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Abstract

This mini-thesis presents a deterministic mathematical model for the spread of malaria

in human and mosquito populations. The human population is divided into four com-

partments while mosquito population is divided into three compartments. Suscepti-

ble humans can be infected when they are bitten by an infected mosquito, they then

progress through the exposed, infected, recovered before going back to the susceptible

class. Susceptible mosquitoes can be exposed to the disease and once they are exposed,

they can be infected, and remain infected until they die. Basic reproduction number,

R0 was established and used to determine whether the disease dies out or persists in the

population. It was shown that the disease-free equilibrium point is locally asymptoti-

cally stable when R0 < 1 and unstable when R0 > 1. Quantitative analysis of the model

was carried out to confirm the findings from qualitative analysis. Result obtained indi-

cate that the findings of quantitative analysis correspond to the findings of qualitative

analysis. It was proven qualitatively that R0 < 1, which corresponds to the results of

the sensitivity analysis, that was carried out quantitatively. It was recommended that

future work can be done to investigate the stability of the endemic equilibrium point.

Keywords: Reproduction number, Routh-Hurwitz criterion, Mathematical model, Lo-

cal stability, Steady states.
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Chapter 1

Introduction

This chapter includes the background of the study, problem statement, objectives of

the study, significance of the study, research methods and mini-thesis organisation.

1.1 Background of the Study

Mathematical modelling involves formulating real-life situations into a mathematical

equation. In mathematics we have different types of models, such as linear, static,

explicit, discrete models just to mention a few, and modelling requires steps or process

to follow such as: analysis of the problem, formulation of the model, verification and

interpretation of the model solution. In this mini-thesis we are conducting the analysis

of malaria transmission dynamics in human and mosquito populations. Malaria is one

of the deadliest infectious diseases and has claimed millions of lives around the world

[17]. Malaria is caused by plasmodium parasites and transmitted to humans through

bites of infectious female anopheles mosquitoes [14]. Plasmodium parasites are single
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celled parasites that cannot survive outside their host [24]. Though the disease has

been identified hundreds of years back and many prevention and treatment methods

have been developed it remains a major public health problem [14]. The World Health

Organisation (WHO) estimated that there were 219 million cases of malaria world

wide resulting in 660000 million deaths in the year 2010 [16, 27], Moreover WHO

estimated 249 million cases of malaria world wide resulting in 608000 in the year 2022

[19]. However, other researchers have estimated that the number of cases of falciparum

malaria alone lies between 350 and 550 million and deaths rose from 1.0 million in

1990 to 1.24 million in 2010. Further, these estimations give evidence that the WHO’s

statistical figures are much lower than the actual ones [11, 15, 18] . Majority of malaria

cases accounting about 65 percent occur in children below 15 years old [15]. About

125 million pregnant women are at risk of the infection in Sub-Saharan Africa and the

maternal malaria is leading to an estimated 0.2 million infant deaths each year [27].

There are about 10,000 malaria cases per year in Western Europe and 1300 – 1500 in

the United States. About 900 people died of the disease in Europe during the decade

from 1993 to 2003 [27].

Mathematical models are particularly helpful as they consider and include the rela-

tive effects of various sociological, biological, and environmental factors on the spread

of a disease. The models have been playing an important role in the development of

various controlling techniques for malaria epidemic. Analysis of mathematical models

is important because it helps in understanding the spread of diseases in general, and

malaria in particular, so that suitable control techniques can be adopted for control-

ling the disease [27]. The main goal of our research is to analyse malaria transmis-
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sion dynamics in human and mosquito populations. Many research articles have been

published on Malaria modelling. In this research, we use mathematical modelling to

analyse malaria transmission dynamics in human population as well as contribution

from mosquitoes in the process.

1.2 Problem Statement

Our research will focus on a model of malaria transmission dynamics that captures

latency, relapse and migration in human population. To the best of our knowledge, this

has not been addressed before.

1.3 Objectives of the Study

The main goal of the research was to analyse malaria transmission dynamics in human

and mosquito populations.

The main objectives of the study are to:

(a) Formulate a plausible model (capturing latency, relapse and migration in the hu-

man population) and indicate conditions under which the corresponding problem is

well posed.

(b) Provide an insight on what to expect from the disease dynamics in the human pop-

ulation in the long run.

(c) Find the conditions under which the disease dies out or persists in the human pop-

ulation.
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(d) Provide an insight on a few ways to proceed in order to control the spread of the

disease.

(e) Conduct quantitative analysis of the model, part of which includes generating

graphs and providing interpretations in order to get insight on recommendations and

directions towards subsequent research.

1.4 Significance of the Study

According to the estimations of World Health Organization (WHO) in 2015, 3.2 billion

people were at risk of infection from malaria and 2.4 million new cases were detected

with 438000 cases of death [28]. Moreover, sub-Saharan Africa remains the most

vulnerable region with high rate of deaths due to malaria [24]. With this high death

rate due to malaria, it is important to explore various scenarios of malaria transmission

dynamics so that public health personnel may use output from the study to find ways

of controlling the spread of the disease.

1.5 Research Methods

Both quantitative and qualitative approaches will be used in this research. Qualitative

approach evolves around stability analysis of our model while quantitative approach

evolves around simulations and interpretation of the resulting graphs as well as sensi-

tivity analysis.

To check whether our problem is well posed, from a mathematical perspective, we will
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provide conditions under which the dynamical system (system of ordinary differen-

tial equations in this case) describing our model is positively invariant, meaning the

variables of our model are positive at any point in time (since they describe biological

concepts), given that these variables actually change with time, starting with positive

values.

To provide an insight on what to expect in the long run, we will proceed by finding

equilibrium points and discussing their stability.

To check if the disease dies out or persists in the population, we will check the stability

of the disease-free equilibrium (equilibrium point for which there is no disease in the

population). This can be addressed by finding under which condition the basic repro-

duction number of our model is less than 1.

The basic reproduction number R0 is a threshold for many epidemiological models as

it determines whether the disease dies out or remains in the population as time evolves.

The basic reproduction number in any epidemiological model, including our model,

can be derived using the next generation matrix approach.

To provide an insight on how to proceed in order to control the spread of the disease,

we will conduct sensitivity analysis of the basic reproduction number against the model

parameters. This will be achieved by finding the sensitivity index of the reproduction

number against each parameter that can be controlled. This will indeed guide us on

how to tune these parameters in order to steer the variables of our model towards the

desired state.

As part of the quantitative approach we will perform numerical simulations of the

model, in order to confirm the findings from theoretical results. We will use MATLAB
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programming language to perform the simulations and the parameter values will be

from different sources in the literature, or assumed whenever necessary, based on their

meaning and their feasible sets (ranges).

1.6 Mini-Thesis Organisation

This mini-thesis is organised as follows: In chapter 1 we deal with the background of

the study. Chapter 2 deals with literature review. Chapter 3 covers preliminaries, in

which some basic definitions, propositions and some theorems are given. In chapter

4, we elaborate on the formulation and qualitative analysis of the model, where we

discuss about positivity and boundedness of the solutions, disease free equilibrium,

endemic equilibrium, the basic reproduction number of the SEIR-SEI model of malaria

transmission, stability analysis of the disease free equilibrium point. Chapter 5 deals

with quantitative analysis of the model. Finally we conclude with Chapter 6.

1.7 Conclusion

In conclusion this chapter has laid the foundation for our mini-thesis, highlighting the

background of the study, problem statement, objectives and significance of the study,

research methods and the organisation of our mini-thesis.
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Chapter 2

Literature Review

2.1 Review of Malaria Models

The concept of malaria models, could be traced back in early 1911, commencing with

the Ross model, Susceptible-Infected-Recovered (SIR) model, which segment the host

and vectors population into three groups [21]. Due to the limited predictability of

the Ross model that fail to document proof for campaigns for mosquito eradication,

George Macdonald complemented the Ross model, named Ross Macdonald model by

using real data and incorporating an additional compartment for the latency period

[13]. By combining the different compartments susceptible (S), exposed (E), infected

(I) and recovered (R), the following mathematical model have been developed among

which include,SI, SIRS, SEIR, SEIRS and SEI [10].
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2.2 Mathematical Models of Malaria Trans-

mission

A lot of papers have been published on analysis of mathematical models of malaria

transmission dynamics in human and mosquito populations as follows:

AL Mojeeb and IK Adu [14] applied an SEIR model to malaria transmission between

mosquito and human populations, conducted stability analysis, and numerical simula-

tion using MATLAB to confirm the analytic results. Their findings were that malaria

may be controlled by reducing the contact rate between humans and mosquitoes, as

well as by using active malaria drugs, insecticides and treated mosquito nets.

Wedajo et.al. [28] applied SIR model to malaria transmission between mosquitoes and

human populations, with the inclusion of infected immigrants. They discussed local

and global stability of equilibrium points. From the numerical results, it was found that

prevention of infected immigrant has a strong impact on the malaria disease control.

S Olaniyi and OS Obabiyi [17] explored a malaria transmission model where the forces

of infection are nonlinear. Stability analysis of the disease-free equilibrium is investi-

gated and the model results provide stability conditions based on the value of the basic

reproduction number.

Abioye et.al. [3] used Differential Transformation Method (DTM) to analyse mathe-

matical models of malaria in human and mosquito populations. Next generation matrix

method was used to derive the basic reproduction number (R0). They also compared

the DTM solution of the model with fourth order Runge Kutta Method (RK4) which

is embedded in maple 18 to see the behaviour of parameters used in the model. Their
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findings were that the two methods used: MATLAB and maple 18, follow the same

pattern which was found to be efficient and accurate.

Wedajo et.al. [26] studied the impact of migration of susceptible population on the

dynamics of malaria transmission. The validity of the model was proved by verifying

positivity of the solution. They derived the equilibrium points. The basic reproduction

number of the model was determined so as to study the effect of the migration parame-

ter on the malaria outbreak. They concluded that in order to keep the malaria outbreak

under control, the migration parameter is to be minimised.

KT Akinfe and AC Loyinmi [6] considered a SEIR-SEI vector-host mathematical

model. They assessed the positivity and boundedness of the solution. They obtained a

solution to the model using the Variational Iteration Method (VIM) to each population

compartment and verified the efficacy, reliability and validity of the proposed method

by comparing the respective solutions via tables and combined plots with MATLAB.

Zaman et.al. [29] presented the analysis of a SEIR epidemic model with time de-

lay. They assumed that the susceptible population evolves according to the logistic

equation with saturated non-linear incidence. The disease-free equilibrium is locally

asymptotically stable when R0 < 1 and locally asymptotically unstable , when R0 > 1.

For R0 > 1, the endemic equilibrium is locally and globally stable. Finally, they de-

rived numerical solutions.

Zhang et.al. [30] explored the dynamics of a SEIR epidemic model with saturated

incidence rate and saturated treatment function. The basic reproduction number was

determined. Sufficient conditions were established for the existence of backward bi-

furcation. The local asymptotic stability of equilibriums was verified by analysing the
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disease-free equilibrium points and using the Routh-Hurwitz criterion. Their study

indicated that they should improve the efficiency and enlarge the capacity of the treat-

ment to control the spread of the disease.

Akinboro et.al. [5] investigated the application of difference transformation method

and variational iteration method. Variational Iteration Method (VIM) uses the general

lagrange multiplier to construct the correction functional for the problem, while Differ-

ential Transformation Method uses the transformed function of the original non-linear

system. The result revealed that both methods are in complete agreement, accurate and

efficient for solving systems of ordinary differential equations (ODE).

Abboubakar et.al. [2] studied the modelling effects of malaria infection on mosquito

biting behaviour and attractiveness of humans. They used next generation matrix

method to derive the basic reproduction number (R0). They conducted numerical

simulations to show that increasing the relative attractiveness of infectious humans,

increases R0 but reduces the equilibrium prevalence of infectious humans, decreasing

the biting rate of exposed mosquitoes increases R0, and the equilibrium prevalence of

infectious humans and mosquitoes has no impact on R0.

van den Driessche and Watmough [9] studied reproduction numbers and sub-threshold

endemic equilibria for a compartmental model of disease transmission. They estab-

lished that if R0 < 1, then the disease free equilibrium is locally asymptotically stable,

whereas, if R0 > 1 then it is unstable. They concluded that their results are significant

for disease control.

Murray et.al. [15] wrote on global malaria mortality between 1980 and 2010: a system-

atic analysis for the global burden of disease. They attempted to identify all available
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data on causes of death for 187 countries from 1980 - 2010 from vital registration, ver-

bal autopsy, mortality surveillance, censuses, surveys, hospitals, police records, and

mortuaries. They assessed data quality for completeness, diagnostic accuracy, missing

data, stochastic variations, and probable causes of death. Their findings were that in

2010 there were 53.8 millions deaths globally.

Traore et.al. [24] formulated a mathematical model of ordinary differential equations

describing the dynamics of malaria transmission with age structure for the vector pop-

ulation. They considered the biting rate of mosquitoes as a positive periodic function

which depends on the climate factors. They derived basic reproduction numbers R0,

and they showed that R0, is the threshold parameter between the extinction and the

persistence of the disease.

Wedajo et.al. [26] studied the impact of susceptible human immigrants on the spread

and dynamics of malaria transmission. They proved the validity of the model, by ver-

ifying positivity of the solution. They carried out the mathematical analysis of the

model, including equilibrium points. They determined the basic reproduction number

(R0) in order to study the effect of the migration parameter on the malaria outbreak.

They suggested that in order to keep the malaria outbreak under control, the migration

parameter is required to be minimised.

We have undertaken comprehensive exploration of existing research and knowledge in

the field of malaria transmission dynamics. The review has highlighted the global need

to understand and combat the deadly disease that continues to affect millions of lives.

However Our research will focus on a model that captures latency, relapse and migra-

tion in human population. To the best of our knowledge, this has not been addressed

11



before.
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Chapter 3

Preliminaries on Dynamical Systems

In this chapter we recall various concepts on dynamical systems, all of which will be

helpful throughout the remainder of the mini-thesis.

3.1 Basic Concepts

A dynamical system is defined to be a system that evolves with time. There are two

types of dynamical systems namely discrete-time and continuous-time dynamical

systems. Discrete-time dynamical systems are governed by difference equations while

continuous-time dynamical systems are governed by differential equations. This

mini-thesis focuses on continuous-time dynamical systems.

Definition 1

A dynamical system is a state space S, a set of times T and a rule R for evolution,

R : S×T→ S that gives the consequent(s) to a state s ∈ S. A dynamical system can be

considered to be a model describing the temporal evolution of a system [12].

13



Definition 2

An equilibrium point x∗ for a dynamical system
·
x = f (x) is a point for which f (x∗) = 0

[20].

Definition 3

In epidemiological models the basic reproduction number often denoted by, R0 is

defined as the average number of secondary infections produced by a single infectious

host introduced into a totally susceptible population [7]. To determine the basic re-

production number (R0), we need to follow the steps for the next generation approach

as follows: The basic reproduction number is defined as the largest eigenvalue of

the next generation matrix. The formulation of this matrix involves determining two

classes viz, infected and non-infected from the model. That is, the basic reproduction

number cannot be determined from the structure of the mathematical model alone

but depends on the definition of infected and uninfected compartments. Assuming

that there are n compartments in the model of which the first m compartments are of

infected individuals. Vi(x) = V−
i (x)−V+

i (x) where V+
i (x) is the rate of transfer of

individuals into ith compartment by all other means and V−
i (x) is the rate of transfer

of individuals out ith compartment; it is assumed that each function is continuously

differentiable at least twice in each variable. The disease transmission model consists

of nonnegative initial conditions together with the following system of equations:

·
x = Fi(x)−Vi(x), i = 1,2,3, ...,n where

·
x is the rate of change of x. The next step is the

computation of the square matrices F and V of order m×m, where m is the number of

infected classes, defined by F = [
∂Fi

∂x j
(E0)] and V = [

∂Vi

∂x j
(E0)] with 1 ≤ i, j ≤ m. F is

a matrix for partial derivatives of vector Fi with respect to the variables x j, evaluated

14



at the disease-free equilibrium point denoted as E0 , V is a nonsingular matrix and

E0 is the disease-free equilibrium point (DFE). The matrix FV−1 is called the next

generation matrix for the model. Finally the basic reproduction number (RO) is given

by R0 = ρ(FV−1) where ρ(FV−1) denotes the spectral radius of the matrix FV−1 and

the spectral radius is the biggest eigenvalue of the next generation matrix [27].

Definition 4

The disease - free equilibrium (DFE), denoted by E0 is an equilibrium state of the

epidemiological system where there is no disease strain present in the population [1].

Definition 5

The endemic equilibrium point (Ee) is a positive steady state solution of the epidemi-

ological system where the disease persists in the population [4].

Definition 6

Let f1, ..., fn be n real-valued functions of n variables x1, ...,xn, having first order

partial derivatives at a point a = (a1, ...,an) Then the matrix


∂ f1(a)

∂x1

∂ f1(a)
∂x2

· · · ∂ f1(a)
∂xn

∂ f2(a)
∂x1

∂ f2(a)
∂x2

· · · ∂ f2(a)
∂xn

...
...

...
...

∂ fn(a)
∂x1

∂ fn(a)
∂x2

· · · ∂ fn(a)
∂xn


is called the jacobian matrix of the functions f1, ..., fn at (a1, ...,an) [25].

Definition 7

Let A be an n×n matrix.

An eigenvalue of A is a scalar λ such that the equation Av = λv has a non-trivial

solution. if Av = λv for v ̸= 0, we say that λ is the eigen value for v [8].

In epidemiology the application of eigenvalues can be regarded as a vital tool in
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analysing a system of disease transmission, eigenvalues are used as indicators in

determining the stability of an equilibrium of the epidemic system, it can also be used

as the measure of the basic reproduction number [22].

3.2 Stability Criteria

Proposition 1

An equilibrium point x∗ for a dynamical system
·
x = f (x) is said to be locally stable

if all the eigenvalues of the Jacobian matrix evaluated at that equilibrium point have

negative real parts [20].

Theorem 1

The disease - free equilibrium E0 (4.1.1)− (4.1.7), is said to be locally asymptotically

stable if R0 < 1 and unstable if R0 > 1 [2]. Proof, see theorem 4.3.1 from page 36−39.

Routh-Hurwitz Criterion

The Routh-Hurtwitz criterion is a stability criterion which helps to know the signs of

eigenvalues without exactly solving the characteristic polynomial [27].

Suppose we are given an nth order homogeneous system of differential equations with

constant coefficients: X ′(t) = AX(t),

X(t) =


x1(t)

x2(t)

...

xn(t)


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A =


a11 a12

... a1n

a21 a22

... a2n

· · · · · · · · · · · ·

an1 an2

... ann



where X(t) is an n-dimensional vector containing the unknown functions, A is a

square matrix of size n×n.

The stability or instability of the equilibrium state is determined by the signs of the

real parts of the eigenvalues of A. To find the eigenvalues, it is necessary to solve the

characteristic equation det(A−λ I) = 0, which is reduced to an algebraic equation of

the nth degree a0λ n +a1λ n−1 +a2λ n−2 + ...+an−1λ +an = 0

The roots of this equation can be easily calculated in the cases n = 2, and in some

cases when n ≥ 3. In such situations, methods allowing to determine whether all

roots have negative real parts and establish the stability of the system without solving

the characteristic equation itself, are of great importance. One of these methods is

Routh-Hurwitz criterion, which provides the necessary and sufficient conditions for

the stability of the system.

Consider again the characteristic equation a0λ n + a1λ n−1 + a2λ n−2 + ...+ an−1λ +

an = 0, describing the dynamic system. Note that the necessary condition for the

stability is satisfied if all the coefficients ai > 0. Therefore, we assume that the

coefficient a0 > 0. We write the Hurwitz matrix and it is composed as follows. The

main diagonal of the matrix contains elements a1,a2, ...,an. The first column contains

numbers with odd indices a1,a3,a5.... In each row, the index of each following
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number (counting from left to right) is 1 less than the index of its predecessor. All

other coefficients ai with indices greater than n or less than 0 are replaced by zeros.

The result is a matrix of this kind:



a1 a0 0 0 0 0
... 0

a3 a2 a1 a0 0 0
... 0

a5 a4 a3 a2 a1 a0

... 0

· · · · · · · · · · · · · · · · · · · · · · · ·

0 0 0 0 0 0
... an



The principal diagonal minor δi of the Hurwitz matrix are given by the formulas:

∆1 = a1

∆2 = ∣∣∣∣∣a1 a0

a3 a2

∣∣∣∣∣
∆3 = ∣∣∣∣∣∣∣∣

a1 a0 0

a3 a2 a1

a5 a4 a3

∣∣∣∣∣∣∣∣
∆n = ∣∣∣∣∣∣∣∣∣∣∣∣∣∣

a1 a0 0
... 0

a3 a2 a1

... 0

a5 a4 a3

... 0

· · · · · · · · · · · · · · ·

0 0 0
... an

∣∣∣∣∣∣∣∣∣∣∣∣∣∣
We now formulate the Routh-Hurwitz stability criterion: The roots of the characteristic

equation have negative real parts if and only if all the principal diagonal minors of the

Hurwitz matrix are positive provided that a0 > 0, ∆1 > 0, ∆2 > 0, · · · , ∆n > 0.
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∆n = an∆n−1, the last inequality can be written as an > 0. For the most common

systems of the 2nd, 3rd and 4th order, we obtain the following stability criteria:

For a second order systems, the condition of the stability is given by: a0 > 0, ∆1 =

a1 > 0, ∆2 =

∣∣∣∣∣∣∣∣
a1 a0

a3 a2

∣∣∣∣∣∣∣∣= a1a2 > 0.

That is, all coefficients of the quadratic characteristic equation must be positive.

For the 3rd order system, the stability criterion is defined by the inequalities: a0 > 0,

∆1 = a1 > 0, ∆2 =

∣∣∣∣∣∣∣∣
a1 a0

a3 a2

∣∣∣∣∣∣∣∣= a1a2 −a0a3 > 0,∆3 = a3 > 0.

For the 4th order system, we get the following set of inequalities: a0 > 0

∆1 = a1 > 0, ∆2 =

∣∣∣∣∣∣∣∣
a1 a0

a3 a2

∣∣∣∣∣∣∣∣= a1a2 −a0a3 > 0,

∆3 =

∣∣∣∣∣∣∣∣∣∣∣∣

a1 a0 0

a3 a2 a1

0 a4 a2

∣∣∣∣∣∣∣∣∣∣∣∣
= a1a2a3 −a2

1a4 −a0a2
3 > 0,

∆4 = a4 > 0.

If all the n− 1 principal minors of the Hurwitz matrix are positive and the nth order

minor is zero: ∆n = 0, the system is at the boundary of the stability. As ∆n = an∆n−1,

then there are two options:

1. The coefficient an = 0. This corresponds to the case when one of the roots of the

auxiliary equation is zero. The system is on the boundary of the periodic stability.

2. The determinant ∆n−1 = 0. In this case, there are two complex conjugate imaginary

roots. The system is on the boundary of the oscillatory stability.

The Routh-Hurwitz stability criterion can be conveniently used to analyze the stability

of the low order systems. The computational complexity grows significantly with the
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increase of the order [23].

3.3 conclusion

In summary, this chapter has provided a foundational understanding of the mathemat-

ical concepts and tools that support our mini thesis. We have established definitions,

propositions and theorems that will serve as the building blocks for our subsequent

analysis.
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Chapter 4

Formulation and Theoretical Analysis

of the Model.

In this chapter we will look at the formulation of the model, positivity and bounded-

ness of solutions, equilibrium points (disease-free and endemic equilibrium points), the

basic reproduction number ( R0) of the model and stability analysis of the SEIR-SEI

model of malaria transmission of disease-free equilibrium point.

4.1 Model Formulation

The model is formulated to describe the spread of malaria in human and mosquito

populations with the total population at time t denoted by Nh(t) and Nm(t) respectively.

The human population is divided into four compartments, namely: susceptible humans

(Sh), exposed humans (Eh), infected humans (Ih) and recovered humans (Rh). After

recovery, an individual can lose immunity and therefore move from the recovered
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class back to the susceptible class. The mosquito population is divided into three

epidemiological classes as follows: susceptible mosquitoes (Sm), exposed mosquitoes

(Em) and infected mosquitoes (Im). The mosquito population does not have a recovery

class as mosquitoes never recover from infection, hence their infected period ends

with their death due to their relatively short life cycle. Therefore,

Nh(t) = Sh(t)+Eh(t)+ Ih(t)+Rh(t) and

Nm(t) = Sm(t)+Em(t)+ Im(t).

The flow chart of the model of malaria parasite transmission between humans and

mosquitoes is shown in the diagram below (figure 4.1):

Figure 4.1: The flow chart of the model of malaria parasite transmission
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The model was derived based on the following assumptions:

i) The rate of increase of infected humans is directly proportional to the number of

infectious and number of susceptible humans.

ii) Humans move from infected compartment to recovery compartment with progres-

sion rate of rh.

iii) A human can die at any stage, either by natural death (rate denoted by µh) or if

infected, (death rate denoted by ρh).

iv) Infected mosquitoes do not recover from malaria.

v) Recovered humans are vulnerable to become infected when bitten by infected

mosquitoes.

The model equations are given by:

dSh

dt
= πh −βhShIm −µhSh + γhRh (4.1.1)

dEh

dt
= βhShIm +δhEh −αhEh −µhEh (4.1.2)

dIh

dt
= αhEh +δhIh − rhIh − (µh +ρh)Ih (4.1.3)

dRh

dt
= rhIh −µhRh − γhRh (4.1.4)

dSm

dt
= πm −βmSmIh −µmSm (4.1.5)

dEm

dt
= βmSmIh −αmEm −µmEm (4.1.6)

dIm

dt
= αmEm −µmIm (4.1.7)
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The above equations follow the conditions that Sh ≥ 0;Eh ≥ 0; Ih ≥ 0;Rh ≥ 0;Sm ≥

0;Em ≥ 0 and Im ≥ 0.

Table 4.1: Description of variables

Variables Description
Sh Number of susceptible humans
Eh Number of exposed humans
Ih Number of infected humans
Rh Number of recovered humans
Sm Number of susceptible mosquitoes
Em Number of exposed mosquitoes
Im Number of infected mosquitoes
Nh Total human population
Nm Total mosquito population

Table 4.2: Description of parameters

Parameters Description
ρh Human death rate due to Malaria
δh Human infected recruitment due to vari-

ous reasons such as migration and vertical
transmission

γh waning rate of immunity to reinfection
πh Recruitment rate of human
πm Recruitment rate of mosquitoes
βh The human contact rate
βm The mosquitoes contact rate
µm Natural death rate for mosquitoes
µh Natural death rate for humans
αm incubation rate for mosquitoes
αh incubation rate for humans
rh recovery rate for humans
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4.2 Theoretical Analysis of the Model

4.2.1 Positivity of the Solutions

In order for the model equations 4.1.1−4.1.7 to be biologically and epidemiologically

meaningful and well posed it is appropriate to show that the variables involved in our

model are positive. This requirement is stated as a lemma and its proof is provided as

follows:

Lemma 4.2.1. If Sh(0) > 0; Eh(0) > 0; Ih(0) > 0; Rh(0) > 0; Sm(0) > 0; Em(0) > 0

and Im(0) > 0, then the solutions {Sh(t); Eh(t); Ih(t); Rh(t); Sm(t); Em(t); Im(t)} of

equations 4.1.1−4.1.7 are positive for all t ≥ 0 [3].

Proof. From the initial conditions given, we can show that the solutions of equations

(4.1.1)− (4.1.7) are positive. We proceed by contradiction by assuming that there

exists a time t1 such that:

Sh(t1) = 0; S′h(t1)≤ 0; Eh(t)≥ 0; Ih(t)≥ 0; Rh(t)≥ 0; Sm(t)≥ 0; Em(t)≥ 0, Im(t)≥ 0;

for t ∈ [0, t1].

or there exists a t2 such that:

Eh(t2) = 0; E ′
h(t2)≤ 0; Sh(t)≥ 0; Ih(t)≥ 0; Rh(t)≥ 0; Sm(t)≥ 0; Em(t)≥ 0; Im(t)≥ 0;

for t ∈ [0, t2].

or there exists a t3 such that:

Ih(t3) = 0; I′h(t3)≤ 0; Sh(t)≥ 0; Eh(t)≥ 0; Rh(t)≥ 0; Sm(t)≥ 0; Em(t)≥ 0; Im(t)≥ 0;

for t ∈ [0, t3].

or there exists a t4 such that:
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Rh(t4) = 0; R′
h(t4)≤ 0; Sh(t)≥ 0; Eh(t)≥ 0; Ih(t)≥ 0; Sm(t)≥ 0; Em(t)≥ 0; Im(t)≥ 0;

for t ∈ [0, t4].

or there exists a t5 such that:

Sm(t5) = 0; S′m(t5)≤ 0; Sh(t)≥ 0; Eh(t)≥ 0; Ih(t)≥ 0; Rh(t)≥ 0; Em(t)≥ 0; Im(t)≥ 0;

for t ∈ [0, t5].

or there exists a t6 such that:

Em(t6) = 0; E ′
m(t6)≤ 0; Sh(t)≥ 0; Eh(t)≥ 0; Ih(t)≥ 0; Rh(t)≥ 0; Sm(t)≥ 0; Im(t)≥ 0;

for t ∈ [0, t6].

or there exists a t7 such that:

Im(t7) = 0; I′m(t7)≤ 0; Sh(t)≥ 0; Eh(t)≥ 0; Ih(t)≥ 0; Rh(t)≥ 0; Sm(t)≥ 0; Em(t)≥ 0;

for t ∈ [0, t7].

From the first case we can say

S′h(t1) = πh + γh ×Rh > 0

This is a contradiction to S′h(t1)≤ 0; meaning that Sh(t1)> 0 for t1 ≥ 0.

From the second case we can say

E ′
h(t2) = βhShIm > 0

This is a contradiction to E ′
h(t2)≤ 0; meaning that Eh(t2)> 0 for t2 ≥ 0.

From the third case we can say

I′h(t3) = αhEh > 0

This is a contradiction to I′h(t3)≤ 0; meaning that Ih(t3)> 0 for t3 ≥ 0.

From the fourth case we can say

R′
h(t4) = rhIh > 0
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This is a contradiction to R′
h(t4)≤ 0; meaning that Rh(t4)> 0 for t4 ≥ 0.

From the fifth case we can say

S′m(t5) = πm > 0

This is a contradiction to S′m(t5)≤ 0; meaning that Sm(t5)> 0 for t5 ≥ 0.

From the sixth case we can say

E ′
m(t6) = βmSmIh > 0

This is a contradiction to E ′
m(t6)≤ 0; meaning that Em(t6)> 0 for t6 ≥ 0.

From the seventh case we can say

I′m(t7) = αmEm > 0

This is a contradiction to I′h(t7)≤ 0; meaning that Im(t7)> 0 for t7 ≥ 0.

Therefore the solutions Sh(t); Eh(t); Ih(t); Rh(t); Sm(t); Em(t) and Im(t) of equations

4.1.1−4.1.7 are positive for all t ≥ 0.

4.2.2 Boundedness of the Model (Solution Region)

In order for the model equations (4.1.1 - 4.1.7) to be biologically and epidemiologically

meaningful and well posed, it is appropriate to show that the variables involved in our

model are bounded. This requirement is stated as a theorem and its proof is provided

as follows:

Theorem 4.2.1. If Sh(0) > 0; Eh(0) > 0; Ih(0) > 0; Rh(0) > 0; Sm(0) > 0; Em(0) >

0 and Im(0) > 0, then the solutions {Sh(t); Eh(t); Ih(t); Rh(t); Sm(t); Em(t); Im(t)} of

equations 4.1.1−4.1.7 are bounded for all t ≥ 0.
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Proof. It suffices to prove that the total living population size is bounded for all t > 0,

According to lemma 4.2.1, all the variables involved in our model remain positive if

the initial values are positive.

Boundedness of the total human population:

The rate of change of total human population size Nh = Sh + Eh + Ih + Rh can be

obtained as:

dNh

dt
=

dSh

dt
+

dEh

dt
+

dIh

dt
+

dRh

dt

= (πh −βhShIm −µhSh + γhRh)+(βhShIm +δhEh −αhEh −µhEh)+(αhEh +δhIh −

rhIh − (µh +ρh)Ih)+(rhIh −µhRh − γhRh)

= πh −µh(Sh +Eh + Ih +Rh)+δhEh +δhIh −ρhIh

= πh −µhNh −ρhIh +δh(Eh + Ih).

Therefore it is obtained as :
dNh

dt
≥ πh−µhNh. The solution of this differential equation

is found to be Nh(t)≥
πh

µh
+[Nh0 − (

πh

µh
)e−µh(t)] showing that Nh(t)→

πh

µh
as t→∞.

The term Nh0 denotes the initial total human population and is non-negative. Thus
πh

µh

is an upper bound of the total human population Nh(t) that is Nh ≥
πh

µh
.

Boundedness of total mosquito population:

Just similar to the above, the rate of change of total mosquito population Nm = Sm +

Em + Im can be obtained as:

dNm

dt
=

dSm

dt
+

dEm

dt
+

dIm

dt
=

(πm −βmSmIh −µmSm)+(βmSmIh −αmEm −µmEm)+(αmEm −µmIm)

= πm −µmSm −µmEm −µmIm

= πm −µm(Sm +Em + Im) = πm −µmNm
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which can be written as:
dNm(t)

dt
= πm −µmNm. The solution of this differential equa-

tion can be found to be: Nm(t) = e
πm

Nmo (t)−µm(t). This show that Nm(t) → 0 as t →∞.

zero is a lower bound of the total mosquito population Nm ≥ 0.

4.3 Equilibrium Points and Stability

Equilibrium points are the solutions of the model equations satisfying the following

condition:

dSh

dt
= 0;

dEh

dt
= 0;

dIh

dt
= 0;

dRh

dt
= 0;

dSm

dt
= 0;

dEm

dt
= 0;

dIm

dt
= 0.

Taking the conditions above into consideration, the system of differential equations of

the model becomes:

πh −βhShIm −µhSh + γhRh = 0 (4.3.1)

βhShIm +δhEh −αhEh −µhEh = 0 (4.3.2)

αhEh +δhIh − rhIh − (µh +ρh)Ih = 0 (4.3.3)

rhIh −µhRh − γhRh = 0 (4.3.4)

πm −βmSmIh −µmSm = 0 (4.3.5)

βmSmIh −αmEm −µmEm = 0 (4.3.6)

αmEm −µmIm = 0 (4.3.7)
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4.3.1 Disease-free Equilibrium (E0)

Diease-free equilibrium points are steady state solutions where there is no malaria in

human population or plasmodium parasite in the mosquitoes population. Disease-free

implies that E∗
h = I∗h = R∗

h = E∗
m = I∗m = 0. Substituting this into (4.3.1) and (4.3.5)

gives S∗h =
πh

µh
and S∗m =

πm

µm

Thus we obtain:

E0 = (S∗h;E∗
h ; I∗h ;R∗

h;S∗m;E∗
m; I∗m)

E0 = (
πh

µh
; 0; 0; 0;

πm

µm
; 0; 0)
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4.3.2 The Basic Reproduction Number (R0) of the SEIR-

SEI Model of Malaria Transmission

Applying the next generation approach and considering the system of ordinary differ-

ential equations (ODEs) of our model below:

dSh

dt
=πh −βhShIm −µhSh + γhRh

dEh

dt
=βhShIm +δhEh −αhEh −µhEh

dIh

dt
=αhEh +δhIh − rhIh − (µh +ρh)Ih

dRh

dt
=rhIh −µhRh − γhRh

dSm

dt
=πm −βmSmIh −µmSm

dEm

dt
=βmSmIh −αmEm −µmEm

dIm

dt
=αmEm −µmIm

The vectors F and V are defined as:

F =



βhShIm

0

βmSmIh

0


;V =



(µh +αh −δh)Eh

(ρh +µh + rh −δh)Ih −αhEh

(αm +µm)Em

µmIm −αmEm


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Now, with the partial derivatives of F with respect to (Eh, Ih,Em, Im) the jacobian matrix

of F is constructed and evaluated at the disease-free equilibrium, and takes the form:

F =



0 0 0 βhSh

0 0 0 0

0 βmSm 0 0

0 0 0 0


Similary, with the partial derivatives of V with respect to (Eh, Ih,Em, Im) the jacobian

matrix of V is constructed and evaluated at the disease-free equilibrium, and takes the

form:

V =



(µh +αh −δh) 0 0 0

−αh (ρh +µh + rh −δh) 0 0

0 0 (αm +µm) 0

0 0 −αm µm


The inverse of matrix V is found to be:

V−1 =



1
(µh +αh −δh)

0 0 0

−αh

(µh +αh −δh)(−ρh −µh − rh +δh)

−1
(−ρh −µh − rh +δh)

0 0

0 0
1

(αm +µh)
0

0 0
αm

(αm +µm)µm

1
(µm)


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Now computing FV−1, we get:

FV−1 =



0 0
βh

πh

µh
αm

(αm +µm)µm

βh
πh

µh

µm

0 0 0 0

−βm
πm

µm
αh

(µh +αh −δh)(−ρh −µh − rh +δh)

−βm
πm

µm

−ρh −µh − rh +δh
0 0

0 0 0 0



The characteristic equation is computed by |FV−1 −λ I|= 0, which is:

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

−λ 0
βh

πh

µh
αm

(αm +µm)µm

βh
πh

µh

µm

0 −λ 0 0

−βm
πm

µm
αh

(µh +αh −δh)(−ρh −µh − rh +δh)

−βm
πm

µm

−ρh −µh − rh +δh
−λ 0

0 0 0 −λ

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

= 0

Therefore the eigenvalues are given by λ = 0 or λ = ∓ =√
πmαhπhαmβhβm

µhµ2
m(αm +µm)(µh +αh −δh)(ρh +µh + rh −δh)

, the factors (µh + αh − δh)

and (ρh + µh + rh − δh) can both be positive or both negative. The two factors can

be both positive if, (µh + αh > δh) and (ρh + µh + rh > δh) or both negative if,

(µh +αh < δh) and (ρh +µh + rh < δh).

The basic reproduction number, R0 = ρ(FV−1), is the spectral radius of the product

(FV−1). Hence:
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R0 =

√
πmαhπhαmβhβm

µhµ2
m(αm +µm)(µh +αh −δh)(ρh +µh + rh −δh)

(4.3.10)

R0 is the dominant eigenvalue of matrix FV−1.

4.3.3 Stability Analysis of The Disease-free Equilibrium

Point

From section (4.3.1) above we found the disease free equilibrium point to be:

E0 = (S∗h;E∗
h ; I∗h ;R∗

h;S∗m;E∗
m; I∗m)

= (
πh

µh
;0;0;0;

πm

µm
;0;0)

Theorem 4.3.1. The DFE, (E0) of the system (4.1.1−4.1.7) is locally asymptotically

stable if R0 < 1 and unstable if R0 > 1.

Proof. The Jacobian matrix for the system 4.1.1 - 4.1.7 is given by:

J =


∂ f1

∂Sh

∂ f1

∂Eh

∂ f1

∂ Ih

∂ f1

∂Rh

∂ f1

∂Sm

∂ f1

∂Em

∂ f1

∂ Im
∂ f2

∂Sh

∂ f2

∂Eh

∂ f2

∂ Ih

∂ f2

∂Rh

∂ f2

∂Sm

∂ f2

∂Em

∂ f2

∂ Im
...

...
...

...
...

...
...

∂ f7

∂Sh

∂ f7

∂Eh

∂ f7

∂ Ih

∂ f7

∂Rh

∂ f7

∂Sm

∂ f7

∂Em

∂ f7

∂ Im


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J =



−βhIm −µh 0 0 γh 0 0 −βhSh

βhIm (δh −αh −µh) 0 0 0 0 βhSh

0 αh (δh − rh − (µh +ρh)) 0 0 0 0

0 0 rh (−µh − γh) 0 0 0

0 0 −βmSm 0 (−βmIh −µm) 0 0

0 0 βmSm 0 βmIh (−αm −µm) 0

0 0 0 0 0 αm −µm


Therefore the Jacobian matrix of the model at the DFE is:

J(E0) =



−µh 0 0 γh 0 0 −βh
πh

µh

0 (δh −αh −µh) 0 0 0 0 βh
πh

µh

0 αh (δh − rh −µh −ρh) 0 0 0 0

0 0 rh (−µh − γh) 0 0 0

0 0 −βm
πm

µm
0 −µm 0 0

0 0 βm
πm

µm
0 0 (−αm −µm) 0

0 0 0 0 0 αm −µm



We need to find condition(s) under which all the eigenvalues of J(E0) have negative

real parts. As the first and fifth columns contain only the diagonal terms, we have two

trivial negative eigenvalues, λ = −µh and λ = −µm. The other five eigenvalues can

be obtained from the sub-matrix Js(E0), formed by excluding the first and fifth rows

and columns of J(E0). Therefore we have:

Js(E0) =



(δh −αh −µh) 0 0 0 βh
πh

µh

αh (δh − rh −µh −ρh) 0 0 0

0 rh (−µh − γh) 0 0

0 βm
πm

µm
0 (−αm −µm) 0

0 0 0 αm −µm



In the same way, the third column of Js(E0) contains only the diagonal term which
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gives a negative eigenvalue, λ = −µh − γh. The remaining four eigenvalues are

obtained from the sub-matrix Js1(E0).

Js1(E0) =


(δh −αh −µh) 0 0 βh

πh

µh

αh (δh − rh −µh −ρh) 0 0

0 βm
πm

µm
(−αm −µm) 0

0 0 αm −µm


The eigenvalues of the matrix Js1(E0) are the roots of the characteristic equation:

(λ −δh +αh +µh)(λ −δh + rh +µh +ρh)(λ +αm +µm)(λ +µm)− αhαmβmπmβhπh
µhµm

Let:

B1 = αh +µh −δh

B2 = rh +µh +ρh −δh

B3 = αm +µm

B4 = µm

Then we have the polynomial equation:

A4λ 4 +A3λ 3 +A2λ 2 +A1λ +A0 = 0

where:

A4 = 1

A3 = B1 +B2 +B3 +B4

A2 = (B1 +B2)(B3 +B4)+B1B2 +B3B4

A1 = (B1 +B2)B3B4 +(B3 +B4)B1B2

A0 = B1B2B3B4 − αhαmβmπmβhπh
µhµm

Writing A0 in terms of the basic reproduction number, R0, yields:

A0 = B1B2B3B4(1−R2
0).

The Routh-Hurwitz criterion states that all roots of the polynomial have negative
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real parts if and only if the coefficients Ai are positive and matrices Hi > 0, for

i = 0,1,2,3,4.

Given that all Bi′s are positive, we can conclude that A1 > 0, A2 > 0, A3 > 0, A4 > 0.

Moreover, if R0 < 1, it follows that A0 = B1B2B3B4(1−R2
0) > 0. Additionally, the

Hurwitz matrices for the polynomial A4λ 4 +A3λ 3 +A2λ 2 +A1λ +A0 = 0 are found

to be positive.

Define the matrices H1, H2, H3 and H4 as follows:

H1 = A3 > 0

H2 = ∣∣∣∣∣A3 A4

A1 A2

∣∣∣∣∣> 0

H3 = ∣∣∣∣∣∣∣∣
A3 A4 0

A1 A2 A3

0 A0 A1

∣∣∣∣∣∣∣∣> 0

H4 = ∣∣∣∣∣∣∣∣∣∣
A3 A4 0 0

A1 A2 A3 A4

0 A0 A1 A2

0 0 0 A0

∣∣∣∣∣∣∣∣∣∣
> 0

Therefore, all the eigenvalues of the jacobian matrix Js1(E0) have negative real parts

when R0 < 1, and the disease-free equilibrium point is locally asymptotically stable.

However, when R0 > 1, A0 < 0, and there will be exactly one sign change in either

A4,A3,A2,A1,A0. As a result, there is one eigenvalues with positive real part, and the

disease-free equilibrium point is unstable.
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4.3.4 Endemic Equilibrium (Ee)

Apart from the disease-free equilibrium point, we shall demonstrate that the model

also possesses an endemic equilibrium point denoted as Ee. The endemic equilibrium

point is a positive steady state solution where the disease persists in the population,

indicating that both Im and Ih are positive.

From equation (4.3.7), Solving for I∗∗m and E∗∗
m

αmE∗∗
m −µmI∗∗m = 0

αmE∗∗
m = µmI∗∗m

E∗∗
m =

µmI∗∗m
αm

=⇒ I∗∗m =
αmE∗∗

m
µm

If I∗∗m is positive so is E∗∗
m and vice versa.

Adding (4.3.5) and (4.3.6) to solve for E∗∗
m and S∗∗m :

πm −βmSmIh −µmSm +βmSmIh −αmEm −µmEm = 0

πm −µmSm −Em(αm +µm) = 0

E∗∗
m =

πm −µmS∗∗m
αm +µm

S∗∗m =
πm −E∗∗

m (αm +µm)

µm

E∗∗
m is feasible (positive) only if πm −µmS∗∗m > 0; i.e S∗∗m <

πm

µm

Using (4.3.4):

rhIh −µhRh − γhRh = 0

rhIh − (µh + γh)Rh = 0
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rhIh

µh + γh
= Rh

R∗∗
h =

rhI∗∗h
µh + γh

Let ao =
rh

µh + γh
then, R∗∗

h = a0I∗∗h

Using (4.3.3):

αhEh +δhIh − rhIh −µhIh −ρhIh = 0

αhEh + Ih(δh − rh −µh −ρh) = 0

we obtain:

E∗∗
h =−

I∗∗h (δh − rh −µh −ρh)

αh

Let a1 =
(rh +µh +ρh −δh)

αh
then, E∗∗

h =−a1I∗∗h

a1 is positive only if

δh < rh +µh +ρh.

Combining (4.3.1) and (4.3.2)

πh −βhShIm −µhSh + γhRh +βhShIm +δhEh −αhEh −µhEh = 0

πh −µhSh + γhRh +δhEh −αhEh −µhEh = 0

we obtain:

S∗∗h =
πh + γhR∗∗

h +E∗∗
h (δh −αh −µh)

µh

Substituting the above R∗∗
h and E∗∗

h we get:
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S∗∗h =
πh +a2I∗∗h

µh

where a2 = γhao +(−δh +αh +µh)a1

S∗∗h is feasible if πh +a2I∗∗h > 0.

Substituting S∗∗h and E∗∗
h in equation (4.3.2) yields:

I∗∗m =
a1µh(αh +µh −δh)I∗∗h

βh(πh +a2I∗∗h )

Taking equation (4.3.5)

πm −βmIhSm +µmSm = 0

Solving for I∗∗h , we get:

I∗∗h =
πm −µmS∗∗m

βmS∗∗m
, Ih > 0 ⇐⇒ µmS∗∗m < πm

Thus we obtain:

Ee = (S∗∗h ;E∗∗
h ; I∗∗h ;R∗∗

h ;S∗∗m ;E∗∗
m ; I∗∗m )

I∗∗m =
a1µh(αh +µh −δh)I∗∗h

βh(πh +a2I∗∗h )

I∗∗h =
πm −µmS∗∗m

βmS∗∗m

S∗∗h =
πh +a2I∗∗h

µh

E∗∗
h =−a1I∗∗h

R∗∗
h = a0I∗∗h

E∗∗
m =

πm −µmS∗∗m
αm +µm

S∗∗h =
πh +a2I∗∗h

µh
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4.4 Conclusion

In summary, this chapter focuses on the formulation and theoretical analysis of the

SEIR-SEI model. We begin by establishing the model and proceed to demonstrate the

positivity of the solutions, for the model equations 4.1.1− 4.1.7. We also investigate

the boundedness of the model, find both the disease-free equilibrium (E0) and Endemic

equilibrium (Ee), and find the basic reproduction number (R0). Finally, we assess the

stability of the disease-free equilibrium point.
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Chapter 5

Quantitative Analysis of the Model

In this chapter, we conduct sensitivity analysis on the basic reproduction number, per-

form numerical simulation of the model using MATLAB, and verify whether the out-

comes of the quantitative analysis align with those derived from the qualitative analy-

sis. These are carried out to illustrate and understand the behaviour of the model.

5.1 Sensitivity Analysis

In this section, we perform sensitivity analysis of the basic reproduction number (R0).

The sensitivity indices of (R0) are calculated to determine the importance of each

parameter in disease transmission. This analysis helps identify which parameters

have the most significant impact on (R0), allowing for the implementation of targeted

intervention strategies in disease control and prevention.

Since the basic reproduction number is a function of some parameters, we can evaluate

the relative sensitivity of R0 to each parameter upon which it depends.
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sensitivity index=
∂R0

∂ pi
.

pi

R0

where:

R0 =

√
πmαhπhαmβhβm

µhµ2
m(αm +µm)(µh +αh −δh)(ρh +µh + rh −δh)

and pi, for i = 1,2,3,4,5,6,7,8,9,10,11 the variables pi represents individual

parameters in R0 as follows:

p1 = ρh , p2 = δh ,p3 = πh , p4 = πm , p5 = βh , p6 = βm , p7 = µm ,p8 = µh , p9 = αh

, p10 = αm , p11 = rh.

Table 5.1: Parameters and values used in the simulations

Parameters Values Sources
ρh 0.001 [20]
δh 0.05 [14]
γh 0.05 [14]
πh 0.000215 [14]
πm 0.07 [14]
βh 0.011 [20]
βm 0.0051 Assumed
µm 0.067 [14]
µh 0.0000548 [14]
αh 0.05 [16]
αm 0.0043 [16]
rh 0.143 Assumed

∂R0

∂ρh
.
ρh

R0

=
ρh

−2ρh −2 µh −2rh +2δh

=−0.002576591
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∂R0

∂δh
.
δh

R0

= 1/2
δh (ρh +2 µh + rh −2δh +αh)

(ρh +µh + rh −δh)(µh +αh −δh)

=0.01368784656

∂R0

∂πh
.
πh

R0
=0.5

∂R0

∂πm
.
πm

R0
=0.5

∂R0

∂βh
.
βh

R0
=0.5

∂R0

∂βm
.
βm
R0

=0.5

∂R0

∂ µm
.
µm

R0

=
−2αm −3 µm

2αm +2 µm
=−1.469845722

∂R0

∂ µh
.
µh

R0

=1/2
−δh

2 +(αh +4 µh + rh +ρh)δh −3 µh
2 +(−2rh −2ρh −2αh)µh −αh (rh +ρh)

(ρh +µh + rh −δh)(µh +αh −δh)

=−0.500750122

∂R0

∂αh
.
αh

R0

=
µh −δh

2 µh +2αh −2δh

=−0.009634123470

∂R0

∂αm
.
αm

R0

=
µm

2αm +2 µm

=0.4698457223

∂R0

∂ rh
.
rh

R0

=
rh

−2ρh −2 µh −2rh +2δh

=−0.4998084650
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The sensitivity indices of R0 are derived above. A positive value in the sensitivity

index indicates that increasing the parameter,while keeping all other parameters

constant, results in an increase in the value of R0. Conversely, a negative sensitivity

index indicates that increasing the parameter, while keeping all other parameters

constant, leads to a decrease in the value of R0.

Based on our sensitivity analysis, a negative sensitivity index, suggests that: Increasing

the values of the parameters ρh, µh, µm, αh and rh would lead to a reduction in the

value of R0 thereby reducing the disease prevalence. Only a reduction in parameters’

values whose sensitivity indices are positive would be beneficial in disease control,

whereas parameters with negative sensitivity indices must be increased for disease

control.

A magnitude of sensitivity index, indicates the strength or degree of influence of the

parameters on the model’s output. A higher magnitude, whether positive or negative

suggests that the parameter has a stronger impact on the model’s results. Example

parameter µm, has a high negative magnitude, that shows that it has a strong impact

on the model’s outcome. Parameters πh, πm, βh, βm and αm have a high positive

magnitude, so they have a strong and positive impact on the model’s outcome.

Increasing these parameters could lead to the outbreak of the disease. The remaining

parameters with moderate negative or positive magnitude have less impact on the

model’s outcome, decreasing or increasing these parameters may contribute to the

control or enhancement of the disease.
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5.2 Simulation of the Model Using MATLAB

To investigate the role played by epidemiological parameters in the model dynamics,

simulations of the model are carried out using MATLAB software. The numeric values

of the parameters used and corresponding sources are given in Tables 5.2 and 5.3

respectively. Different values of the reproduction number, R0, i.e., R0 < 1 and R0 > 1

are obtained using the parameter values provided in the tables.

Using parameter values given in Table 5.2, along with initial conditions: Sh0 = 120,

Eh0 = 60, Ih0 = 20, Rh0 = 18, Sm0 = 160, Em0 = 80, Im0 = 50, a simulation study was

conducted. The results, represented as trajectories, are presented in figures 5.1 and 5.2

for each category (humans and mosquitoes) over time. Phase portraits were generated

for infectious for each category, with respect to the remaining compartments. These

phase portraits are illustrated in Figures 5.3, 5.4, 5.5, and 5.6. Furthermore, using these

parameter values the reproduction number was computed, and its value was found to

be R0 = 0.038403171. It was observed that R0 < 1, indicating that the disease-free

equilibrium point is locally asymptotically stable.

.
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Table 5.2: Parameter values for which R0 < 1

Parameters Values Source/reference
ρh 0.001 [20]
δh 0.001 [14]
γh 0.001 [14]
πh 0.000215 [14]
πm 0.07 [16]
βh 0.011 [20]
βm 0.0051 Assumed
µm 0.067 [14]
µh 0.0000548 [14]
αh 0.05 [16]
αm 0.0043 [16]
rh 0.143 Assumed

Figure 5.1 below shows the trajectories for dynamics of human population versus

time in seconds when R0 < 1. Initially, the number of susceptible humans (Sh)

increased and then started dropping until it reached 3.92. The number of exposed

humans (Eh), infected humans (Ih) and recovered humans (Rh) all remained at zero.

These trajectories, confirm the existence of the disease-free equilibrium point denoted

as E0 = (S∗h;E∗
h ; I∗h ;R∗

h;S∗m;E∗
m; I∗m),

with values E0 = (
πh

µh
; 0; 0; 0,

πm

µm
,0,0).
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Figure 5.1: Dynamics of human population versus time in seconds, when R0 < 1.
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Figure 5.2 below shows the trajectories for dynamics of mosquitoes population

versus time in seconds when R0 < 1. The number of susceptible mosquitoes (Sm)

initially increased slightly and then starts declining until it reaches 1.045. The

number of exposed mosquitoes (Em) also increases slightly and then starts declin-

ing until it reaches zero, where it remains. The number of infected mosquitoes

increases and then starts declining until it reaches zero where it remains. These

trajectories confirm the existence of the disease-free equilibrium point, denoted as

E0 = (S∗h;E∗
h ; I∗h ;R∗

h;S∗m;E∗
m; I∗m), where E0 = (

πh

µh
; 0; 0; 0,

πm

µm
,0,0).

Figure 5.2: Dynamics of mosquito population versus time in seconds, when R0 < 1.
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The phase portrait in figure (5.3) below shows the relationship between the number

of susceptible humans and the number of infected humans when R0 < 1, considering

various initial conditions. The red ball indicates the equilibrium point of the two com-

partments. According to the equilibrium point, we can conclude that there is no disease

in human population.

Figure 5.3: Infected humans versus susceptible humans, when R0 < 1.

The phase portrait in figure (5.4) below, illustrate the relationship between the num-

ber of exposed humans and the number of infected humans when R0 < 1, considering

various initial conditions. The equilibrium point is indicated with the red ball and it is

located at zero. This signifies that there is no disease in human population.
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Figure 5.4: Infected humans versus exposed humans, when R0 < 1.

The phase portrait in figure (5.5) below illustrates the relationship between the

number of recovered humans and the number of infected humans when R0 < 1, con-

sidering various initial conditions. The equilibrium point is indicated with a red ball.

We can observe that both recovered and infected human coexist at zero, indicating the

absence of the disease in human population.
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Figure 5.5: Infected humans versus recovered humans, when R0 < 1.

The phase portrait in figure (5.6) below illustrate the relationship between the num-

ber of susceptible mosquitoes and the number of infected mosquitoes for R0 < 1, con-

sidering various initial conditions. The equilibrium point, indicated in red, inicates that

there is no disease in the mosquitoes population.
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Figure 5.6: Infected mosquitoes versus susceptible mosquitoes, when R0 < 1.
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Using the parameter values provided in Table 5.3, along with the initial conditions

as follows: Sh0 = 120, Eh0 = 60, Ih0 = 20, Rh0 = 18, Sm0 = 160, Em0 = 80 and

Im0 = 50, a simulation study was conducted and the results in a form of trajectories,

are presented in figures 5.7 and 5.8 for both humans and mosquitoes over time. Ad-

ditionally, a simulation study was performed to analyse for infectious compartments

for each category with respect to the other compartments. The results are given in the

phase portraits shown in figure 5.9, 5.10, 5.11, and 5.12. Furthermore, using these

parameter values, the reproduction number (R0) is computed and its value is found to

be R0 = 110.39. It’s observed that R0 > 1,indicating that the disease-free equilibrium

point is locally asymptotically unstable.

Table 5.3: Parameter values for which R0 > 1

Parameters Values Source/reference
ρh 0.001 [25]
δh 0.001 [9]
γh 0.9 [25]
πh 1.2 [20]
πm 10 [24]
βh 0.2 [9]
βm 0.24 [3]
µm 0.067 [9]
µh 0.0115 [6]
αh 0.06 [9]
αm 1 [24]
rh 0.04 Assumed

Figure 5.7 below shows the trajectories for dynamics of human population over time

when R0 > 1. The number of susceptible humans (Sh) and the number of recovered

humans (Rh) remain at the low levels, while the number of infected humans (Ih) as

well as the number of exposed human (Eh) are observed at high levels. This pattern

confirms the existence of an endemic equilibrium point in human population, denoted
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as Ee = (S∗∗h ;E∗∗
h ; I∗∗h ;R∗∗

h ;S∗∗m ;E∗∗
m ; I∗∗m ).

Figure 5.7: Dynamics of human population versus time in seconds, when R0 > 1.

Figure 5.8 below illustrates the trajectories for dynamics of mosquitoes popu-

lation over time in seconds when R0 > 1. The number of susceptible mosquitoes

(Sm) and the number of of recovered mosquitoes (Rm) are observed at the low

levels, while the number of infected mosquitoes (Im) and the number of exposed

mosquitoes (Em) are observed at high levels. These observations confirm the exis-

tence of an endemic equilibrium point within the mosquitoes population, denoted as

Ee = (S∗∗h ;E∗∗
h ; I∗∗h ;R∗∗

h ;S∗∗m ;E∗∗
m ; I∗∗m ).
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Figure 5.8: Dynamics of mosquito population versus time in seconds, when R0 > 1.

The phase portrait in figure (5.9) below illustrates the relationship between the

number of susceptible humans and the number of infected humans for R0 > 1. It is

evident from the phase portrait that susceptible and infected human populations coexist

at non-zero levels. This observation indicates that the disease can persist within the

human population.

56



Figure 5.9: Infected humans versus susceptible humans, when R0 > 1.

The phase portrait in figure (5.10) below shows the relationship between the num-

ber of exposed humans and the number of infected humans for R0 > 1, with different

initial conditions. According to the phase portrait, as well as at the equilibrium point

indicated in red we can see that there is a disease in the human population.
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Figure 5.10: Infected humans versus exposed humans, when R0 > 1.

The phase portrait in figure (5.11) below shows the relationship between the num-

ber of recovered humans and the number of infected humans for R0 > 1 with different

initial conditions. According to the phase portrait, as well as at the equilibrium point

indicated in red we can see that there is a disease in the human population.
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Figure 5.11: Infected humans versus recovered humans, when R0 > 1.

The phase portrait in figure (5.12) below shows the relationship between the num-

ber of susceptible mosquitoes and the number of infected mosquitoes for R0 > 1 with

different initial conditions. According to the phase portrait, as well as at the equi-

librium point indicated in red we can see that there is a disease in the mosquitoes

population.
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Figure 5.12: Infected mosquitoes versus susceptible mosquitoes, when R0 > 1.

5.3 Conclusion

In conclusion, this chapter focuses on the quantitative analysis of the model. We

conducted a sensitivity analysis of the basic reproduction number and performed

a simulation of the model in MATLAB using parameter values obtained from the

literature. Our results confirm that the findings from the quantitative analysis align

with those from the qualitative analysis.
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Chapter 6

Conclusion

In this work, we have formulated and analysed a compartmental model for malaria

transmission dynamics in human and mosquitoes population. The human population

is divided into four compartments: susceptible, exposed, infected and recovered, while

the mosquito population is divided into three compartments: susceptible, exposed and

infected. Dynamics of mosquito population is studied along with that of human popu-

lation to determine whether a malaria outbreak will occur or not. Positivity and bound-

edness of the solution have been studied, hence it is interpreted that the model equa-

tions are mathematically and epidemiologically well posed. The disease-free equilib-

rium is applied to study the stability analysis. In particular the stability is investigated

by paying more attention to basic reproduction number.

In this study the infected recruitment, was incorporated in the model, in order to find

ways of controlling malaria disease very well. With the help of sensitivity analysis we

can say that if the infected recruitments are kept under control, then it has a strong con-

trol over the spread of malaria disease. The basic reproduction number R0 is derived.
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Clearly, the numerical simulation study supports that the disease-free equilibrium

(DFE) is locally asymptotically stable whenever the reproduction number R0 < 1. With

a help of sensitivity analysis and numerical simulation (trajectories) it is also noticed

that in order to reduce the basic reproduction number R0 below one, it’s very necessary

to give a focus on the human and mosquitoes contact rate.

However the model does not include all possible factors influencing malaria trans-

mission such as climate change. Moreover the model has not been used for stability

analysis of endemic equilibrium point. In addition, our model is designed using or-

dinary differential equations that consider variables that change with time only, and

randomness is not considered.

With regards to the aforementioned limitations, possible recommendations for future

work are outlined including extension of the model to incorporate all possible fac-

tors that aids malaria transmission, the stability analysis of the endemic equilibrium

point can be investigated, and when considering random variables, a model containing

stochastic equations will be more realistic.
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