e for any x,y € L, if x <y, then there is z € L such that x <z <y.

(f) A nearness is called a uniformity if every uniform cover has a uniform star

refinement. The pair (L, A(L) is a uniform frame if AL is a uniformity on L.

Denote by NFrm the category of nearness frames and uniform frame homomorphisms.

The following two results appear in [3] and here we provide the proofs.
Lemma 2.2.8. Suppose (L,NL) is a nearness frame. Let B <* C in N L. Then
(a) BCC
(b) if Cx <y (i.e x<y), then B(Bx) < y.

Proof. (a) Since B <* C, we have that BB < C. Now BB = {Bb | b € B}. So for all
b € B, let ¢ € C be such that Bb < c¢. This implies that for all b € B, there is ¢ € C such
that b <1 c. Therefore BC C. ( Notice also that this means B <1C).

(b) Suppose Cx < y, i.e x<1y. Then, since BB < C ( so that (BB)x < Cx), we have that
(BB)x < y. Thus B(Bx) < y. O



Proposition 2.2.9. If (L,NL) is a uniform frame, then it is almost uniform.

Proof. First, to see that AL is strong, Let B,C € AL be such that B <* C. Then, by
Lemma 2.2.8, BC C. So C € A'L. Therefore AL is strong.

Second, to see that <1 interpolates in L, suppose x <y in L. Let B,C € AL be such that
B <* C and Cx < y. Then BBx < Cx < y. Also, since x < Bx, we have Bx < BBx. Put

z = BBx. Then x <1z. So, we conclude that x <z <y, as desired. U]
Proposition 2.2.10. The following properties hold for the relation <:

(a) If x<1y,a<xandy < b, then a<lb.
(b) If x<1y and a<1b, then x N\a<iyA\band xV a<1yV b.

(c) If NL is a uniformity, then x <\y implies x <\z <1y for some 7 € L.

Proof. To show (a) suppose x <1y, a < x and y < b. Then we have a < x <y < b. So,
a<ly < b. Thus a<ib.
To prove (b), suppose x<\y and a </b and let A € A'L. Then by hypothesis, Ax < y and
Aa < b respectively. So A(xAa) = Ax ANAy < y Ab, as required. In the same way one
can show xVa<yVb.
(c) By Proposition 2.2.9, if AL is uniformity, then AL interpolates. So for x <1y, there

exists z € L, such that x <1z <y. O

Concerning nearness and onto frame homomorphisms, we have the following definitions

as stated in [16].

Definition 2.2.11. A homomorphism A : (L, A'L) — (M, A(M) between the respective
underlying frames is said to be:
(a) a surjection, or quotient map if it is onto and A’M = {h[C] | C € AL}. In this

case we refer to the nearness frame (M, A’M) as a quotient of (L, A[L).

(b) a strict surjection if it is a dense surjection and the uniform covers A, [C],

C € N'M, generate A(L.

The notion of regularity in frames plays a major role in the theory of nearness
frames. The rather below < relation on a frame L is defined by: y < x if and only if
there is z € L (called a separating element) such that y Az =0 and xVV z = 1. Note that
y < x is also expressed by the condition that x Vy* = 1 where y* =\/{a € L|aAy=0}

is the pseudocomplement of y.



It is necessary to note that if x <y in any nearness frame L, then y* < x*. This is
so because if x <1y then {x*,y} is a uniform cover (to see this let C € AL be such that

Cx < y. Since x < Cx < y, then C < {x*,y} € A[L, also y Vx* = 1) and {x*,y}y" = x*.

Definition 2.2.12. A frame L is said to be regular if every x € L is expressible as

x=V{yeL|y=x}

It is well known (see [2] ) that a frame has a nearness if and only if it is regular.

Henceforth we shall assume all our frames to be regular unless otherwise specified.

10



Chapter 3

Strong and totally strong nearness

frames

3.1 Strong nearness frames

Strong nearness frames were introduced in [2]. They play a vital role in the study
of completions of nearness frames. In this section we recall some properties of these

nearness frames.

We write StrNFrm for the category of strong nearness frames and uniform frame

homomorphisms. The next results appear in [1], and we state without proof.

Lemma 3.1.1. (a) If (L,A\L) is a strong nearness frame, then any dense surjection

h:(L,NL) — (M, NM) is strict.
(b) A quotient of a strong nearness frame is strong.

(c) If h: (L,NL) — (M, NM) is a dense surjection, then (L,N\L) is strong if and
only if (M, N'M) is strong.

(d) There are nearness frames (L, N\'L) where a dense surjection h: (L,N'L) — (M, NM)

is not necessarily strict.

We further need the following results as seen in [1].

11



Lemma 3.1.2. Let h: (L,NL) — (M, NM) be a uniform frame homomorphism.
(a) Ifa<ibin L, then h(a) < h(b) in M.
(b) If h is a dense surjection, then a <\b in L implies h.h(a) < b.
(c) If h is a strict surjection, then x <\y in M if and only if h.(x) <h.(y) in L.

(d) If h is a strict surjection, then for any a € L and any x € M, we have a < h,(x) in
L if and only if h(a) <x in M.

Definition 3.1.3.  (a) A nearness frame (L, A[L) is said to be complete if every strict

surjection i : (M, N'M) — (L, A'L) is an isomorphism.

(b) A completion of (L,\[L) is a strict surjection i : (M, N'M) — (L, N L), where

(M, NM) is a complete nearness frame.
Then, the basic results from the above definitions are (as they appear in [3]).
Lemma 3.1.4. (a) Every nearness frame has a unique completion.
(b) The completion of a strong nearness frame is strong.

In this study, a uniform homomorphism & : (M, A'M) — (L, N'L) between nearness
frames will be called completable if there exists a uniform i : (CM,CNM) — (CL,CANL)
(where CM means the completion of M and CA'M is the completion of a nearness on

M, and so on) such that the square below commutes.

(CM,CAM) —"— (CL,CN(L)

b

(M, AM) —— (LAL)
Next, we have the following crucial lemma (for details on the proof see [3]).
Lemma 3.1.5. Any uniformh: (M, NM) — (L, N'L) with strong (M, N.M) is completable.

Given that, as noted in Lemma 3.1.1, a nearness frame (M, AlM) is strong whenever
there exists a strict surjection map i : (M, A'M) — (L, A[L) with strong (L, NL), we

now conclude as in [3], the following result.
Proposition 3.1.6. Completion is a coreflection for strong nearness frames.

12



3.2 Totally strong nearness frames

In this section we discuss the totally strong nearness frames and establish that their
category, namely TStrNFrm, is coreflective in that of uniformly completely regular
nearness frames. The categories for totally strong and uniformly completely regular

where introduced in [15].

Definition 3.2.1. Let (L, A’L) be a nearness frame, and A,B € A'L. Write A << B if

there is an interpolating sequence of uniform covers (C,;) between A and B, where
Coo = A, Co1 = B, Gk = Gy 12k, and Gy G40

foralln=0,1,...and k =0,1,...,2". In this case we say A scale refines B. We call
a nearness frame (L, A'L) totally strong if every uniform cover A is scale refined by a

uniform cover B, and we write TStrNFrm for the resulting category.
The next result is instant as it was stated without a proof in [15].

Proposition 3.2.2. In a nearness frame (L, NL), A <\<\s B implies A <\ B. Hence totally

strong implies strong.

Proof. Given A <1<sB, let (Cy;) be an interpolating sequence of uniform covers between

A and B. Then, by definition, A = Cop <Cy; = B. O

Evidently, from the above proposition we have, TStrNFrm C StrNFrm. In what
follows we need to show that every almost uniform nearness frame is totally strong, so,
we need a result which shows that interpolation in the underlying frame L is transferred

to it is nearness L. The next two results together with their proofs appear in [15].

Lemma 3.2.3. Suppose (L, N\ L) is an interpolative nearness frame, and suppose

A,B € NL with A<\ B. Then there exists C € N L such that A<1C < B.

Proof. Let A,B € AL be such that A <1 B. Then for each a € A, there exists b, € B such
that a < b,. Since (L, A'L) is interpolative, there is ¢, € L such that a < ¢, < b,. Form

the set
C={c,€L|acA}.

Then C is a uniform cover, since A refines it. Moreover A <{C <1 B by the way C is

constructed. O]

13



Proposition 3.2.4. If (L, N'L) is almost uniform, then it is totally strong.

Proof. Given (L, A'L) an almost uniform nearness frame. Let B € A(L. Since (L, A[L)
is strong, there exists A € AL such that A <<B. We use the axiom of countable
dependent choice (CDC) ( see [12, page 84] ) to obtain an interpolative sequence
of uniform covers (C,) between A and B as follows: Put Cop = A and Cp; = B. Now,
by the above lemma, the nearness /'L has the interpolation property. Suppose C;; has

been obtained for all i < nand all k =0, 1,...,2 so that Cx < Cjz+1. Put
Chok = Cu—1x
and, using interpolation in A’L, choose a uniform cover C,,5; 1 such that

Cn2k <Cnai1 <Cho(kg1)-

Then (Cyy) is the desired sequence, so that A <\<igB. Thus (L, A'L) is totally strong.
O

The category of almost uniform nearness frames and uniform homomorphisms is
denoted by AUNFrm. As an observation from the above two results, it should be
obvious that if (L, A(L) is a strong nearness frame with the property that whenever

A <1Bin NL, there exists C € AL such that A <<C <1 B, then (L, A'L) is totally strong.

For use in next set of results we aim to show that the category TStrNFrm is closed
under completions. In our subsequent discussions we recall from Lemma 3.1.2(a) that
if A < B then hla] <h[D], (i.e A<<B =>a<1b = h[a] < h[b]). We shall in a number of
instances, use the abbreviation h[A < B| for h[A] < h[B]. Consequently the notation
h|A <1<isB] shall be an abbreviation for h[A]<i<izh[B]. The next result was given

without a proof in [15].
Lemma 3.2.5. Let h: (L,NL) — (M, NM) be a uniform frame map.
(a) If A scale refines B in (L, N[L), then h[A] scale refines h[B] in (M, N'M).

(b) If (Cux) is a scale of uniform covers of (L, N'L) witnessing A <\<\s B, then clearly
(h[Cyut]) is a scale of uniform covers of (M, N.M) witnessing h|A] <<lsh[B].

(c) If h is a strict surjection and U scale refines V in (M, NM), then h.[U] scale
refines h[V] in (L, NL).
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(d) If (W) is a scale of uniform covers of (M, N.M) witnessing U <1<V, then, by
the strictness of h, (h.[Wy|) is a scale of uniform covers of (L, N'L) witnessing

h U] << hi[V].

Proof. For (a). Let A,B € AL, then h[A],h[B] € N'M since h is a uniform map.

Suppose A <I<gB in (L, AL). Then h|A <\<43B] = h|A] <<z h[B] in (M, NM).

For (b). Suppose (Cyx) is a scale of uniform covers of (L, A'L) witnessing A <1<\sB.

Then by (a) above (h[C,]) is a scale of uniform covers of (M, A’M) witnessing h[A] <\<is h[B].

For (c). Suppose £ is a strict surjection and U <<\ V in (M, A’M). Then, if U,V € NALM

then h.[U], h.[V] € AL, since h s strict surjective. Thus, h.[U <1<, V] = h, [U] <<t h, [V]

in (L,A\'L), by Lemma 3.1.2 (c).

For (d). Suppose (W) is a scale of uniform cover of (M, A'’M) witnessing U <1< V.

Then by (c) above (k. [W,]) is a scale of uniform covers of (L, A'L) witnessing . [U] <<z h.[V].
O

Further the next result appear in [16] together with it is proof.

Lemma 3.2.6. Let h: (L,NL) — (M,NM) be a strict surjection. Then (L,NL) is
totally strong if and only if (M, NM) is totally strong.

Proof. (=) Suppose (L, A(L) is totally strong and let U be a uniform cover of (M, A'M).
Then, by strictness, A.[U] is a uniform cover of (L, A[L). Since (L, A(L) is totally

strong, there is a uniform cover A of (L, A(L) that scale refines h.[U]. By what we

have observed from Lemma 3.2.5, h[A] is a uniform cover of (M, A/M) scale refining

h[h.[U]] = U. Therefore (M, A\(M) is totally strong.

(<) Conversely, suppose (M, N'M) is totally strong and let A be a uniform cover of

(L,AN'L). By strictness, there is a uniform cover U of M such that 4, [U] < A. Since

(M, NM) is totally strong, there is a uniform cover V of (M, A’M) which scale refines

U. Then h.[V] is a uniform cover of (L, A'L) scale refining h.[U], and hence scale

refining A. Therefore (L, AL) is totally strong. O

Since completion maps are strict surjections, we give the following result.

Corollary 3.2.7. A nearness frame is totally strong if and only if its completion is

totally strong.

15



From the Corollary above we conclude that totally strong nearness frame is closed
under completion. Further, we aim to construct the totally strong coreflection of a

uniformly completely regular nearness frame.

Definition 3.2.8. (a) By a <1< b, is meant there is an interpolating sequence (c,x) in

L between a and b, where

co0 = a, co1 = b, cyp = Cpy1 26> and cp < €y fv 1

foralln=0,1,... and k=0,1,...,2".

(b) Let (L, A[L) be a nearness frame and A,B € NL. We say B completely refines A

and write B <1< A if for any b € B, there exists a € A such that b << a.

(c) Call a nearness frame (L, A'L) uniformly completely regular if every cover
A € AL is completely refined by a cover B € A'L. (These have been termed

“completely strong” nearness frames in [15]).

Proposition 3.2.9. If h: (L,NL) — (M,NM) is a strict surjection, then for any a € L

and x € M, we have a <\<1 h.(x) if and only if h(a) << x.

Proof. This result can be deduced from Lemma 3.1.2 (d). To see this.
(=) Suppose £ is a strict surjection map. Let a € L and x € M be such that a <I<1 h,(x).
Then,

a <1< hy(x) = hla <1< hy(x)]
= h(a) << hlh(x)]

= h(a) <1< x, since hlh.(x)] = x by hypothesis.

(<) Conversely, suppose h(a) <1<1 x. Then,

h(a) <<t x = hy[h(a) << x]
= h[h(a)] << hy(x)

= a <1< hy(x), since h.[h(a)] = a by the strictness of .
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The following result appear in [15], without a proof.
Lemma 3.2.10. In a nearness frame (L, N'L).
(a) a<1<1 b implies a<1b.
(b) a<1bimplies a<i<1 b, given that (L, N[L) is interpolative.

Proof. (a). Let a,b € L and a<t<tb. Then by definition there is an interpolating
sequence (c,x) in L between a and b with the property that: coo = a,co1 = b, cux = Cni126
and ¢y < cupaq foralln=0,1,... and k =0,1,...,2". Then a = cop < co; = b. Thus
a<b.

(b). Suppose (L, A(L) is interpolative and a <1 b for a,b € L. From CDC, we obtain an

interpolating sequence (c,x) between a and b in L, with:
€00 = @, co1 = b, Cpk = Cpt 12k, and Cpe < Cpiet1

forn=0,1,... and k =0,1,...,2". Then (c,) is the desired interpolating sequence.
Thus a <1< b.
0

From the above lemma, B <1<t A implies B <A in AL, thus uniformly completely
regular nearness frames are strong. Further, we show that the totally strong property is
indeed stronger than the uniformly completely regular one. The following lemma and

it is proof appear in [15].

Lemma 3.2.11. Let (L,NL) be a nearness frame and A,B € NL. Then B<< A

implies B <11 A.

Proof. Let (Cy) be an interpolating sequence of uniform covers between B and A. In

this case
B = Cop, Co1 = A, Cyp = Cpy12k and Cpp <1 Cpp41

foralln=0,1,... and all k =0,1,...2". Let b € B. Since B< A, find a € A such that
b <ta. We show that in fact b <1<1 a. For this, using CDC, we obtain an interpolating
sequence (c,x) between a and b in L as follows:

Put coo = b and co; = a. Pick ¢;; € Cjj for all i < n and k = 0,1,...,2" such that

Cik <Cjk+1. Put
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Cn2k = Cn—1k

and find ¢ € C,2k+1 such that

n2k+1
Cn2k <L Cn2k+1-

Then (c,;) is the desired interpolating sequence so that b <1<t a. Hence B <11 A. 0

Proposition 3.2.12. A totally strong nearness frame is uniformly completely regular.

Proof. Suppose (L, N'L) is totally strong and let A € A'L. So we have B € AL such
that B<1<i;A. By Lemma 3.2.11, B<i<tA. Hence (L, A'L) is uniformly completely

regular.

]

Denote by UCRNFrm the category of uniformly completely regular nearness frames.
Since AUNFrm C TStrNFrm and that TStrNFrm C UCRNFrm then the inclusion
AUNFrm C TStrNFrm C UCRNFrm holds. Thus, almost uniform nearness frames

are uniformly completely regular.

Next, we establish that the category of totally strong nearness frames is coreflective
in the category of uniformly completely regular nearness frames. First, we construct

the coreflection.

Lemma 3.2.13. Let (L, A[L) be a uniformly completely regular nearness frame. Then

AL is interpolative.

Proof. Let A € A'L. So there is B € AL such that B<1<tA. For each b € B, let
cp € L and ap € A be such that b <1<l ¢, <11 ap, ( this is because the relation <1< is
interpolative). Form a set C = {c, € L | b € B}. Then C € A[L and B<1<t C << A. In

consequence B <IC < A. Therefore A(L is interpolative. ]

Lemma 3.2.14. Let (L, NL) be uniformly completely regular. Consider the collection
NL={A € NL|B<<,A, for some B € NL}. If x<gpain L, then x<lg; ain L.

Proof. We need to show that x <5, @ = x <y a. Let x <iap a. Then {x*,a} € AL.
So let C € AL be such that C <1< {x*,a}. Pick7c € C. Then c<1< x* or c<I< @

(50 ¢ <Igpp X" Or ¢ < a). By Lemma 3.2.13, we can build a scale (Cy) of uniform
covers in AL between C and {x*,a}. This implies that {x*,a} € A’L. Consequently

x <gp d- ]
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Lemma 3.2.15. Let (L, \'L) be a uniformly completely regular nearness frame. Then

the collection
NL={A € NL|B<<A, for some B € NL},
is a totally strong nearness on L.

Proof. First we need to show that MJ is a nearness. Let A, B € ﬂ, then we have
C, D € AL such that C <1<i;A in AL and D <1<I3 B in A'L. Since <1<l is closed under
finite meets, then CAD<1<;AAB in AL, so AANB € ﬂ If A< C € Cov(L) with
A € AL, then C € AL, since AL is a nearness and A € AL. Thus, C € AL, since
B<<;A < Cin AL implies B<1<(;C in A(L. Therefore AL is a filter relative to
refinement ordering.

For admissibility, let a, x € L. Then, since from Lemma 3.2.14 we have that

X <gap @ = x g a, we see that
a=\V{xeL|x<dypa} <V{x€L|x<ya}<a.

Thus AL is admissible.

Next we show that AL is totally strong. Let A € A'L. Then there exists B € AL such
that B<1<(;A in A'L. Since AL is interpolative by Lemma 3.2.13, let C € AL be such
that B<1<1,C <1<5A in ALL. Then C € A(L. Thus C<1<i;A in AL. Therefore AL is

totally strong.
]

Proposition 3.2.16. TstrNFrm is a coreflective subcategory of UCRNFrm. In particular,
if (L, N\(L) is a uniformly completely regular nearness frame, then (L, N'L) is its totally

strong coreflection with the identity map idy, being the coreflection arrow.

Proof. Leth: (M, NM)— (L, \[L) be a uniform frame homomorphism with (M, A’M)
totally strong and (L, A’L) a uniformly completely regular. We need to show that there
exists a unique uniform homomorphism / : (M, A’M) — (L, \L) making the triangle

below commutes, i.e. id; oh = h

(L, A\L)



We define i by h(x) = h(x). Then h is a frame homomorphism. To see that
is uniform, let D € A’M. Since A is a uniform homomorphism, A[D] € A'L. Since
AM is totally strong, there is D € A'M that scale refines D in A’M (i.e D <1<ty D) and
h[D] <1<igh[D] in AL by Lemma 3.2.5. Since every totally strong nearness frame is
strong, we have h[D]<15;h[D]. Consequently, h[D] € \L. But h[D] = h[D]. So, h is
uniform. Clearly, h makes the triangle above commute, and since idy is dense and

monic, the uniqueness of 4 follows. O
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Chapter 4

Strongness properties in the context of

partial frames

4.1 Partial frames

As stated in the abstract we aim to extend our investigations to partial frames. So, in
this chapter we begin with a few definitions relating to partial frames. As references
for partial frames see [6, 7, 8, 9] and [10].

A meet-semilattice L is a poset (L,<) in which all finite subsets have a meet. A
function f : A — B is a meet-semilattice map if it preserves finite meets, as well as the
top and the bottom element. Partial frames are defined to be meet-semilattices in which
certain designated subsets are required to have joins, and finite meets distribute over
these joins. We specify the joins for partial frames by means of a selection function as

defined below.

Definition 4.1.1. A selection function is a rule, usually denoted by §, which assigns
to each meet-semilattice A a collection SA of subsets of A such that the following

conditions hold (for all meet-semilattices A and B):

(S1) Forallx € A, {x} € SA.

(S2) If G,H € SA,then GAH = {xAy|x€ G,y H} € SA.

(S2) If G,H € SA, then GVH = {xVy | x € G,y € H} € SA.

(S3) If G € SA and, for all x € G, x =/ H, for some H, € SA, then
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UregHx € SA.
(S4) For any meet-semilattice map f: A — B,
S(f1A]) = {/1G] | G € SA} C 5B:

Remark 4.1.2. (a) Incase a selection function, §, has been fixed, we shall informally

refer to the members of SA as the designated subsets of A.

(b) In a meet-semilattice binary joins may not exist, so it is possible for the designated

set given in Axiom (S2/) to be empty, which is not a problem.

(c) From Axiom (S4) above, S(f[A]) will be well-defined if f[A] is a meet-semilattice.
This is so, because meet-semilattice maps preserve the top element, the bottom

element and finite meets.

(d) Another consequence of Axiom (S4) is that, for any meet-semilattice map

f:A— B,if G € SA then f[G] € SB.

Partial frames are sometimes called S-frames. We shall sometimes exchangeably

write S-frame for a partial frame. Subsequently we define an S-frame.
Definition 4.1.3. Let S be a selection function.
(a) An S-frame, L, is a meet-semilattice that satisfies the following two conditions:
(i) Forall G € SL, G has ajoinin L (i.e. \/ G exists).
(i) Forallxe L, forall Ge SL,x\\/G = \/yer/\y.

(b) Let L and M be S-frames. An S-frame map f : L — M is a meet-semilattice map
such that, for all G € SL, f(V G) = Vyeq f(9)-

We denote by SFrm the category for partial frames and frame homomorphisms.

Remark 4.1.4. (a) From conditions (i) and (ii) in Definition 4.1.3, we note that,
since {x} € SL and for any G € SL, we have that {x} N\G={xAy|y€ G} € SL

by Axiom (S2), s0 V/ycgx Ay exists.

(b) By condition (b) in Definition 4.1.3, we can clearly see that for G € SL, such
that f[G] € SM by Axiom (S4), then f(V G) = Ve f(y) exists.
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Definition 4.1.5. Let S be a selection function and L an S-frame. A subset M of L is
called a sub S-frame of L if M is an S-frame and the inclusion map i : M — L is an

S-frame map.
The next result appear in [6], and we state without a proof.
Lemma 4.1.6. For any S-frame L and M C L, the following conditions are equivalent:
(a) M is an S-frame and the inclusion map i : M — L is an S-frame map.
(b) M is a sub meet-semilattice of L and G € SM implies that \/ 3, G = \/ G.
(c) M satisfies the conditions:
(i) 0eMand 1 M.
(ii) x,y € M implies x Ny € M.
(iii) G € SM implies \/; G € M.

We next deliver an applicable notion of cover for an S-frame as it appears in [6],

and we state without proof.
Definition 4.1.7. Let S be a selection function and L an S-frame.
(a) We call C an S-cover of Lif C € SLand \/C = 1.

(b) If C and D are S-covers of L, then CAD = {cAd | c € C,d € D} is an S-cover
of L.

(c) If C and D are S-covers of L, we say that C refines D and write C < D if, for all

¢ € C, there exists d € D such that ¢ <d.

(d) Ifa € Land Cis an S-cover of L, we set C, = {c¢ € C | c Aa # 0}. Generally, the

\ C, does not always exist, but when it does, we write Ca = \/ C,, as usual.

(e) If a,b € L and C is an S-cover of L, we write a <lc b if C, C| b. Here,
Lb={t € L|t <b} asusual. We say that a is uniformly below b with respect to
C.

(f) If C and D are S-covers of L, we say that C star-refines D, and write C <* D, if,

for all ¢ € C, there is d € D such that ¢ <¢d.
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Lemma 4.1.8. [6] If f : L — M is an S-frame map between S-frames and C is an
S-cover of L, then f[C] is an S-cover of M.

Proof. Since f is, in particular, a meet-semilattice map, Axiom (S4) applies, so C € SL
implies that f[C] € SM. Since f is an S-frame map, it preserves joins of designated

sets, so f(\/C) =V f[C], giving \ f[C] = 1. O

Definition 4.1.9. Let S be a selection function and L an S-frame. We call XL an

S-nearness on L if the following properties are satisfied:
(a) KL is anon-empty collection of S-covers of L.
(b) ForC,D e XL,CAND € KL.
(¢) If C € KL and D is an S-cover of L such that C < D, then D € KL.

(d) Foreacha € L, there exists T € SL suchthata=\/T and, foreachr € T, t<lca
for some C € KL.

In what follows we summarize a few definitions on nearness .S-frames, omitting

some since they are the same as in nearness frames.

Definition 4.1.10.  (a) If KL is an S-nearness on L, we call (L, XL) a nearness
S-frame.

(b) A nearness S-frame (L, KL) is strong if for all D € KL there exists C € KL such
that for all ¢ € C there exists d € D and E € KL such that ¢ <lg d. In this case,

we write C <1 D.

(c) A nearness S-frame (L, KL) is a uniform S-frame if for all D € KL there exists
C € KL with C <* D. We then call KL an S-uniformity on L.

(d) A nearness S-frame (L, KL) is totally strong if every uniform S-cover A € KL
is scale refined by a uniform S-cover B € K L. Written B <{<{;A (definitions for
uniform S-cover and scale refinement are equivalent to those given in Chapter

3).

(e) A nearness S-frame (L, KL) is almost uniform if it is strong and the relation <

interpolates.
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(f) A nearness S-frame (L, KL) is uniformly completely regular if every S-cover

A € KL is completely refined by an S-cover B € KL. Written B <1< A.

(2) Let (L, XL), (M, XM) be nearness S-frames. Then an S-frame map
f:(L,KL) — (M, XM) is said to be uniform if f : L — M is an S-frame map
and, for each C € XL, f[C] € KM.

We write NSFrm for the category of nearness S-frames and uniform frame homomorphisms.

The following result is given in [6] without a proof.
Lemma 4.1.11. Every uniform S-frame is strong.

Proof. Suppose (L, KL) is a uniform S-frame, then for all B € KL there is C € XL
such that B <* C in § - uniformity %’L. Then, by definition for all b € B, there exists
¢ € C such that b<gc. Thus B<Cin (L, XL). Thus (L, KL) is strong. O

We impose another axiom on all selection functions, to be used in the result below

and in Proposition 4.1.17.

(S5): For any S-frame L, if M is a sub S-frame of L, G C M and G is a designated

subset of L, then G is a designated subset of M.
We state the next result together with it’s proof as seen in [6].
Lemma 4.1.12. For any S-frame L and J C L define
(Jy ={x € L|x=\ Hy for some Hy € SL} U{0}
where any such Hy consists of finite meets of elements of J. Then,
(a) (J) is a sub S-frame of L.
(b) If J is a sub S-frame of L, then (J) = J.

Proof. (a) 0 € (J) by definition. 1 € (J) since {1} € SL and 1 is the meet of the empty
set. Suppose that x, y € (J). We need only consider the case where x # 0, y # 0. Take
Hy,Hy € SL such that all their elements are finite meets of members of J and x = \/ H,
,¥ =\ Hy. Then Axiom (S2) guarantees that {a \b | a € Hy,b € Hy} € SL and clearly
all elements of this set are finite meets of members of J. Then

xAy=\V{aAb|acHbeH,}. SoxAye (J). So far, it has been established that
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(J) is a sub meet-semilattice of L. Take G € S(J). If G =0, then \/G =0 € (J).
Otherwise, for each x € G, x = \/ H, for some H, € SL such that all elements of H,
are finite meets of elements of J. Since (J) is a sub meet-semilattice of L, G € SL.
Apply Axiom (S3) to get U e Hx € SL. Then \/ (U egHx) € (J). From Axiom (S3),
G =UyegHyx- Thus VG =\ (UyegHx) € (J), 50 VG € (J), as required.

(b) Suppose J is a sub S-frame of L. Letx € J C L (i.e x € L). Then x = \/ H, for some
H, € SL. Thus x € (J). Hence J C (J). For the converse, one uses Axiom (S5). O

Definition 4.1.13. We refer to the notation (J) used in Lemma 4.1.12, as the sub

S-frame of L generated by J.

Remark 4.1.14. We note that our definition of selection function (see Definition 4.1.1)
requires only the non-empty set to be selected. But if we violate that condition ( by
selecting the empty set), the definition of (J) would automatically resultin O € (J). So,

our best choice is to keep the number of axioms to a minimum.

Next we state the result in [6], which allows us to construct uniform images for

nearness S-frames using Axiom (S1) to Axiom (S5).

Proposition 4.1.15. Suppose that L and M are S-frames, (L, KL) is a nearness S-frame
and f : L — M is an S-frame map. Define f(L, KL) = (f[L], (f[KL])), where

fIL] = {f(x)|x € L} and (f[KL]) = {D € SM|D > f[C] for some C € KL}. Then
f(L,KL) is a nearness S-frame, and f : (L, KL) — f(L, KL) is a uniform map.

Proof. First we show that f[L] is an S-frame. As stated in Remark 4.1.2 (c), f[L] is a
meet-semilattice. Now take H € S(f[L]). By Axiom (S4), H = f[G], for some G € SL.
Since f is an S-frame map, f(\/ G) =\ f[G] = VV H, so \/ H does exist. To check the
required distributivity, take y € f[L]. Then y = f(x) for some x € L. Then

YAV H =) AN FIG = f)AF(V G) = fFx A\ G) = fF(\ xha)

acG

=V fxna) =\ fx)Afla)=\/ yAb.

acG acG beH
We note that the fifth equality uses the fact that {xAa | a € G} € SL which follows
from the facts that {x}, G € SL and Axiom (S2).
Next we show that (f[%L]) is an S- frame on f[L]. By Lemma 4.1.8, if C € XL, then
fIC] is an S-cover of M, and also of f[L], by (S4). So (f[KL]) does consist of S-covers
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of f[L]. If Dy,D, € (f[KL]), then D; > f[C;] and D, > f[C] for some Cy,C; € KL.
Then Dy AD;y > fIC1] A f[C2] = f[C1 ACy] and C; AC; € KL. Further, D1 AD; € SM,
by Axiom (S2). So (f[%L]) is closed under finite meets.

It is clear that, if D € (f[XL]) and E is an S-cover of f[L] such that E > D, then
E € (f[KL]). For the compatibility condition, begin with b € f[L]. Then b = f(a) for
some a € L. Now a=\/T for some T € SL such that ¢ € T implies that t <ca for some
C € XL. Then f[C] € (f[KL]) and f(a) = f(VT) =\ f[T], since f is an S-frame
map. We conclude the proof by showing that # <ic a implies that f(t) <] f(a):
F1Cly) = () [ € € C, (&) AF(1) £0} € {f(c) | e € Coent 0} = £IG]  flba] €. f(a).
The fact that f : (L, XL) — f(L, XL) is then uniform is clear, since C € KL implies
that f[C] € (f[KL]), as remarked above. O

Definition 4.1.16. Let (L, XL) and (M, XM) be nearness S- frames. We call (L, XL)
a sub nearness S- frame of (M, KXM) if L is a sub S-frame of M and KL C KM. We
note that this is equivalent to the inclusion i : (L, XL) — (M, XM) being a uniform
map. We then write (L, KL) < (M, XM), where < is a partial order between the two

nearness.
We state the proof of the following proposition, as it appears in [6].

Proposition 4.1.17. Let (L, KL) be a nearness S-frame. The collection of all sub

nearness S-frames of (L, KXL) forms a complete lattice.

Proof. The relation < given in Definition 4.1.16 is indeed a partial order. The bottom
element is clearly the two element frame with its unique S-nearness (except in the
case where L is degenerate, in which case it is L itself). Let {Ly, KLy |0 € I} be a
non-empty collection of sub nearness S-frames of (L, XL). Let L be the sub S-frame
of L generated by (Jyc; Lo.

Define KL as follows: C € KL if and only if C € SL and there exists a natural number
nand Dq; € KLq; for j=1,...,nsuch that Do, A---ADg, < C.

We now show that (L, XL) is the join of {Ly, KLy | & € I}, by noting the following

points:
(a) Foreacha €I, KLy, C KL.

(b) For a,b € Ly, a<ib in (Ly, KLy,) implies that a <1b in (L, XL), since C, C| b
for some C € KL, gives C, C b for that same C € KL.
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(c¢) KL is closed under finite meets.
(d) IfCe XL,D € SLand C < D, then D € KL.

(e) Takea € L. The case a =0 presents no difficulties. Write a = \/ H for some
H € SL such that all the elements of H are finite meets of elements of
B =Ugyer Lo Fix x € H. Write x = by, A\ - - - A\ by, for some baj € L. For each
J=1....n,by; = VGaj for some Gy, € SLq; such that u € Go; = u by, in
(Lo;s KLq,), and hence in (L, KL).
Let Zy = Gg, A+ - AGy,,. Then Z, € SLand w € Z, = w<ixin (L, XL). Further,
x=VZ. Nowlet Z = ,cpy Zy- Thena=\/Zandw € Z= w<ain (L, KL).
What remains to be shown is that Z € SL. Since a = VH, H € SL and for all
x€H, x=\Z, for Z, € SL, Axiom (S3) guarantees that Z € SL. Since Lisa
sub S-frame on L, Z C L and Z € SL, Axiom (S5) guarantees that Z € SL.

(f) (L, XL) is a nearness S-frame from (c), (d) and (e) above.

(g) (L, KL) is a sub nearness S-frame of (L, KL), since L is a sub S-frame of L and
KL C KL. The latter follows since KLy C KL and if C € SL with
Dg, A ---NDg, < C, for some Dq; € KLq,;, then Do, A--- ADg, € KL and so
Ce XL.

(h) If (M, KM) is a sub nearness S-frame of (L, KL) such that (L, XLy) < (M, KM)
for all o € I, then Lo, is a sub S-frame of M and KLy, C XM foralla € 1. So, L
is a sub S-frame of M and KL C K L. We see that (L, XL) is indeed the join of
{(La; KLqy) | o € I}, as required.

]

We shall denote by P an arbitrary property that a nearness S-frame might have. As
in [6], we introduce the idea of a P-approximation of a nearness S-frame and use it to
construct a functor from NSFrm to itself, by assuming that the property P is preserved

by uniform images.
Definition 4.1.18. Let (L, XL) be a nearness S-frame.

(a) We call those sub nearness S-frames of (L, XL) that have property P the P-approximations
of (L, XL).
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(b) Define I'p(L, KL) to be the join of all the P-approximations of (L, KL) (as given

in Proposition 4.1.17).

By Proposition 4.1.17, I'p(L, KL) is a nearness S-frame. As in [6] we make no
claim that I'p(L, KL) necessarily satisfies property P, but we will be mostly interested
in those properties P where it does.
The I'p(L, L) which is defined in a given nearness S-frame that has no P-approximations

is referred to an empty join.

Definition 4.1.19. Let & : (L, KL) — (M, KM) be a uniform map between nearness

S-frames.

(a) We define h(L, KL) = (h[L],h[KL]) where h[L] = {h(x) | x € L} and
h[KL] ={h[C] | C € KL}. 1t is straightforward to see that #(L,XL) is a sub
nearness S- frame of (M, XM) and that h : (L, KL) — h(L, KL) is a uniform

map.

(b) If a property P satisfies the condition that, whenever a nearness S-frame (L, XL)
has property P, then h(L, KL) has property P for any uniform &, we say that P

is preserved by uniform images.
Further, we present the following result as in [6].

Proposition 4.1.20. Let P be a property that is preserved by uniform images. Then
I'p : NSFrm — NSFrm is a functor.

Proof. T'p was defined on objects in Definition 4.1.18. We define I'p on morphisms as
follows. Let h: (L, KL) — (M, XM) be a uniform map between nearness S-frames.
We need to show that I'ph : I'p(L, KL) — I'p(M, KM) given by restricting the domain

and codomain of 4 is again a uniform map. For briefness we write,
[p(L,KL) = (L,XL) and Tp(M,KM) = (M, KM).

Let {(La, KLq) | & € L} be the collection of all P- approximations of (L, XL). Then
by assumption, h(Ly, KLy) is a P- approximation of (M, XM) for all o € I. So,
h(Lg, KLo) < (M, KM). Then h[Ly) C M for all o € I, giving h[L] C M. Additionally,
h[KLq) € KM forall o € I, so (h[KL]) C KM.

['p preserves identities since I'p(a) = 0 iff a = 0 and I'p(b) = 1 iff b = 1. For the
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composition Let g : (L, XL) — (M, KM) be another uniform map between nearness
S-frames . Then I'p(hg) = (I'ph)(I'pg), since the composition of uniform maps is also

uniform and that the restrictions are also uniform. L]

Next we give the construction of a coreflection for nearness S-frames as it appears

in [6].
Theorem 4.1.21. Let P be a property satisfying the conditions:
(a) P is preserved by uniform images, and

(b) for any nearness S-frame (L, KL), the join I'p(L, KL) of all P-approximations
of (L, KL) has property P.

Then the nearness S-frames with property P form a full monocoreflective subcategory

of all nearness S-frames.

Proof. Let P be a property described as above and let (L, XL) be a nearness S-frame.
We show that the inclusion map np : I'p(L, KL) — (L, KL) is the desired coreflection
map. Let (M, KM) be a nearness S-frame with property P and

f:(M,KXM) — (L, KL) is a uniform map. Now f(M, KXM) is a sub nearness S-frame
of (L,XL) and has property P, so is a P-approximation of (L, XL). This makes
the inclusion i : f(M, XM) — T'p(L, KL) a uniform map and we have the following

commuting diagram:

Tp(L, KL) —"— (L, KL)

i]\ fT
The factorization of f is unique, because Mnp is 1 - 1, and hence a monomorphism.

]

Definition 4.1.22. We call the coreflection constructed in Theorem 4.1.21 the P-coreflection

of nearness S-frames.

Further, a morphism % : (L, KL) — (M, KM) in NSFrm is an isomorphism if and
only if & : L — M is an S-frame isomorphism and (h[KL]|) = KM.
Moreover, if f: (L, KL) — (M, XM) is a morphism in NSFrm and f is 1- 1, then
(L, KL) is isomorphic to f(L, L) which is a sub nearness S-frame of (M, XM).
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In what follows, we show that every full, isomorphism-closed coreflective subcategory,
H, of NSFrm with the coreflection maps that are all 1-1, can be obtained by the same
construction given in Theorem 4.1.21. The following result was given without a proof

in [6].

Proposition 4.1.23. Let H be a full, isomorphism-closed, coreflective sub-category of
NSFrm for which the H-coreflection maps are all 1-1. Define P by stating that a
nearness S-frame (L, KL) satisfies P if and only if (L, KL) is an object of H. Then the

P-coreflection and the H-coreflection of any nearness S-frame are isomorphic.

Proof. Let (L, XL) be a nearness S-frame and denote it is H-coreflection map by
n:H(L, XL) — (L, KL). Asmis 1-1 by hypothesis, then nH(L, KL) is a sub-nearness
S-frame of (L, KL). Actually, it is a P-approximation of (L, KL), since it has property
P. Thus, \H(L, XL) < Tp(L, KL).
Let {(Lg, XLo) | o € I} be the set of all P-approximations of (L, KL). Let o € I. Then
the inclusion map i : (Ly, KLo) — (L, KL) is a uniform map. Since (Lo, XLy) € H,
then i factors through n, this means, there exists a unique uniform map
h: (Ly, KLy) — H(L, KL) such that nh = i. Since both n and i are 1-1, then A is
also 1-1. Then h(Ly, KLy) is a sub-nearness S-frame of H(L, XL). Consequently,
Nh(Ly, KLe) is a sub-nearness S-frame of NH(L, KL). So, this makes (Ly, KLqy) a
sub-nearness S-frame of nH(L, KL) for all & € 1. Knowing that I'p(L, KL) is the join
of all (Lg, KLe,). Then we have I'p(L, KL) < NH(L, XL). Hence the equality follows.
0

4.2 The strong and totally strong nearness S-frames

coreflections

Indeed it is known that frames are a special case of partial frames [8]. In consequence,
the main results of Chapter 3 are deducible from those established in this section.
However, we have endeavored to present the results in Chapter 3 as such out of pure

interest in the display of their technicalities.
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It is well known that uniform partial frames and strong nearness partial frames are
coreflective in nearness partial frames [6, 7]. So, in this section we are more interested
in establishing that totally strong nearness S-frames are coreflective in nearness S-frames,
using the techniques used in [6].
Denote by StrNSFrm the category of strong nearness S-frames and uniform homomorphisms
and by TStrNSFrm the subcategory of totally strong nearness S-frames and uniform

homomorphisms. We state the next result together with it is proof as it appears in [6].

Proposition 4.2.1. The strong nearness S-frames form a coreflective subcategory of

all nearness S-frames.

Proof. We apply Theorem 4.1.21.

We start by showing that the uniform image of a strong nearness S-frame is again
strong. Let (L, XL) be strong and f : (L, XL) — f(L, XL) provide a uniform image,
as defined in Proposition 4.1.15. For any F € (f[XL]), F > f[E] for some E € KL.
Since KL is strong, there exists D € KL such that D < E. So, for all d € D, there
exists e € E and C € KL such that d <ce, thatis, Cy = {c € C:cANd # 0} C e. Then
J(d) <yic) f(e) as shown in the proof of Proposition 4.1.15. So f[D] < f[E]. So we
have f[D] € (f[XL]) such that f[D] < F, as required.

For the second condition, let (L, XL) be a nearness S-frame, {(Ly, XLy) | O € I} the
set of its strong approximations and (L, K'L) their join. (So this is I'p(L, XL) where P
is the property of being strong.) We show that (L, K'L) is strong.

For C € KL, C > Dy, A--- A Dy, for some Dy; € KLy, j=1,...,n. Forall j, take
Eq; € KLq; such that Eq; << Dg; in (Laj, KLaj), and let E = Eq, A\--- AEq,. Then

E € KL, since KLq i C KL and KL is closed under finite meets. We conclude the
proof by showing that E <C in (L, XL). For this, begin with e = e; A---Ae, € E,
where e; € Ey;. Foreach j = 1,...,n, there exists d; € Dy, and F/ € KLq; such that
ej<pjdjin (L, KLy,). Write F = F'A---AF"andd =dj A+ Ady.

A straightforward calculation shows that F, C Fe]‘; Cldj forall j=1,...,n giving

F, Cl d and so e <f d as required. O

Next we provide the promised construction of the totally strong nearness S-frames

coreflection in the category of strong nearness S-frames.
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Proposition 4.2.2. The totally strong nearness S-frames form a coreflective subcategory

of all strong nearness S-frames.

Proof. We apply Theorem 4.1.21.

We begin by showing that the uniform image of a totally strong nearness S-frame is
again totally strong. Let (L, L) be totally strong and f : (L, KXL) — f(L, X L) provide
a uniform image, as defined in Proposition 4.1.15. For any F € (f[KL]), F > f|E] for
some E € KL. Since KL is totally strong, there exists D € XL such that D <1< E. So
for any scale uniform cover (C,;) witnessing D <{<|sE, there is a scale uniform cover
(f(Cu)) witnessing f[D] <1<t f[E]. Thus f[D] € (f[%KL]) such that f[D] <1<, F, as
required.

For the second condition, let (L, KL) be a nearness S-frame, {(Ly, XLy) | @ € I} the
set of its totally strong approximations and (L, KL) their join. (So this is [p(L, KL)
where P is the property of being totally strong). We show that (L, KL) is totally strong.
For C € KL,C > Dqg, A--- ADa, for some Dy, € KLg; . j=1,...,n. Forall j, take
Eq; € KLq, such that Eq; <I<<sDq; in (La;, KLq;), and let E = Eq, A--- A Eg,. Then
E € KL, since KL, e KL and KL is closed under finite meets. We conclude the
proof by showing that E <1<i;C in (L, XL). Since E <I<iyDg, A-++ A Dg, < C and
(Lo, KLo) < (L, KL). Then E <1<1,C in KL as required. O

Proposition 4.2.3. The totally strong nearness S-frames form a coreflective subcategory

of all nearness S-frames.

Proof. Since totally strong nearness S-frames are coreflective in strong nearness S-frames
by Proposition 4.2.2, and that strong nearness S-frames are coreflective in all nearness
S-frames by Proposition 4.2.1. Then totally strong nearness S-frames are coreflective

in the category of all nearness S-frames, as required. [
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Appendix
Conclusions and recommendations

4.3 Conclusions

In conclusion, there is a relationship between the category of totally strong and uniformly
completely regular nearness frames, and thus the category of totally strong nearness
frames is coreflective in the category of uniformly completely regular nearness frames.
Consequently, the category of totally strong nearness partial frames is coreflective in

the category of all nearness partial frames.

4.4 Recommendations

One of the recommendations for future investigation in this area is to verify whether
or not the category of uniformly completely regular nearness frames is closed under
completions. Another recommendation is to establish whether the categories of uniformly
completely regular nearness frames and uniformly completely regular nearness partial
frames are coreflective (by means of construction) in nearness frames and in nearness

partial frames respectively.
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